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Using Integral Tables

You can get some help evaluating integrals by using an integral table, such as the one in
the back endpapers of this book. Besides giving the values of the common elementary
integrals that you likely remember while you are studying calculus, they also give many
more complicated integrals, especially ones representing standard types that often arise
in applications. Familiarize yourself with the main headings under which the integrals
are classified. Using the tables usually means massaging vour intégral using simple
substitutions until you get it into the form of one of the integrals in the table.
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e The Fundamental Theorem of Calculus

In this section we demonstrate the relationship between the definite integral defined in
Section 5.3 and the indefinite integral (or general antiderivative) introduced in
Section 2.10. A consequence of this relationship is that we will be able to calculate
definite integrals of functions whose antiderivatives we can find.

DEFINITION The definite integral
Suppose there is exactly one number [ such that for every partition P of [a, b]
3 we have

L(f,P) <1 <U(£ P).

Then we say that the function f is integrable on [a, b], and we call [ the
definite integral of f on [a, b]. The definite integral is denoted by the symbol m Antiderivatives and InitiaI—VaIue Problems

b
j f f{x) dx. DEFINITION The indefinite integral of f(x) on interval [ is

E f_,f't.\'}u’.r =F(x)+C  onl,
DEFINITION An antiderivative of a function f on an interval I is another function F

satisfying provided F'(x) = f{x) forall x in [.
Flixy= f(x) forxin[.
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6.5 Improper Integrals
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Improper integrals of type I

If £ is continuous on [a. 0o), we define the improper integral of f over [a, 00)
as a limit of proper integrals:

R
/ f(x)dx = hm/ f(x)dx. EXAMPLE 3 Evaluate[

R—00 —00 X

oo

Similarly, if f is continuous on (—oc, b], then we define

b
/ f(.\‘)d.\‘— hm / Flx)dx.
—o0

In either case, if the limit exists (is a finite number), we say that the im-
proper integral converges; if the limit does not exist, we say that the improper
integral diverges. If the limit is oo (or —o0), we say the improper integral
diverges to infinity (or diverges to negative infinity).

Improper integrals of type II

If f is continuous on the interval (a. b] and is possibly unbounded near a, we
define the improper integral

EXAMPLE 5 Find the area of the region S lying under y =

b b x-axis, between x = 0and x = 1.
/ fx)dx = lim / Ji(x)dx:
a c—>a+ J.

Similarly, if f is continuous on [a, b) and is possibly unbounded near b, we
define

b
Tlix)dx = llm/ f(x)dx:

a c—>b—

These improper integrals may converge, diverge, diverge to infinity, or diverge
to negative infinity.

1//x, above the

Beware of integrals of the form j;lb f(x)dx where f is not continuous at a// points in

the interval [a. b]. The Fundamental Theorem does not apply in such cases.
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d 1 :
EXAMPLE 6 We know that Ta In|x| = —if x # 0. Itis incorrect, however, ’
dx X
to state that

1 dx
/ i In|x|
-1 X

even though 1/x is an odd function. In fact, 1 /x is undefined and has no limitat x = 0,
and it is not integrable on [—1. 0] or [0, 1] (Figure 5.25). Observe that

1

=0-0=0, Figure 5.25
-1

1
lim —dx = lim —Inc¢ = o0,
c—>0+ J. X c—0+

so both shaded regions in Figure 5.25 have infinite area. Integrals of this type are called
improper integrals. We deal with them in Section 6.5.
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5.6 The Method of Substitution

@ Inverse Substitutions
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Substitution in a definite integral

Suppose that g is a differentiable function on [a, b] that satisfies g(a) = A and g(b) =

B. Also suppose that f is continuous on the range of g. Then
: THEOREM

b B 6
/f(g(v\'))g'(,\')(/,\':/ f(u)du.

|
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partiell integration
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o Integration by Parts

d dx
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m The Trapezoid and Midpoint Rules

¥

The Midpoint Rule
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Error estimates for the Trapezoid and Midpoint Rules
If f has a continuous second derivative on [a. b] and satisfies | /”(x)| < K there, then

Kb-a) . _Kb-a)?
12 T 12n2

S

b
f f(x)dx =T,

/b f(x)dx — M,| < K(b—a) h2 = Kb —a)?
& |7 24 24n?

where i = (b — a)/n. Note that these error bounds decrease like the square of the
subinterval length as n increases.

6.7 Simpson

$(—h.yr) | t VR
i i 2 h
Ly ! / f(x)dx =~ = (yo+ 4y, + »2)
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—h h Y f f(x)dx =~ 5 (va +4v3+ vs)
X2 -

Figure 6.23  Fitting a quadratic graph
through three points with equal horizontal

. Xn /
Spacing / f(\) dx = ;] (Yn—2 + 4_‘."—' + Va).

Xn—2

b
/ f(x)dx ~ S,
/

1
3 (_\'() +4y; +2y, +4y3 +2y4 + -+ 2y +4yp—1 + _\‘,,)

— g (Z Veends™ + 4 Z Veodds™ - 2 Z .V"evcns“) i

Error estimate for Simpson’s Rule

If f has a continuous fourth derivative on the interval [a. b], satisfying
| f®(x)| < K there, then

b
/ f(x)dx—S,

where h = (b —a)/n.

- =5
= K(b—a) Bt — K(b—a)
180 18004
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