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SECTION 3.4:  Growth and Decay 187

Exponential Growth and Decay Models [k) mw [h
Many natural processes involve quantities that increase or decrease at a rate propor- ﬁ
tional to their size. For example, the mass of a culture of bacteria growing in a medium
supplying adequate nourishment will increase at a rate proportional to that mass. The
value of an investment bearing interest that is continuously compounding increases at a
rate proportional to that value. The mass of undecayed radioactive material in a sample
decreases at a rate proportional to that mass.
All of these phenomena. and others exhibiting similar behaviour, can be modelled
mathematically in the same way. If y = y(¢) denotes the value of a quantity y at time
¢, and if xchanges at a rate proportional to its size, then
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Sometimes an exponential growth or decay problem will involve a quantity that changes
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Consldu the logistic equation introduced in Section 3.4 to model the growth of an
A food supply:
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> Sjzeef ululion at time 7. k is a positive constant related to
C cpopulation, and L is the steady-state population size that can be
sustained by the available food supply. This equation has two particular solutions,
y = 0and y = L, that are constant functions of time.
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Assummo that 0 < \ < L, we therefore obtain
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A first-order linear differential equation is one of the type

| | M
Ly =q®. @ /V](*) + NH =
X O\U-— ab“)

where p(x) and ¢(x) are given functions, which we assume to be continuous. The
equation is called nonhomogeneous unless ¢(.x) is identically zero. The correspond- \O ( » ) LL l/7

ing homogeneous equation, d
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is separable and so is easily solved to give y = K e™#*) where K is ar cm?tum and

Ju(x) is any antiderivative of p(x):
g < = [ = = pts
- — fult)
97 eF

Using an Integrating Factor. Multiply equation () by e#*) (which
tegrating factor for the equation) and observe that the left side is just
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Therefore, "™ y(x) = e““” (x)dx,or
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EXAMPLE 7 Solve ‘]—‘ ‘o L — 1 for x > 0. Use both methods for comparison.
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