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APPENDIX

Complex Numbers

DEFINITION A complex number is an expression of the form
1 a+bi or a-+ib,

where a and b are real numbers, and i is the imaginary unit.

DEFINITION If z = x + yi is a complex number (where x and y are real), we call x the
real part of z and denote it Re (z). We call y the imaginary part of z and
denote it Im (z2):

Re(z) = Re(x + yi) = x, Im(z) =Im(x + yi) = y.

Re (3 —5i) =3 Im(3—5i)=-5
Re(2i) =Re(0+2i) =0 Im(2i) =Im 0+ 2i)=2
Re (=7) = Re (=7 +0i) = -7 Im (=7) = Im (=7 + 0i) = 0.

Graphical Representation of Complex Numbers

Figure .1 An Argand diagram

representing the complex plane 1 @ = {X —+ yl - X, ), € [R}
o-1+3i
[ B ® 1+ ® 2+
o U B
e’ 0 ¥
® —2— ®—i
@ —2i ®2-2j
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DEFINITION

3

DEFINITION

4

The distance from the origin to the point (a. b) corresponding to the complex

number w = a + bi is called the modulus of w and is denoted by |w| or
la + bil:

]wl = '(1 + b1| = \/(lz + b2,

If the line from the origin to (a. b) makes angle & with the positive direction
of the real axis (with positive angles measured counterclockwise), then we
call # an argument of the complex number w = a + bi and denote it by
arg (w) or arg (a + bi). (See Figure 1.2.)

oW =a+bi

It is sometimes convenient to restrict # = arg (w) to an interval of length 27, say,

the interval 0 < 6 < 27, or —r < 6 < 7, so that nonzero complex numbers will have
unique arguments. We will call the value of arg (w) in the interval —7 < 6 < 7 the
principal argument of w and denote it Arg (w). Every complex number w except 0
has a unique principal argument Arg (w).

-“v

Remark 1fz = x 4 vi and Re(z) = x > 0, then Arg(z) = tan~'(y/x). Many
computer spreadsheets and mathematical software packages implement a two-variable
arctan function denoted atan2(x, y). which gives the polar angle of (x. v) in the inter-

Figure .2 The modulus and argument of ~ val (-] Thus.

a complex number

Arg (x 4+ vi) = atan2(x, v).

Given the modulus r = |w| and any value of the argument § = arg (w) of a complex
number w = a + bi, we have ¢ = rcos# and b = rsiné, so w can be expressed in
terms of its modulus and argument as

w=rcosH +irsind.

The expression on the right side is called the polar representation of w.

Vo
pw =a+bi
A The conjugate or complex conjugate of a complex number w = a + bi is

Xod another complex number, denoted W, given by

’ i DEFINITION
. w=a—bi.
i X

= = 2

.‘.5W=a—bi | |

Figure 1.4 A complex number and its
conjugate are mirror images of each other

in the real axis
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It is particularly easy to determine the product of complex numbers expressed in polar
form. If

w =r(cosf +isinf) and z = s(cos¢p +ising),
where r = |w|, 8 = arg(w), s = |z|, and ¢ = arg(z), then
wz = rs(cos + i sinf)(cos¢p + i sing)

= rs((cos 0 cos ¢ — sin 0 sin ¢) + i (sin 6 cos ¢ + cos 6 sin¢p))
= rs(cos(6 + ¢) + i sin(6 + ¢)).

(See Figure 1.6.) Since arguments are only determined up to integer multiples of 2,
we have proved that

The modulus and argument of a product

lwz| = |w||z| and arg (wz) = arg(w) + arg(z).
THEOREM de Moivre’s Theorem
1 (cos @ + i sin 9)" = cosnf +isinnd
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den komplexa funktionen: AD/Appendix |l
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The complex exponential function

e = e*(cosy +isiny) for z =x+ yi.

In particular, if z = yi is pure imaginary, then

yi

e’" =cosy+isiny,

a fact that can also be obtained by separating the real and imaginary parts of the
Maclaurin series for e”":
(vi)> = (i)’ n i)t i)’

.2! K 3! 4! 5!

s P . ¥y

=Ccosy +isiny.

e’ =1+ (yi) +
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EXERCISES: APPENDIX i

17. Use the fact that ¢”’ = cos y + i sin y (for real y) to show that

eVl + eV eVl — Vi
cosy = — and siny = ———.
: 2 ’ 2i

Exercise 16 suggests that we define complex functions

eZ.l _|_ e—Zl . eZ! _e—Z!
COND = ——— and L —
2 21

as well as extend the definitions of the hyperbolic functions to

e f+e ¢ , ef —e ¢
¢cosh: = ————— and sinhz = —————
2 2

20. Verify the identities cos z = cosh(iz) and
sin z = —i sinh(iz). What are the corresponding identities for
cosh z and sinh(z) in terms of cos and sin?

CHAPTER 9 Sequences, Series, and Power Series
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Remark Observe the similarity between the series for sinx and sinh x and between
those for cos x and cosh x. If we were to allow complex numbers (numbers of the form
z = x + iy, where i> = —1 and x and y are real; see Appendix I) as arguments
for our functions, and if we were to demonstrate that our operations on series could
be extended to series of complex numbers, we would see that cos x = cosh(ix) and

sinx = —i sinh(ix). In fact, ¢’ = cos x + i sinx and e™'* = cos x — i sin x, $O
eix + e—ix eix o e—ix
COS Y = ———, and siny = —
2 2i

Such formulas are encountered in the study of functions of a complex variable (see
Appendix II); from the complex point of view the trigonometric and exponential func-
tions are just different manifestations of the same basic function, a complex exponen-
tial ¢ = "+, We content ourselves here with having mentioned the interesting
relationships above and invite the reader to verify them formally by calculating with
series. (Such formal calculations do not, of course, constitute a proof, since we have
not established the various rules covering series of complex numbers.)
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komplexa tal anvandning for att |6sa differentiella
ekvationer
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EX Linear Differential Equations with Constant Coefficients [SEMGNIGIENING]

ay. By Fey =0 (G

ar’>+br +c=0. (k%)

The auxiliary equation is quadratic and can have either

(a) two distinct real roots, ry and r, (if 5> > 4ac), in which case (x) has general
solution y = Cre"l" + Che’?’,
(b) a single repeated real root r (if h? = 4ac), in which case (%) has general solution
y = (Cy + Cat)e", or
@a pair of complex conjugate roots, r = k % iw with k and w real (if b> < 4ac),
in which case (x) has general solution y = e’”(Cl cos(wt) + C, sin(wt)).

Second-Order Linear DEs with Constant Coefficients -
Recipe for Solving ay” + by’ + ¢y =0

In Section 3.4 we observed that the first-order, constant-coefficient equation y’ = ky
has solution y = CeX’. Let us try to find a solution of equation (*) having the form
y = e"". Substituting this expression into equation (), we obtain

ar?e™ + bre™ +ce’ = 0.

Since e’ is never zero, y = e will be a solution of the differential equation (*) if
and only if r satisfies the quadratic auxiliary equation

ar?> +br +c¢ =0, (%)
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which has roots given by the quadratic formula,

—b £+ vb% —4ac b L v D
r = = —— .
2a 2a 2a

where D = bh? — 4ac is called the discriminant of the auxiliary equation (#x).

CASEI Suppose D = h? —4ac > 0. Then the auxiliary equation has two different
real roots, r; and r,, given by

—b— /D —b+ D
r = — Iy = — .
2a 2a

(Sometimes these roots can be found easily by factoring the left side of the auxiliary
equation.) In this case both y = y(r) = ¢"!" and y = y,(t) = "' are solutions of
the differential equation (x), and neither is a multiple of the other. As noted above, the
function

y :Aerlt_|_B€r2t

CASE II Suppose D = b? — 4ac = 0. Then the auxiliary equation has two equal
roots, ry = r, = —b/(2a) = r, say. Certainly, y = ¢’ is a solution of (x). We can
find the general solution by letting y = e¢""u(r) and calculating:

/

yio=e"(u'(t) + ru(r)),
yi=e" (" (t) + 2ru' (t) + r*u(t)) .
Substituting these expressions into (), we obtain
e (au" (t) + ar + byu'(t) + (ar® + br + c)u(t)) = 0.

Since "' # 0, 2ar + b = 0 and r satisfies (%), this equation reduces to u”(t) = 0,

which has general solution u(f) = A + Bt for arbitrary constants A and B. Thus, the
general solution of () in this case is

y=Ae" + Bte".

CASE III Suppose D = b? — 4ac < 0. Then the auxiliary equation (x*) has
complex conjugate roots given by

_ —b + Vb? — 4dac B

r ktiw,
2a
whera I — —_h/(7a\ m — JAar — h2 /(74 and i ic the imaocinaryv nnit (i2 — _1-
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CASE III Suppose D = b? — 4ac < 0. Then the auxiliary equation (**) has
complex conjugate roots given by

—b + Vb2 —4ac )
r = 5 =il =t
2a

where k = —b/(2a), o = v/4ac —b?/(2a), and i is the imaginary unit (i> = —1;
see Appendix I). As in Case I, the functions y}(r) = e*+ and y¥(r) = ek—ie)
are two independent solutions of (*), but they are not real-valued. However, since

e* =cosx +isinx and e =cosx—isinx

(as noted in the previous section and in Appendix II), we can find two real-valued
functions that are solutions of (*) by suitably combining y{ and y;:

y = ! e I ,* S <

yi(t) = ;) i) ;)‘2([) = e"" cos(wt),

k

| I
ya(t) = —yi(t) — ?y;(r) = "' sin(wt).
!

21"

Therefore, the general solution of (x) in this case is

y = Aek cos(wt) + B ek sin(wt).

. . — }; y —
EXAMPLE 3 Find the general solution of y” 4+ 4y" + 13y = 0.

Solution The auxiliary equation is 2 4 4r + 13 = 0, which has solutions
y€q

4+ J16-52  —4++-36

— 2430
> > :

r

Thus, Kk = —2 and w = 3. According to Case III, the general solution of the given
differential equation is

y = Ae * cos(3r) + B e ? sin(3r).
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komplexa tal anvandning: integraler
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