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komplexa tal

den 13 oktober 2020 17:10

APPENDIX

Complex Numbers

DEFINITION A complex number is an expression of the form
1 a+bi or a-+ib,

where a and b are real numbers, and i is the imaginary unit.

DEFINITION If z = x + yi is a complex number (where x and y are real), we call x the
real part of z and denote it Re (z). We call y the imaginary part of z and
denote it Im (z2):

Re (z) = Re (x +}/)=.\'. lm(:)=lm}/\[+ Vi) =y.

Hov w SEW

Re(3—57) =3 Im (3~ 5i) = -5
Re (2i) =Re (0 +27) =0 Im@:‘] =Im(0+2i)=2 ()\L W\LS«
Re (—=7) = Re (=7 + 0i) = —7 Im (=7) = Im (7'+ 0i) = 0. MNO ol
(o) rj..
(Ar) 'n(/:)
Graphical Representation of Complex Numbers
Figure .1 An Argand diagram
representing the complex plane 4 G: — Ix -+ yf DXL, = [R}
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DEFINITION The distance from the origin to the point (a. b) corresponding to the complex
number w = a + bi is called the modulus of w and is denoted by |w| or

3 la + bil:
|lw| = |a + bi| = Va2 + b2

DEFINITION If the line from the origin to (a. b) makes angle 6 with the positive direction
of the real axis (with positive angles measured counterclockwise), then we
4 call # an argument of the complex number w = a + bi and denote it by

arg (w) or arg (a + bi). (See Figure 1.2.)

V oA
9\%/"71
w=a + bi
It is sometimes convenient to restrict & = arg (w) to an interval of length 27, say,
|lw| & the interval 0 < 6 < 27, or —r < 6 < 7, so that nonzero complex numbers will have
unique arguments. We will call the value of arg (w) in the interval —7 < 6 < 7 the
, b principal argument of w and denote it Arg (w). Every complex number w except 0
2 (i) has a unique principal argument Arg (w).
) We(w
/] >

\:/ 1) e Y Remark 1fz = x + vi and Re(z) = x > 0. then Arg(z) = tan~!(y/x). Many

u:mpulu Hp]t.ddhht.l.[\ and mathematical software packages implement a two-variable

AT Non denoted atan2 (v, v), which gives the polar angle of (x. v) in the inter-
Figure .2 The modulus and argument of h"“ 2
a complex number Arg (x + yi) = atan2(x. y). (M’GVQ\ I >)

K\ -@ ..
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@Moa@ S Elel 3T Ho

Given the modulus r = |w/| and any value of the argument § = arg (w) of a Lomplex
number w = a + bi, we have ¢ = rcos# and b = rsin#, so w can be expressed in ?
terms-of its modulus and argument as -i® N

Z =B - 'lrsma')]: éos( 8) +L Sin|- 9> ("('l ) e

=rcosf +irsinf. o < (})
‘a T | LosD + A@Mg’, \ @ ‘j

The expresmon on the right side is called the polar representation of w.

i ﬁ(@uﬂ < ol 1gl) FE Ay

The conjugate or complex conjugate of a complex number w = a + bi is
another complex number, denoted W, given by

L w = N4
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The conjugate or complex conjugate of a complex number w = a + bi is

another complex number, denoted w, given by .
£ = m < N 12
Comp
w=a—bi. W* = — 9
Z //-B /],\] < A -2

Lon]ug.uc are mirror images of each other

in the real axis
(% “A)\
e

It is particularly easy to determine the product of complex numbers explessed in
form. If b i$ —

W e 2=S¢ X&) = r

w = r(cosf +isinf) and ;Z\S(WL

M=y Ely
where r = |w|, § = arg(w), s = |z|, and ¢ = arg(z), then

wz = rs(cos@ +isinf)(cos¢g +ising)

=i s((cos B cos ¢ — sin @ sin @) + i (sin 6 cos ¢ + cos 6 smgb)
[,#; = ¢
(,()b((')+¢)+lhln(9+¢)). w3 = ’fC i =13 e
(See Figuré T.6.) Since arguments are only determined up to integer multiples of 771 ( oL 75)
we have proved that =
The modulus and argument of a product —r S / (of (6 P *) r
lwz| = |w||z| and arg (wz) = arg(w) + arg (z). .
— Lignloh)

n
THEOREM - Carl)" = DAL XL, -

de Moivre’s Theorem
(cos @ + i sin 9)" = cosnb + i sinné

U

(e ¥) e

Cos ¢ 7 Sia¥

1
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den komplexa funktionen: AD/Appendix ||

den 13 oktober 2020 17:23

The complex exponential function

de 245 .
e? =+ex(cosy+isiny) for z=x+ yi. e \ = .c’L( (053 + 1 SNS)
In particular, if z = yi is pure imaginary, then L= 1334 Z = 1
M. N h
e’ =cosy +isiny / s 2= 1= ?" 0?’6- ¢t t)' 2—\. 4 2
R «%(,L-/ AR 25
a fact that can also be obtained by separating /Ehe' real ;ﬁd imaginary parts of the
Maclaurin series for e”": eXz= N+ T xx 7 b S P X —> /\,j
- 2 A .
e N I N U o
N 21 3! 41 5V 3 2. .
a ) )2 2 %f 5 4= 1 (=)=~

) _v' I y P
( Q AP 17 = ST ~)R L

' 2T = ARV |
Culer (¢ 21NY

€ < — N R
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den komplexa funktionen: egenskaper

den 13 oktober 2020 17:26 e LR 0 a—@.,_@ <~ ¥ +A
k4

Sin[vx ) = 7

e e _0v (1L

e /\/(L’e-

. 2 -
: . e"“,c )
EXERCISES: APPENDIX I o=t £ (o

17. Use the fact that ¥’ = coq y lf sin y (for real y) to show that M ‘

-

Cosy = {)yj il ¢
S - 2
[% X% — (4

@ Q’L.*;': e-ni

-

Exercise 16 suggests that we define co%plex functions

0o5( 2 4%

. eZl — p—Zi
coxz/= and SIN . = e

(4 VA 2 Ges(-#) A1 Cin(-¥
< Lgh -\ Sin

CosS A 41 Sy

4:((/\7) £ = U Sy k)

2 (o< ):’L

@_"/ 4'5(hx-[ CSth ot )

2i &=
Ur s
as well as extend the definitions of the hyperbolic functions to t e
4 Y %
z -z z _ ,—2Z
coshz = cre” and sinhz = eTL
20. Verify the identitiend
sinz = —i sinh(iz). What are the corresponding identities for
cosh z and sinh(z) in terms of cos and sin?

for our funcnons and if we were to demonstrate that our operations on series could
be extended to series of complex numbers, we would see that cos x = cosh(ix)
sinx = —i sinh(i/x). In fact, ¢'* = cosx + i sinx and ¢™"* = cosx — i sin x, SO

e;’x _l_e—:'x

CO8 X = ———, and siny = ————.

2 2i

Such formulas are encountered in the study of functions of a complex variable (se
ppendix II); from the complex point of view the trigonometric and exponential func
tions are just different manifestations of the same basic function, a complex exponen-
tigl e? = e . We content ourselves here with having mentioned the interesting
relationships above and invite the reader to verify them formally by calculating with
se ‘cs (Such formal calculations do not, of course, constitute a proof, since we hav
K various rules COVErINg SCrice

ix _ p—ix
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a “+L L
Sim g x Q/b&q'ﬂ < N (~> u\,\,L_, W =0

L) A r

, T 1
(owr) + (CM/) =N

@sln"’x $ dr = A

1
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komplexa tal anvandning for att |6sa differentiella
ekvationer

den 13 oktober 2020 17:44

@ Linear Differential Equations with Constant Coefficients |[EMGRIGEEMING]

(74

ay”+by"+c?»=0, (%)

(S

- ('t
ar>+br+c¢=0. (%x) 9 - &

The auxiliary equation is quadratic and can have either

(a) two distinct real rools.@ and @( if b2 > 4dac), in which case () has general
solution y = Cye"" +Tye"2!

(b) a single+ef d real root r (if b2 = 4ac). in which case (*) has general solution Y 71’/7/
v €01+ T e
» . g e 12 JN

N T —
@ a pair of complex conjugate roots, r = K
~" in which case (*) has general solution )

Cycos(wt) + Cysi

———

Second-Order Linear DEs with Constant Coefficients -
Recipe for Solving ay” + by’ +cy =0

In Section 3.4 we observed that the first-order, constant-coefficient equation y" = ky
has solution y = Ce*’. Let us try to find a solution of equation (%) having the form
v = ¢"". Substituting this expression into equation (), we obtain

5 . .
ar<e™ + bre™ + ce' = 0.

Since ¢”’ is never zero, y = e will be a solution of the differential equation (%) if

and only if r satisfies the quadratic auxiliary equation
ar’> +br+¢=0, (k%)

hur far man fram r1 och r2 i férsta bérjan. Ar det en av teknikerna for att |6sa DE med linjara konstanter?

hur far man fram rl och r2i
which has roots given by the quadratic formula, forsta borjan. Ar det en av
teknikerna for att 16sa DE
linjara k ?
_bh+ /—h2 — dac b . \/5 med linjéra konstanter
r= = ——t —,
2a 2a 2a

where D = b? — 4ac is called the discriminant of the auxiliary equation ().

CASE1 Suppose D = h? —dac > 0. Then the auxiliary equation has two different
real roots, ry and r;, given by
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CASEI Suppose D = h? —dac > 0. Then the auxiliary equation has two differert
real roots, ry and r,, given by

—b— D —b+ /D
r = —. Ip = —— .

l 2a % 2a
(Sometimes these roots can be found easily by factoring the left side of the auxiliary
equation.) In this case both y = y,(1) = "' and y = y,(1) = €' are solutions of
the differential equation (), and neither is a multiple of the other. As noted above, the
function

y=Ael" + Be™

CASE II Suppose D = b?> — 4ac = 0. Then the auxiliary equation has two equal
roots, ry = rp, = —b/(2a) = r, say. Certainly, y = "’ is a solution of (x). We can

find the general solution by letting y = ¢ u(t) and calculating:
yi=e"(u' (1) + ru(r)),
y'=e"(u"@t) +2rv'(t) + rzu(t)) X

Substituting these expressions into (), we obtain

e’ (au"(t) + 2ar + byu'(t) + (ar? + br + c)u(r)) = 0.

Since e"" # 0, 2ar + b = 0 and r satisfies (xx), this equation reduces to u”(r) = 0,
which has general solution u(1) = A + Bt for arbitrary constants A and B. Thus, the

general solution of () in this case is

y=Ae" + Bte".

CASE III Suppose D = b? — d4ac < 0. Then the auxiliary equation (**) has
complex conjugate roots given by

—b + Vb2 — 4ac :
= = =k+tiw.
2a

where k = —b/(2a), ® = v/4ac —b?/(2a), and i is the imaginary unit (i2 = —1;
see Appendix I). As in Case I, the functions y} (1) = e* @) and y}(r) = e*—io)
are two independent solutions of (*), but they are not real-valued. However, since

e’ = cosx +isinx and e ' =cosx —isinx

(as noted in the previous section and in Appendix II), we can find two real-valued
functions that are solutions of (*) by suitably combining y{ and y3:

1 1 : )
_\',(/):5_\‘T(r)+5‘\'3‘(1)=e"’cos(w1). 0.9”4« "\7 {.L\’ ) ): e
Va(t) = %_\'f‘(r) - %_\';(t) = ¥ sin(wt). Ty ° e+ v'U/ e W '94 ~ €
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P 0 gl v ' \/ [ ’ J -
] * | * kt .. R k ’LJ b’q L
y2(t) = 5= y{ (1) = 57y3 (1) = €' sin(wr). Tyq e + uJ/ “1 '94 - €
zl zl | r- ‘
2
Therefore, the general solution of () in this case is —~ "t ~ 101g /77 4
A e + Le

y = A@cos((m) + B@ sin(wt). __, lc'\' mt’ ,__ (u./,w)k REZ{

S A@ F@e’{wk =

ew( et e ) C

'

A T . ww
¢ ¢ k p( ooswtwgmwl() ¥ tb(ooswk@ts/JW s (g
D 05 B2
A</ K/ wt \ N
’ ( K AXWWQ + e h (6-%) /@}
EXAMPLE 3 Find the general solution (}W_}__: 0.

Solution The auxiliary equation is 72 4 4r 4+ 13 = 0, which has solutions

@—4&: v16—-52  —4 £+ /=36
r = L
2 2

Thus, &k = —2 and v = 3. According to Case III, the general solution of the given
differential equation is

= A (@ cos@r)+ B(@sin@r). — J(Z% ( A/ Co((}%)‘f 7; SN\Z’Q‘\')
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komplexa tal anvandning: integraler
den 13 oktober 2020 18:03

r[beSnLefm jl (oSY dx  wned L\z)(f e Jza le ye. Fed:

2 \Q’A*\"Qz.) = e((%‘\'&('kzj
N X
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e
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fragor

den 14 oktober 2020 08:53

Skulle du kunna lista de olika DE vi ska kunna, samt vilken lI6sniningsmetod man ska
anvanda pa respektive?

¥ J/t O D’C/ O gwfow\ L
(1) Pin Y = 9 /Vu /,)p/lx

i ( e"/"‘j &MZN

(H 1

L 4;’7? <l

¢ fquaMh , O
%1 %‘7‘)9(37 @/\/

Ve S dmqer N2V j””‘”’z
Wu?«mMMAQ (f"b"w’"‘”"

biwger. @)

Pa tentan far man skriva pa iPad med penna eller ar det bara papper som géller? ‘f V/X@ S D)C

Detta ar en dugga fraga och du kanske kommer att komma in pa detta senare i
foreldsningen, men hur resondrgr man pa fragan “om y1 och y2 ar l6sn. till
diff.evk y”’+2y’+6y=0, sa é?’y1+y2 ocksa en l6sning”?

| U
Aﬁ.]+2'ﬂ.,-\'6‘7,:o | o WA N
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