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Integraler av rationella funktioner. Inversa variabelbyte.
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EXAMPLE 1 Evaluatcf

Solution The numerator has degree 3 and the denominator has degree 2 so we need

to divide. We use long division: —
x +3 F(") = Sx) +‘FC)<\
S,(x)
224 1|7+ 32
2 4x X +3x x+3
s x2 x2—|—]
3x + 3
T x -3 u= X“" =
Thus, J du= p_xdu(
x3 +3x x “dx dau = mlul+c =
FTEel x- + x2 41 . ,OM\XZ‘H\ =

1 -
=5x +3 —z]n@]—han l)r—kC‘.//« Ao (,."-H)?"

Huvudproblemet iir att beriikna integral av rationell funktionﬁ déir F's grad <____{9? < ? Q \

Hir mindre #n ()'s grad.

Nagra elementiira obestiimda integraler of rationella funktioner

Tabellintegraler: N\ . tax) P O

Tabelintegraler 1 [Aben| = L) § &0 7
Py =0 / bdr— —r]r'—(h+nr)l+(' a Vxe 'D{,.

Q) 268,=\ L
1 1 =3 .
0 gpee — [ +u?51 ;”‘n(ﬂ) e <— e
— = ~ .
&x) 0= 2

o
J 5 AP‘ = A ﬁ/n( 2tat) +e Aavnc xtra? >0, Fxe
X¢ia*
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Pex) 2P=0o ..P= constant o= ahrbxic = CXR— D(,\\LX—"‘,_)
Case g) Q= 2 2 >ual ool . S - =
—_— b

—_—

Exempel. Primitiv funktion av en enkel rationell funktion med n#mnaren som —_

har tvé olika reella rétter. A 4+ ® . ;Zx*a) *@?\
/J'Z—a"‘f iln (::z) o (;a) (x+a) (va)(xta)
k —  — —_—
[ 1 (5@ I @ Aa— Ba | Ar + Br “
2—a? (r—a)(zta) (r—a) (rta)  (r—a){zrta)
! ) 7
ArB =0
Aa—Ba = 1
A %;n —i
1
_/‘:EQ—r:"trb: / 20(x —a) " /20 o+ x) s
1 1 . 1, («
5|"|J'—ﬂ|—£|ﬂ|-F+“|+(\'——)£1n(r I a) +C_~
?ro?.u—-\ﬂﬂﬂ °&- p’“
Po-dg. 243
Roo= Py . Tacrkal Frackons
Q) &—
- deqgqree ° Q
(%o wa) . (x-aa) 28=0 9
Q)= (x-a) (% %) ada 14 Em. (Aistmet )
(, ) ————
If 2P <28, then
Pea) @ v B oya A
= (x-aa\ (x’qn\
&x) (x-a) (""‘2
-~
2
oqa 34>
Pt Pery=eka P=A
Exempel 3. &(—‘); \/:L_‘SX'\’G ,}Q = 2’
(x+4)
Evaluat ————dx.
EXAMPLE 3 Bvaluate [ " 05 ax
Solution The partial fraction decomposition takes the form
x + 4If _ x+4 A B O
—5x—|—6_(.r—2)(x—3) x—2
We calculate A and B by both of the methods suggested above. =
METHOD I Add the parial fractons__ To wompute P L
s+em
litd @ Ax—3A+Bx~ZB by eslone if?/
“5x+6 x-2&x-3) oxoica.md by wmea g 3. (xi4)
(<) -
oth sndes \9{- (% -2) k—g

and equate the coefficient of x and the constant terms in the numerators on both sidw L < ’ M \

to obtain
(x- z)t LX~2)

AL R=1 and — 14 7R =4
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and equate the coefficient of x and the constant terms in the numerators on both side A4 - é(z{i x (9 ’ M
to obtain 9 )x—- (}"()
(x-2)C (x-2) 5 X=3
A+B=1 and -3A-2B=4 x=23 &3
\ ~ \

Solve these equationsto get A = —6and B = 7.
METHOD II. To find A, cancel x — 2 from the denominator of the expression X4 = A ry B
P(x)/Q(x) and evaluate the result at x = 2. Obtain B similarly. (x-2)%3>) (%-2) (=2 )

A=x+‘: =—6 and B:"J“;1 =7 ( (x24) =~ A + 3B

AT I e=2 X = 2le=3
C (x-3)
\/ %{

In either case we have

fﬂ‘“_
x2—5x+6

Exempel 5.
En av termer i nimnarens faktorisering &r pa formen 1? | o? (saknar reella rétter)

24 3x 4+ a2 28=13
SEXTY gk
x(xf4+1)

Solution Note that the numerator has degree 2 and the denominator degree 3, so no

division is necessary. If we decompose the integrand as a sum of two simpler fractions,
we want one with denominator x and one with denominator x2 + 1. The appropriate

EXAMPLE 5 Evaluate[

form of the decomposition turns out to be A 2+ + A q
243x+x2 _74) (Br+0) A +h 4B 1Cx = Bt rex
x(x2+ 1) x o |x241) x(x2+1) '

~— ~——  —

2
) . ‘ CARYZ? g2 + &,
Note that corresponding to the quadratic (degree 2) denominator we use a linear (degree
1) numerator. Equating coefficients in the two numerators, we obtain

A+ B = 1 (coefficient of x2)
cC =3 (coefficient of x)
A = 2 (constant term).
Hence A = 2, B = —1, and C = 3. We have, therefore,
f 24 3x 4 x2 :
x(xZ+1)

X ¥ ‘09 -HI\LIq YC(‘IWM
dal

=2In|x| — % In(x?+ 1)+ 3tan"' x + C.

e~ -
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Denominators with Repeated Factors

We require one final refinement of the method of partial fractions. If any of the
linear or quadratic factors of Q(x) is repeated (say, m times), then the partial fractiot
decomposition of P(x)/Q(x) requires m distinct fractions corresponding to that factor
The denominators of these fractions have exponents increasing from | to m, and the
numerators are all constants where the repeated factor is linear or linear where th
repeated factor is quadratic. (See Theorem 1 below.)

Pos 246
EXAMPLE 7 Evaluawf&x m=2 28 =3
¢ TTee——

Solution  The appropriate partial fraction decomposition here is O .
—_— 0{
A

(x-a)* (x-a

) B TR
- _A(x "2+ )+ BGZ —x)+Cx I

G-

Equating coefficients ofxgwx nd 1 in the numerators of both sides, we

A+ B = (coefficient of x?2) ovi wnal =
—2A - B + C =@ (coefficient of x) —3—

h

=1  C(x- n"
A =1 (constant term). _ %
Hence A=1,B=—1,C = 1,and £ (*"\B'FBX(X-O + Cx

f.x—f e (o=

]n|x| lnlx—ll——+C

q Iy
=In

é/]‘_%ﬁc// B(~-% )

c( X )

-
(A_‘_B)X'z ' (_:;:—E 3 )= +é—

\Q— ox + o=

Ap=o= B=-A -1 ig-__\ )

r 4

—2a Bt =S C= RA4B 2 -t= A

‘ \C’. = A ‘
34% B oadoale ha akn %d—w
pogp A% Case: & s

3
S m 45 442 4x =
EIMMPLET s = 35 X (4o Al +)

Solution The denominator factors to so the appropriate partial fraction

decomposition is

A(dx* +4x 4+ 1) + BQ2x* + x%) + C2x% + x) + Dx? +£x

y=x

x (44*+4y+\)
242 @ EDx+E%j Q/\/- ’
x(2x2+1)2_ AT R Ty
— )

Y4 ol X x,ex-kf' °

x(2x2 4 1)2
3
Thu E—
4A + 2B =0 (coefficient of x*)
\ 2C =0 (coefficient of x?)
4A + B + D =1 (coefficient of x2)
C + E =0 {coefficient of x) ’—;
A = 2 (constant term).
Solving these equations, weget A =2, 8 = —4,C=0,D = -3, and E = 0.
poo [ g [ X9 5 deD, letu=2e241
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A = 2z (constant term).
Solving these equations, weget A =2, 8 = —4,C=0,D = -3, and E = 0.

d d d
;:2[—”—4[’”"E N
x 2
/

241 22 4 1)2
t ( ) du = 4dxdx

—

du 3 [ du
3

=2Inlx|=Inlu|+ —+C
: du

I A
x (x+a’)
~—

—m( x )+§ L ¢ z
M) Tae e T (2% +\
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The Inverse Trigonometric Substitutions

Three very useful inverse substitutions are:

x =asinf, x =atan#f, and x =asecH.

e~ T

These correspond to the direct substitutions:

f# =sin~

B =

X X a
f=tan'=, and O =sec”' = =cos =,
i [*} x

The inverse sine substitution

@ Integrals involving v/a? — x? (where a > 0) can frequently be reduced to a
simpler form by means of the substitution

x
\isin@ or, equivalently, # = sin~! =,
a

Observe that +/a? — x? makes sense only if —a < x < a, which corresponds to
—m/2 =8 = x/2. Since cosf = 0 for such A, we have

—

va? —x2 = /a2(1 —sin28) = Va2 cos? @ = a cos .
~_ e

(If cos & were not nonnegative, we would have obtained a| cosf| instead.) If needed,
the other trigonometric functions of & can be recovered in terms of x by examining a = Q& S &
right-angled triangle labelled to correspond to the substitution. (See Figure 6.1.)

p cmb’:: V’a—z—.—:z
.

>
at-x?

Figure 6.1
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Solution Refer to Figure 6.2.

1 1
= 20d6 = - tanf + C = — C
25 69 = guno e =g Lo s

1
f G2
~—
[ V3cosHdb
~ ] 5320536
/B(,(.O'; L
Con0r

@
[ \
Letx = «./gsiné‘,

dx = \/5cos60do
-

1 X

2 1
)*CD':‘L,, EXAMPLE 1 Evaluatefmdx.

(o= &
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paq 350

The inverse tangent substitution

1

Integrals involving Var¥xZor Prad (where a = 0) are often simplified
x+a

by the substitution

} i/:w \ or, equivalently, @ =—

Since x can take any real value, we have —7/2 < 8 < 7/2,sosectl = Oand

val+x? = a1 +tan28 = asech.

Other trigonometric functions of & can be expressed in terms of x by referring to a
right-angled triangle with legs a and x and hypotenuse v/a? + xZ (see Figure 6.4):

nd = X
M ‘qz-\-xz
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roqe 2

1
EXAMPLE 3 Evaluae (a)fﬁdx

dx

1
@ f«/4+x§

2 2
:f s 6 4o
2sect

=fsec9d9

=In|sect +tanf|+ C =1In

=In(v4+x24x)+Cy,
(Note that +/4 + x2 4+ x > 0 for all x, so we do not need an absolute value on it.)

Letx =2tanfl, <~
dx = 2sec? 6 do P

X

SN,
‘\/4+x2
3 +

x
-+ C
2-1-

where C; = C —In2.

10
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The tan(6/2) Substitution

There is a certain special substitution that can transform an integral whose integrand is
arational function of sin # and cos @ (i.e., a quotient of polynomials in sin & and cos )
into a rational function of x. The substitution is

6
X =tan 7 on equivalently, 6 = 2tan™'x.

Observe that
6 1 1 1
cos E_Secz— N 4t L0 T4 x?
2
$0
6 2 1 — x2
0039:200525—1=1+x2-— gy

g 6 6 2} 2
sinf = ZSiHECOSE = 2tan§cos2 2 = l—|—xx2'

1 ,
Also, dx = — sec? = d#, so
TE 3

de =2c0322dx = ﬂ
2 1+ x2

11
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The tan(#/2) substitution
If x = tan(#/2), then

1 —x? 2x 2dx
inf=——, and df=-——.
sin 1+ x? an 1+ x2

cost =

5

14+ x*

Note that cos#, sinf, and d# all involve only rational functions of x. We examined
general techniques for integrating rational functions of x in Section 6.2.

1
——df Let x = tan(6/2
f2+0059 et ]an(/z),so
-x
cosf = ——,
1 + x2
do = 295
14 x2
2dx
2
Zfizzf L.
2_|_1—4\c2 3+ x?
1 4+ x2
2 X
=—tan — +C
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