TMAG683 Tillampad matematik

Ovningsuppgifter
2 november 2020

Fardin Saedpanah’s version of this document from spring 2020 is acknowledge.

1. LINJARA RUM, SKALARPRODUKT OCH L,-NORMER

1.1 For ett heltal a, betrakta de delméngder av 73(‘1)(0, 1) som bestéar av alla polynom
p(t) av grad < g sddana att
a) 2p(0) = p(1)
b) p(t) > 0
c) p(t) = p(1 —t) for alla t.

Vilka av dessa delméngder &r underrum i P(@(0,1)?

1.2 Visa att {p1(t), p2(t), p3(t)} dr en bas for P3(R) da
a) pi(t) = (L+1)%, polt) = (L4 22, p(t) = (¢ +3)?
b) pi(t) = 5(t = 2)(t = 3), p2(t) = —(t = (t = 3), ps(t) = 3(t = 1)(t — 2).
Ange ocksé koordinaterna for polynomet ¢* i basen {pi, p2, p3}.

1.3 Visa att foljande funktioner ar linjart beroende (for t € R):
a) sin(2t), cos(2t), sin*(t), cos?(t).
b) In(t® + 1), In(t* — 2+ 1), In(¢* + 1).

1.4 Visa att foljande funktioner ar linjart oberoende (for t € R):
a) sin(t), cos(t), sin(2t), cos(2t).

2 3
b) e, e, €.

1.5 Undersék om méngden {1 +¢3,3 4+t —2t?, —t +3t> — 3} ar linjart beroende i P (R).

Kan elementen utgora en bas for P (R)?

1.6 De fyra forsta s.k. Hermite-polynomen &r {1, 2t, —2 + 4¢%, —12t + 8t*}. Visa att de &r
linjért oberoende i P®)(R) och bestim koordinaterna for p(t) = 7 — 12t — 8t + 12t

i denna bas.

1.7 Vi definierar skaldrprodukt och Lo-norm for tva funktioner f och g pa ett intervall

(a,b) enligt (f,g) = f;f(.r)g(az) dz resp. || f|| = \/(f, f). | analogi med vektorer i R™

definierar vi “vinkeln” 6 mellan f och g genom

(f.9) = Hflll- gl cos(6).



TMAG683 HT 2020
David Cohen (david.cohen@chalmers.se) Chalmers & GU

1.8

1.9

1.10

1.11

1.12

Vad ér cosinus fér “vinkeln” mellan funktionerna f(z) = 3x + 1 och g(z) = 52% + 3

pé intervallet (—1,1)7
Visa att foﬂm Vsinzcosxdr < 1.

Visa att i C[—m, 7], med skaldrprodukten

(f.g) = / " f(o)g() de,

ar funktionerna {1, sin(z), cos(x), sin(2z), cos(2x),..., sin(nz), cos(nx)} sinsemel-
lan ortogonala.

(Detta ar fundamentalt i teorin for Fourierserier.)
For vilka virden pa a € R ar funktionerna 1+ at? och 4t — a ortogonala i P (0,1)?

Kan nagon av foljande tva kandidater vara en skalirprodukt pa C![a, b]?
a) (f,9) = [, f'(x)g () dz
b) (f.9) = [, f'(2)g'(x) dz + f(a)g(a)-

Lat V = C[0, 1], dvs det linjara rummet som bestar av reellvirda kontinuerliga funk-
tioner pa intervallet [0,1]. Fér f och g i V' definierar vi skaldarprodukten av f och g

(f.g) = /0 f(2)g(z) dz,

och L,-normen for p = 1,2, 0o som

1 1/p
1o = ( / |f(ﬂf)|”dx) 12
0

och

100y = mae (@)l

Bestam (f, g), ||fllz,0,1) och [|g]|z,(0,1) for p = 1,2, 00 i féljande fall:

a) flz)=1+uz, gla)=2—2x

b) flx) =1, g(z) =

) f(2) = L, gla) =3+ 2

d) f(z) =3z, g(x) = —4a?

e) f(x) =z, g(x) =€

f) f(x) =1, g(x) = cos(z) + sin(x)


david.cohen@chalmers.se

TMAG683 HT 2020
David Cohen (david.cohen@chalmers.se) Chalmers & GU

2. INTERPOLATION

2.1 Bestdm den styckvis linjara interpolanten 7, f(x) da intervallet I delas in i tre lika
stora delintervall, da
a) f(xr) =922 — 2% och I =0, 3]
b) f(x) = sin(x), och I = [0, 7]
¢) f()=1 och I =11,3].
Anvind ocksa foljande sats for att upskatta felet i approximationen i Li- och L.
norm:
Let mpv(z) be the piecewise linear interpolant of the (sufficiently regular) function

v(x), for x € (a,b), on the partition T, of [0,T]. For p = 1,2, 00, one then has

||7Thv - U”Lp(a,b) S ¢ Hh2v//HLp(a,b) '
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3. FINITA DIFFERENS-METODER

3.1 Hérled en finita differens-metod (dvs hérled uttrycket f6r approximationen a(t + At)

som funktion av @(t)) for differentialekvationen

— ) =——, O0<t<T
()=~

med

a) Explicit Euler-metoden.
b) Implicit Euler-metoden.
¢) Crank-Nicolson-metoden.

Implementera girna metoderna i Matlab och jamfor med den exakta losningen

u(t) = Ju3 + 2t.

3.2 Visa genom att Taylor-utveckla propagatorn for ODE:n u(t) = Au(t), u(0) = g for
respektive metod att
a) Implicit Euler-metoden har trunkeringsfel av ordning (At)?2.

b) Crank-Nicolson-metoden har trunkeringsfel av ordning (At)3.

3.3 Visa att bade implicit Euler-metoden och Crank-Nicolson-metoden &r stabila for alla
At > 0 for ODE:n a(t) = Au(t) med A < 0 och u(0) = uy.
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4. LAPLACE TRANSFORM (EXTRAUPPGIFTER)

Use Laplace transforms to solve the following initial-value problems:

41 y"—y=1, y(0) =0, ¢(0)=1.
4.2 y" =3y + 2y =0, y(0) =3, ¢(0)=4.
4.3 4y +y = -2, y(0) =0, ' (0)=1/2.
4.4 o' + 2y +y =€, y(0) =0, %(0)=0.
4.5 y" + 2y + 3y = 3t, y(0) =0, ¢(0)=1.
Find the inverse Laplace transform of the following functions:
4.6 m

4.7 L

s2445+29 "

2s
48 2.

3s2
4.9 m.

s+3
4.10 lnsi—z.
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5. FOURIER SERIES (EXTRAUPPGIFTER)

The function f in the following exercises is assumed to be 27-periodic, unless otherwise

explicitly stated.

5.1 Find the Fourier series expansions of
a) f(x) = |sin(z)].
b) f(x) = [cos(z)|.

5.2 Use the Fourier series expansion for f(z) = 2% (-7 <z <7):

2 X 1\n

22 = % + 4; ( n2) cos(nx),

to show that
a) ¥d —mlr =123 >, 13 S’ (nw) — <z <T.
b)l‘4—422_482n1( 7t

. 150
) Xt L4 = 90
5.3 We define the even and odd parts of a function f(z) b

@) = GlF@) + (=) and  foa) = () ~ F(-)]
Show that f.(z) is an even function, and f,(z) is an odd function.

cos(nx) —m < x <.

n

2 2

5.4 What are the even and odd parts of the following function?

f(x):{x’ x <0

e " z > 0.

5.5 The function f(z) =2z, 0 <z <1 is periodic with period P = 1.
(a) Find the Fourier series expansion of f(x).
(b) Use the result in (a) to compute the sum

o0

1

n?’
n=1

5.6 Assume that the function f(z) =2, 0 <z < 2 is 2-periodic. Find the Fourier series

expansion of f(x).

5.7 (a) Find the Fourier series expansion of the 2-periodic function f defined in [—1,1]:

IR
f(:”)_{o, 1/2 < 2| < 1.

6
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(b) What is the series sum in the discontinuity points?

5.8 Assume that the function f(z) =z, 0 < x < 2, is 2-periodic.
(a) Find the complex Fourier series expansion of f(z).
(b) Use (a) to give the real (cosinus-sinus form) Fourier series expansion of f(x).

(¢) Find all solutions to the differential equation

5.9 The function f(x) = |z|?, for x| < 2, is 4-periodic. Find the Fourier series expansion
for both f and f’.

5.10 The data function f(x) = (2 — z), for 0 < z < 2, is 2-periodic. Find a 2-periodic

solution to the differential equation

y'(x) +y'(x) + 2y(z) = f(),

as a complex Fourier series.
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6. SEPARATION OF VARIABLES (EXTRAUPPGIFTER)
6.1 Solve the boundary value problem (Laplace’s equation)

Ugg + Uyy = 0, 0<z <2, 0 <y < oo,
w(0,y) = uy(2,9) =0,  limy o u(z,y) =0,
u(z,0)=0, 0<z<l, u(z,0)=1, l<z<2.

6.2 Solve the boundary value problem (Laplace’s equation)

Uy + Uyy = 0, 0<z<a, 0<y<hb,
u(0,y) = uz(a, y) = 0,
u(z,0) =0, u(x,b) = 2% — 2az.

6.3 Solve the inhomogeneous boundary value problem

Ugg + Uyy =V, x>0, O0<y<l1
u(z,0) = u(x,1) =0,
uw(0,y) =y — 93, u is bounded as x — 0.

6.4 Solve the initial-boundary value problem (heat equation)

Up = Ugy, O<z<m, t>0
u(0,t) =1, u(m,t) = —1,

u(z,0) = cos(x).

6.5 Solve the following initial-boundary value problem (wave equation)

Uy = CPUyy, 0<x</, t>0, ¢>0
u.(0,t) =0, u, (€, t) =0,
u(z,0) =1, uy(z,0) = — cos(7x).

6.6 Solve the inhomogeneous initial-boundary value problem

Up = Ugy, 0<x</, t>0, ¢>0
u(0,t) =0, u(l,t) =1,
u(z,0) =27 — 1.

6.7 Solve the inhomogeneous problem
Uy = Uy, 0<x <1, t >0,
u(0,t) =1, u(l,t) =0,
u(z,0) =0, u(z,0) = 0.
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6.8 Solve the initial-boundary value problem

14

Uy = Ugy — sin(22L), O<az<t, t>0
u(z,0) = u(0,t) = u(l,t) = 0.

6.9 Let u(x,t) be the solution to the following problem

Uy = CPUyy, O<z<m, t>0, ¢>0
u(0,t) = u(m,t) =0,
u(z,0) =0, u(z,0) = g(z).

Show that for t > 0,

/ )P de < / lg(@)P de.
0 0

6.10 Solve the differential equation

Uy = Ugy — T2U, O<x<l1, t>0, ¢>0
u(0,t) = u(l,t) =0,
w(z,0) =0, u(z,0) = cos(mz), 0<z<l1.

6.11 A substance is diffusing in a straight cylindrical pipe of length ¢ with closed inter-
sections. Suppose that the symmetry axis of the cylinder is aligned with the z-axis.
If the density of substance at the point x at time ¢ is denoted by p(z,t), then p(x,t)

satisfies the diffusion equation

Pt = Cpac:ca

where C' is a constant. Determine p(z,t) if p(x,0) varies linearly from 0 to py as
goes from 0 to /.

6.12 Solve the following inhomogeneous initial-boundary value problem

Up = Ugy + € ' sin(3z), O<z<m, t>0
u(0,t) =0, wu(mt)=1, wu(z,0)=2.

6.13 Compute the stationary temperature u(z,y) in the square plate
A={(z,y):0 <z <100, 0<y <100},

if the side y = 100 is kept at temperature 100° C and all other sides at the temperature
0° C'. Determine, in particular, the stationary temperature at the midpoint of the
plate.

Hint: The stationary heat equation satisfies Laplace’s equation.
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6.14 a) Determine the function u(z,t) satisfying:

4um:utt, O<$<27 t>0
u(z,0)=(1—2)0(1 —z)  w(z,0)=0, 0<z<2
u(0,t) = u(2,t) =0, t>0.

b) Determine u(z, 1).
6.15 Solve the problem

Ugg + Uyy = 1, 0<z <1, O<y<l1
u(z,0) =0, u,(z,0) =0, 0<zx<l1
u(0,y) =0, u(ly) = y* - 2y.

10
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7. CONVOLUTION
7.1 Compute (f * g)(t) when

1, O0<t<1
a) f(t) = and g(t) = t0(t).

0, otherwise

(e7t — e 2)0(t) and g(t) = e'0(t).

=

—

=
I

7.2 Use the convolution theorem to compute the inverse Laplace transform of

W F(9)= g 1)1(32 7 Hint: sinfa)sin(5) = dfeos(a — ) — cos(a + ).
b) F(s) = W1+9)

11
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SVAR
1. LINJARA RUM

1.1 a) och c)

1.2 a) Koordinater for ¢* ar (3, —3,1).
b) Koordinater for ¢ ar (1,4,9).

1.3 Ledning: a) Anvéind trigonometriska formler; b) faktorisera t° + 1.

1.4 Ledning: Satt linjirkombinationen = 0 (for alla t). Gor intelligenta val av ¢ som ger

ett ekvationssystem for koefficienterna med endast noll-16sning.

1.5 De ar linjart oberoende men kan ej utgora en bas, ty dimensionen av Pz ar 4 (och
det ricker alltsa inte med 3 basvektorer for att spanna rummet).
1.6 Koordinaterna ar (3,3, —2,3/2).
_ 7
1.7 cos(f) = NG
1.8 Ledning: Anvand Cauchy—Schwarz olikhet.
1.9 Ledning: Anvand trigonometriska formler, alt. partialintegrera tva ganger.

1.10 a = £V6
1.11 b) men ¢j a).

1.12
ANz | 1es | s llgllz, gl 9/l (f,9)

)| 3 52 ; z 2 L

by | 1 1 1 3 3 3 3

)| 3 3 3 4 N 5 2

| 2 V3 3 2 NG 4 -3

e) : \/Lg 1 e—1 \/% (e2—1) e 1

)| 1 1 1 1+mm—mw)¢%—mw» V2 | 1+4sin(1) - cos(1)

12
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2. INTERPOLATION

2.1 a)
8z, 0,1)
mf(x) = < 122 — 4, [1,2)
60 — 20z, x € [2,3].
Feluppskattningar: |m,f — fllr,03) < (54 + 12v6)c; ||mnf — fllew(0s) < 90c for

T €
T €

nagon interpolationskonstant c.

b)
3z, ze(0,%)
mf(r)={2(V3-Daz+1-%, ze[f5)
F2- Vet -2 welf )

2

Feluppskattningar: [|mnf — fllz,0.2) < 556 mnf — flliw@z) < F5c for ndgon

interpolationskonstant c.

c)

AN
wl|x

(5-2z), =zell,3)
(7—2z), zel3,2)
=9 —-2z), ze€[23]
Feluppskattningar: |7, f — f||L1(0,%) < 2ue; ||muf — fHLOO(O’%) < sc for nigon

interpolationskonstant c.

1
3
1
6

mnf(x) =

13
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3. FINITA DIFFERENS-METODER
3.1 a) a(t + At) = a(t) + At/a(t).

b) a(t + Af) = 20 1\ /(2)” + At

2
b (i) + 53t) /3 (a0 + 53) 4 2

3.2 b) Lésning: Den exakta losningen pa intervallet [0, At] &r u(At) = wugexp (AAL), sa

o) i(t + At)

propagatorn for den exakta losningen dr Py(At) = exp (AA¢).
Propagatorn for Crank—Nicolson-metoden for den givna differentialekvationen &r

_ 145)At

Taylor-utveckling av Py (med variabeln AAt) ger
1 1
(1) exp (AAE) = 1+ AL+ S (A + 2 (AL 4.

medan Taylor utveckling av ndmnaren i Poy ger

1+ $AAL 1 1 1 1
—2— = [ 14+ SAAL) [T+ SAAE+ (SAAL)? + (SAAD® + ..
1—2MAE (+2 )(+2 +(2 )+<2 y )

=14+ \At+ %(AAN - i(AAt)?’ +...

Om vi jamfor (2) med (1) ser vi att utvecklingarna ar lika till och med ordning

(At)?, vilket innebér att skillnaden, dvs trunkeringsfelet, &r av ordning (At)3.

3.3 Ledning: Visa att |P(At)| < 1 for alla At > 0, dar P(At) ar propagatorn for respektive
metod. Kom ihag att A < 0.

14
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4. LAPLACE-TRANSFORMER

4.1 y(t) =e' — 1.

4.2 y(t) = e + 2e'.

4.3 y(t) = =2+ 2cos(t/2) + sin(t/2).

4.4 y(t) = et — qe7f — L.

4.5 y(t) = ge*t cos /2t + ‘/Tie*t sin 2t +t — %
4.6 1 — je7 % — e,

4.7 L7 sin(5¢).

4.8 tsin(t).

4.9 3sin(t) + 3t cos(t).

4.10

%(e—2t . e—St)'

15


david.cohen@chalmers.se

TMAG683

David Cohen (david.cohen@chalmers.se) Chalmers & GU

5. FOURIER SERIES

5.1 a) |sinz| 2 cos(2nx)
1a smx:———
T 4n2—1
2 4 (—1)" cos(2nx)
b)]cosx|:;—;n2:: PR
5.2 -
5.3 -
5.4
1| 2% +e?, r <0 1| 2% —e?, z <0
fel)=59 , fol)=59 _ 5
2| 224+e% x>0. 2| e*—22 x>0
558)  f@)~ 1= 23 sin(zuma)
5a r)~1—=Y —sin(2nnx).
min
b) 7%/6.
4 41 41,
5.6 f(x =3 F;ﬁ nwx—%;ﬁsm(nwx).
1 2 > n+l
5.7 a) f 5—1—}; 2n cos((2n — 1)x).
) 1/2.
5.8 )=1-— S
%) Z@mr
b) f(x) =1 221 ()
=1-——=) —sin(nwz).
T n

n=1

¢) y( )—yh( )+ (),  yn(z) = Ae” + Be™,

. 1
= Z yne™™ o =1, (L+n*m)y, = —, n#0
mi

2.9
48 N2+ (—1)(n?r? - 2) nmw
flz)=2+ py 7?:1 > cos(Tx).
24 N2+ (1) (nr—2) . nm
fl(z) = - 2 — s1n(7x).

16
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5.10 .
1 e’mﬂT:l:
=-+2 .
y(@) 3 N nz;éﬂ n?mw2(n?m? —inm — 2)

17
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6. SEPARATION OF VARIABLES

1.7
6.1 = ~on sin(ay,
u(z,y) nZ:O o sin(, 1), an, = (n+ 2)2
—da? X1 1.7z sinh(n + )™
6.2 u(z,y) = sin(n + =)— - ————224_
(@9) 3 ;) (n+3)3 ( 2) a sinh(n+ 1)
= 7( 1
6.3 u(x,y) = y —y) + Z 2 " sin(nmy).

6.4 u(z,t) =1-— 2 + Z ((—l)kﬂrl - 1> MG_M sin(kz).

T n=1
6.5 u(r,1) = 1 — — cos(ZZ) sin( 7<)
5 ou(z,t) = — cos(—) sin(=-).

6.6 u(x,t) E——Z—e & “sin n;.r).

2 1
6.7 t)=1—2—— — t)si .
u(z,t) T Z: - cos(nmt) sin(nmz)

6.8 u(z,t) = (%)2<e4ﬁt - 1) sin(%Tx).

6.9 -

— k
6.10 u(z,t) = 8 E sin(2kmx) cos (\/ 4k? + 17rt).
7r
k=1

o 4po — 1 _C@en-1)?r%t 2n — 1)mx
6.11 p(l‘,t) = - — —F= Z me 2 COS(%).
=1

22— (—1)" 1
6.12 u(z,t) = — Z (—)e’"% sin(nx) + S (eft - e’9t> sin(3x).
7r

— n T 8
6.13
ule.y) = _ 400 i 1 Slnh((Qk — 1)7ry> sin((Qk - 1)7rx)
V= £~ (2k — 1) sinh((2k — L)) 100 100
200 (—1)k-1
50, 50 ~ 25°C.
W )= 0 Z (2k —1) Cosh((%;l)w)

18
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4 XK=1ymr . nm . nTX
6.14 a) U(l‘, t) = ﬁ nEZI ﬁ (7 - Sln(7)> COS(n’TFt) SID(T).
I, 1 &K (=1)F |
b) u(z, 5) = nEZI p sin(kmx).
2 sinh((n + $)m(1 — x)) — sinh((n + 3)7z) | 1

1 —_ 2 = § 2 2 - .
6.1 ulz,) W =ut+ o e (n+ %)3 sinh((n + %)7‘() sin((n + 2)7ry)

19
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7. CONVOLUTION

0, t<0
7.1 a) (f*g)(t) =1 t?/2, 0<t<l1
t—1/2, t>1.

b) (f *g)(t) = g(e" — 37"+ 2e72)0(t)

7.2 a) gsin(t) — ¢ sin(2¢), b) st — 5= sin(3¢).

20
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