Options and Mathematics: Lecture 26

December 16, 2020

Review of the first part of the course

In the first part of the course (Chapter 1) we study some qualitative prop-
erties of options prices based on the arbitrage free principle. One of these
properties is the put call parity:

Theorem 1.2(v)

(C(t,S(t), K, T) = P(t,8(t), K,T) = S(t) - KB(t,T)]

Remember that in the exam you have to provide and explain all steps of the
proof (including those missing in the book)

In Part I we also introduced the fundamental concept of optimal exercise
time for American put options:

Definition 1.2. A time ¢ < T is called an optimal exercise time for the
American put with value P(t, S(t), K,T) if S(t) < K and P(t,S(t), K,T) =
(K — S(T))..

Recall that in the exam you have to explain the meaning of all mathematical
symbols as well as the financial interpretation of the definition.



Exercises

The typical exercise in Part I consists in replicating the value of a derivative
with continuous, piecewise linear pay-off using European call and put options.
To this purpose the following result is used.

If A is not an arbitrage portfolio and it is known at time t that V4(T) = 0,
then V4(t) =0

Exercise 1.10 (Solution in the book)

A forward contract on an asset U stipulated at time ¢ and with maturity 7" > ¢
is a costless agreement between two parties in which one party promises
to sell, and the other one to buy, the asset & at time T for a given price
Fory (¢, T'), which is called forward price of the asset.

Assume that the asset U does not pay dividends in the interval (¢,7"). Show
that the forward price of ¢/ in an arbitrage-free market is given by

()

Fory(t,T) = BOT)

Derive the analogous formula when U pays the dividend D at time tq € (¢,7).



Exercise 1.13 (Answer in the book)

Let K,T > 0 and consider the European style derivative with pay-off Y =
min(K, |S(T) — K|) at maturity 7', where S(¢) is the price of the underlying
stock at time t. Write the value of this derivative in terms of the value of
call and put options.



Exercise 1.15

Find a constant portfolio consisting of European puts that replicates the
European derivative with maturity 7" and pay-off Y depicted in Figure 1.

Figure 1: Remark: For S(7') > 4 the pay-off is identically zero



Exercise 1.19 Let » > 0 and assume that the stock pays the dividend D at
time g, where t < tg < T'. Show that if

D> Ke™™ (1 —e ),

then it is not optimal to exercise the American put with strike K and matu-
rity 7" in the interval [¢,to). HINT: Use the put call parity with dividends

C(t,S(t), K, T) — P(t,S(t), K,T) = S(t) — Ke "T=) — Deto= ¢ < ¢,

to show that the value of the put is larger than its pay-off before the dividend
is payed.



Exercise 1.25 (Solution in the book)
A European derivative on a stock pays the amount
Y = (min(S(T) — 10,20 — S(7),2)), — 1

at maturity 7. Draw the pay-off function of the derivative and find a constant
portfolio of European call/put options that replicates the derivative.

Exercise 1.26

Find a constant portfolio consisting of European calls and puts with expira-
tion date 1" such that the value of the portfolio at time T equals

V(T) = min[(S(T) = K), (L = S(T))4, (L = K)/4],

where 0 < K < L. HINT: Draw the graph of the pay-off function and write
it as a combination of call and put pay-offs.

Exercise 1.27 (Answer in the book)

Find a constant portfolio consisting of European calls and/or puts that repli-
cates the European derivative with maturity 7" and pay-off Y depicted in
Figure 2.

o )

Figure 2: Remark: For S(7') > 10 the pay-off is identically zero. Careful
with the angles!



