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8.19

E(Mt) = E(|Bt|) =
∫ ∞

−∞

|s| · Normal(s; 0, t) dt = 2
∫ ∞

0
s · Normal(s; 0, t) ds

=
2
√

2πt

∫ ∞

0
s exp

(
−

1
2t

s2
)

ds =
2
√

2πt

∫ ∞

0
exp(−u)t du

=

√
2t
π

[
−e−u]∞

0 =

√
2t
π

where we use the substitution u = s2

2t to compute the integral. Further, we have

E(M2
t ) = E(|Bt|

2) = E(B2
t ) = Var(Bt) = t

and thus
Var(Mt) = E(M2

t ) − E(Mt)2 = t −
2t
π
.

8.22 Let zr,t be the probability that standard Brownian motion has at least one zero i (r, t). Then

P(Z ≤ z) = zt,z =
2
π

arccos
√ t

z


according to theorem 8.1.

8.25

P(G1 ≥ 40) = P(G0eµ1+σB1 ≥ 40) = P(35e−0.25+0.4B1 ≥ 40)

= P
(
−0.25 + 0.4B1 ≥ log(40/35)

)
= P

(
B1 ≥

log(40/35) + 0.25
0.4

)
Writing in R

> 1 - pnorm((log(40/35)+0.25)/0.4)

gives 0.1688226.
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8.26 Generally we have

E (max (Gt − K, 0)) = G0et(µ+σ2/2) P
(
B1 >

β − σt
√

t

)
− K P

(
B1 >

β
√

t

)
where β = (log(K/G0) − µt)/σ. In our case,

β = (log(K/G0) − µt)/σ = (log(40/35) + 0.25/2) = 0.2585314.

Thus,

E (max (Gt − K, 0))

= 35e(−0.25+0.42/2)/2 P
(
B1 >

0.2585314 − 0.4/2
√

1/2

)
− 40 P

(
B1 >

0.2585314
√

1/2

)
= 32.14793 P (B1 > 0.0827759) − 40 P (B1 > 0.3656196)

Computing with R

32.14793*(1-pnorm(0.0827759)) - 40*(1-pnorm(0.3656196))

gives 0.7205823.

8.29 Note that
E((Bt − Bs)3) = E(B3

t−s) = 0

because of symmetry of the Normal distribution. Thus we get

E
(
B3

t − 3tBt | Br, 0 ≤ r ≤ s
)

= E
(
(Bt − Bs + Bs)3 − 3t(Bt − Bs + Bs) | Br, 0 ≤ r ≤ s

)
= E

(
(Bt − Bs)3 + 3(Bt − Bs)2Bs + 3(Bt − Bs)B2

s + B3
s − 3t(Bt − Bs) − 3tBs | Br, 0 ≤ r ≤ s

)
= 3 E(B2

t−s)Bs + B3
s − 3tBs = 3(t − s)Bs + B3

s − 3tBs = B3
s − 3sBs.

Also
E(|B3

t − 3tBt|) ≤ E(|Bt|
3) + 3t E(|Bt|)

and both integrals used to compute these expectations can be shown to have finite values.


