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Lecture 14: Beyond linear MPC

Goals for today:
To understand some of the ideas used to extend MPC to the nonlinear case

To understand what is meant by robust MPC
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UNIVERSITY OF TECHNOLOGY

Lecture 14: Beyond linear MPC

Goals for today:
To understand some of the ideas used to extend MPC to the nonlinear case
To understand what is meant by robust MPC

Learning objectives:

Understand and explain the basic principles of model predictive control, its pros and cons, and the
challenges met in implementation and applications
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Linear time-invariant MPC

At every time instant k, solve the constrained optimisation problem

N—-1 T .
I 1 |6 (3) 0z (3)
minimize ; 5 [m(i)} w Lsuk(i) (117a)
subjectto 6z (0) = &(k) — . (0) (117b)
0zk(i+1) = Adzk(i) + Boug(i); ¢ =0,...,N—1 (117¢)

Féur(i) + Goxp(i) < h; i=0,...,N—-1. (117d)
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Linear time-invariant MPC

At every time instant k, solve the constrained optimisation problem

N-1 T )

I 1 |6 (3) 0z (3)
minimize >3 [m(i)} W Lsuk ) (1178)
subjectto 6z, (0) = (k) — z(0) (117b)
0zk(i+1) = Adzk(i) + Boug(i); ¢ =0,...,N—1 (117¢)
Féur(i) + Goxp(i) < h; i=0,...,N—-1. (117d)

The solution is written as

(5uk,5wk) = QPMpc(i(k),uz,mZ). (1176)
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Linear time-varying MPC
At every time instant &, solve the constrained optimisation problem
N-1 T
I 1 |6 (3) |0z (d)
njslun,:pgzlie ; ) [6uk(z) Wi S (1) (118a)
subjectto 6z (0) = &(k) — . (0) (118b)
(S.Tk(’L + 1) = Ap; (5.’L'k(’t) + Bk’i 6uk(z) + Tk(i), i1=0,...,N—1 (1 180)
Fi; (Suk(z) + Gk,i (Sxk(z) <hgi; i=0,...,N—1. (118d)
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Linear time-varying MPC
At every time instant &, solve the constrained optimisation problem
N—-1 T
I 1 |6 (3) |0z (d)
minimize > 5 e I P (11ea)
subjectto 6z (0) = &(k) — . (0) (118b)
(S.Tk(l + 1) = Ap; (5.’L'k(’t) + Bk’i 6uk(z) + Tk(i), i1=0,...,N—1 (1 180)
Fi; (Suk(z) + Gk,i (5ack(z) <hgi; i=0,...,N—1. (118d)
The solution is written as
(5uk,5wk) = QPMPC(JA?(]C),UZ,:BZ). (1186)
The control output is given by
u(k) = uy(0) + duk(0). (118f)
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Nonlinear MPC

At every time instant k, solve the constrained optimisation problem

o R o) —2R(D)] T, [er() — 2h()
miimize > 5 [wn —u;(z‘)} - {ukm —uz(w] (119
subjectto  z,,(0) = (k) (119b)
ze(t+1) = f(ze(i),ur(?); ¢=0,...,N—1 (119c)

k
h(xy (i), ux(i)) <0; i=0,...,N—1. (119d)
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Nonlinear MPC
At every time instant k, solve the constrained optimisation problem
N-1 T . .
minimize = . . Wi i . vy 119a
sl DU o 1] L B (1198)
subjectto  z,,(0) = (k) (119b)
ar(i+1) = flar(i), ux(i)); i=0,...,N-1 (119¢)
h(zk (i), ur(z)) <0; i=0,...,N—1 (119d)
The solution is written as
(uk, k) = NLP(2(k), uy, ). (119e)
The control output is given by
u(k) = ug(0). (119f)
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SQP for NMPC

At every time instant k, the SQP optimisation variables (u, ) are initialized as

(g, ) = (U, 2I°%°). (120a)
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SQP for NMPC

At every time instant k, the SQP optimisation variables (u, ) are initialized as
(g, ) = (U, 2I°%°). (120a)

Then the following QP is solved repeatedly at the current SQP iterate (u, xx) for the Newton
correction (Awug, Azy), which gives the next iterate by taking a (reduced) Newton step
(ur, k) <+ (ur, r) + t(Aug, Axy):

N-1 . .
e 32w [30] o 3]
subjectto Az (0) = 2(k) — zx(0) (120c)
Azp(i+ 1) = A Az (i) + Bri Aug(i) + rx(i); (120d)

FklAuk( ) —I—Gk,LAJZk(Z) +hk,i < 0; ’L:O,...,N—l. (1206)
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SQP for NMPC

At every time instant k, the SQP optimisation variables (u, ) are initialized as
(g, ) = (U, 2I°%°). (120a)
Then the following QP is solved repeatedly at the current SQP iterate (u, xx) for the Newton

correction (Awug, Azy), which gives the next iterate by taking a (reduced) Newton step
(uk,:ck) — (ug, :Bk) + t(Auk, Axy):

mpze 55 R0 e [Re] - [R0) (1200
subject to Axk( ) = 2(k) — z(0) (120c)
Azxp(i+ 1) = Ag,i Az (i) + Br,i Aug (i) + ri(i); (120d)
Fyi Aug (i) + Gri Azg (i) + hg,s <0; 1=0,...,N—1. (120e)

The solution of the SQP is written as
(uk, ) = SQP (£ (k), ud®, 23"*° up, o). (120f)

The control output is given by
u(k) = ug(0). (120g)
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Comparison between linear and nonlinear MPC
Consider the following simple problem
minimize Z [ENGIE JrzoNZ1 [l (3) | (121a)
subject to xk(O) = (k) (121b)
ee(i+1) = 0.924(3) + {51225) ;lj(’;g?) ,i=0,...,N—1 (121c)
lug(i)] 0.5, i =0,...,N—1. (121d)
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Converged SQP
15! SQP step

\/—\ Linear MPC

8 10 12 14 16 18 20

Comparison between receding horizon control solution from SQP after full convergence, SQP after one step and linear

MPC.
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Real-time iteration (RTI) scheme
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Real-time iteration scheme (RTI). The circles indicate predictions made by the MPC update. The crosses indicate the

shifted predictions as an initial guess in RTI.
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Real-time iteration (RTI) scheme

4 .
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Real-time iteration scheme (RTI). The circles indicate predictions made by the MPC update. The crosses indicate the

shifted predictions as an initial guess in RTI.
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Real-time iteration (RTI) scheme
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Real-time iteration scheme (RTI). The circles indicate predictions made by the MPC update. The crosses indicate the

shifted predictions as an initial guess in RTI.
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Real-time iteration (RTI) scheme
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Real-time iteration scheme (RTI). The circles indicate predictions made by the MPC update. The crosses indicate the

shifted predictions as an initial guess in RTI.
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Real-time iteration (RTI) scheme
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Real-time iteration scheme (RTI). The circles indicate predictions made by the MPC update. The crosses indicate the

shifted predictions as an initial guess in RTI.
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Real-time iteration (RTI) scheme
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Real-time iteration scheme (RTI). The circles indicate predictions made by the MPC update. The crosses indicate the

shifted predictions as an initial guess in RTI.
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Real-time iteration (RTI) scheme
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Real-time iteration scheme (RTI). The circles indicate predictions made by the MPC update. The crosses indicate the

shifted predictions as an initial guess in RTI.
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Real-time iteration (RTI) scheme
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Real-time iteration scheme (RTI). The circles indicate predictions made by the MPC update. The crosses indicate the

shifted predictions as an initial guess in RTI.
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Real-time iteration (RTI) scheme
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Real-time iteration scheme (RTI). The circles indicate predictions made by the MPC update. The crosses indicate the

shifted predictions as an initial guess in RTI.
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Real-time iteration in the presence of disturbances
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Real-time iteration scheme (RTI) in the presence of disturbances. The circles indicate predictions made by the MPC
update. The crosses indicate the shifted predictions as an initial guess in RTI. The solid line shows the optimal solution for the
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Real-time iteration in the presence of disturbances
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Real-time iteration scheme (RTI) in the presence of disturbances. The circles indicate predictions made by the MPC
update. The crosses indicate the shifted predictions as an initial guess in RTI. The solid line shows the optimal solution for the
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Real-time iteration in the presence of disturbances
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Real-time iteration scheme (RTI) in the presence of disturbances. The circles indicate predictions made by the MPC
update. The crosses indicate the shifted predictions as an initial guess in RTI. The solid line shows the optimal solution for the
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Real-time iteration in the presence of disturbances
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Real-time iteration scheme (RTI) in the presence of disturbances. The circles indicate predictions made by the MPC
update. The crosses indicate the shifted predictions as an initial guess in RTI. The solid line shows the optimal solution for the
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Real-time iteration in the presence of disturbances
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Real-time iteration scheme (RTI) in the presence of disturbances. The circles indicate predictions made by the MPC
update. The crosses indicate the shifted predictions as an initial guess in RTI. The solid line shows the optimal solution for the



CHALMERS Nikolce Murgovski - SSY281 Model Predictive Control 245 of 245

UNIVERSITY OF TECHNOLOGY

Real-time iteration in the presence of disturbances
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Real-time iteration scheme (RTI) in the presence of disturbances. The circles indicate predictions made by the MPC
update. The crosses indicate the shifted predictions as an initial guess in RTI. The solid line shows the optimal solution for the
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Real-time iteration in the presence of disturbances
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Real-time iteration scheme (RTI) in the presence of disturbances. The circles indicate predictions made by the MPC
update. The crosses indicate the shifted predictions as an initial guess in RTI. The solid line shows the optimal solution for the
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Real-time iteration in the presence of disturbances
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Real-time iteration scheme (RTI) in the presence of disturbances. The circles indicate predictions made by the MPC
update. The crosses indicate the shifted predictions as an initial guess in RTI. The solid line shows the optimal solution for the
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Real-time iteration in the presence of disturbances
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Real-time iteration scheme (RTI) in the presence of disturbances. The circles indicate predictions made by the MPC
update. The crosses indicate the shifted predictions as an initial guess in RTI. The solid line shows the optimal solution for the
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