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Chapter 3: Numerical methods for IVP (summary)

January 25, 2021

Goal: Present basic numerical methods for the IVP

y®) =fy@®) for te(0,T]
y(0) = yo.

Here, T, yy, f are given and y(t) = % y(t). Observe that what is presented below can be adapted to the
situation, where f(z, y) and y(f).

* For y: R — R differentiable at #y, and a fixed h > 0, we define the following approximations of the
derivative:
The forward difference o+ 1) — 7(20)
th+n)—y(
o) = Yo t yi)

The backward difference
y(to) —y(to—h)

y(tp) = 7

The central difference or centered difference

y(to+h)—y(th—h)

y(t) = °h

¢ Consider the IVP
{y‘(r)=f(ym) for e (0,T]

¥(0) = yo.

T

Let N € N and define the time step k = §

t,=nkforn=0,1,...,N.

as well as the time grid 0=ty < ) <... < ty = T, where

We define the following time integrators for the above IVP (starting with yo = y(0)):
The (forward/explicit) Euler scheme
Yn+1=Yn+kf(yn).

The backward/implicit Euler scheme

Yn+1=Yn+kf (Yn+1).

The Crank-Nicolson scheme
k
Yns1=Ynt E (f(Yn) + f()/n+l)) .

These provide numerical approximations y, = y(t,) to the exact solution of the IVP on the time
: N
grid (£,) ;-

Further resources:
* www.wikipedia.org

¢ brown.edu
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https://en.wikipedia.org/wiki/Finite_difference
https://www.dam.brown.edu/people/alcyew/handouts/numdiff.pdf
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¢ ocw.mit.edu
¢ math.lamar.edu
¢ calcworkshop.com

¢ intmath.com
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https://ocw.mit.edu/courses/mathematics/18-086-mathematical-methods-for-engineers-ii-spring-2006/readings/am51.pdf
https://tutorial.math.lamar.edu/classes/de/eulersmethod.aspx
https://calcworkshop.com/first-order-differential-equations/eulers-method-table/
https://www.intmath.com/differential-equations/11-eulers-method-des.php

