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53. Let B = {z € R? : || < 1} be the unit disc in R?. Find condition on
« for which |z|* € H'(B) but |z|* ¢ H'(B) for any s < a.

Solution. We have that v = |z|* € HY(B) if
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With polar coordinates, we have

x =rcosb,
y = rsinf and

dx = rdrdf,

giving us
1 1
(1) = 27r/r2a crdr = 27r/7"20‘+1d7" < oo if
0 0
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200 > =2
a > —1.
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Further, we have that (2) < oo if [, (g—;) < oo due to symmetry
reasons.



( Assume « # 0. )
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And likewise (2) diverges if « < 0. If « =0,

u=|z"=1, i(1):0, /de:().
1
B

We obtain that |z|* € HY(B) if « > 0 and |z|* ¢ H'(B) if a < 0.
54. Define H?(B) and find a function that is in H'(B) but not in H?*(B),

where B is the unit disc.
Solution. The definition of H?(B) is

2
gg‘ € Ly(B), ﬂ € Ly(B), i,j = 1,2} .

H*(B) = {u € Ly(B) :

Inspired by the last exercise, we choose u = |z|z = (22 + 2)V/4. We
then have
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We then have

2 1
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so u is not in H?*(B). According to the last exercise, [, ((98—;1) dz
converges. To see it again:
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55. Prove the Poincaré-Friedrich inequality:
2 2 2
[l < Co (0l + 19005, 0) Yo € HY(Q),

where €2 C R” is bounded with smooth boundary T'.
Solution. Take p € C*(R") s.t. Ap =1, e.g. ¢ = 2(2? +y?) in R? or
=4 |z|> in R”. Then

) Green’s formula:
HuHL2 / Apdr =9 [(Auw = [(Vu-n)v— [Vu-Vu (=
A Q 80 Q
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1
<{ 2ab <a®+0* } <cllulll,p +c|leu’ + . |Vu|? <

L1(Q)

< { [ a*+b*de = [a’dz + [b*da } <
2 2 c 2
< clullz,m) + cellullz, @) +2 IVullz,@) -
—_———

*

Now, move (*) to the other side and choose ¢ = 5-. We get

2 2 2
oy < € (Nalifaqey + 1Vl ) -

56. Verify the trace theorem: If €) is a bounded domain with boundary T,
then there is a constant C' such that

[ollz,my < Cllvllgg) Vv e H'(Q).
Solution. Choose ¢ € C*(R) s.t. n- V¢ =1 on 9.

) Green’s formula:
/UAQO: [(Au)yv = [(Vu-n)v— [Vu-Vov (=
Q

Q Q oN
= 2V-—/2V-V—>
[ S [,
89 -1 0

2 2 p € C*(R),
/u < /U |Ap] +/2|U‘ Vul [Veg| = { Q bounded

G) Q Q
/u2§c/u2—|—20/|uHVu\—>
B Q 0

{2ab< >+ } —
2 2 2 2
HuHLg(BQ) <C (HUHLQ(Q) + HVU||L2(Q)> =C HUHHl(Q) :

57. Show that there is no constant C' s.t. |[jvl|l,,ry < Cv]l,,q), Vv €
Ly(£2). Solution. We have to construct a counter example. Let Q be
the unit disc B in R%. We want to construct a series of functions that
grow on the border but where the area under the functions converge to
some number. We picture the function in figure 1.

Counsider the function
7]
(1—|z|+ 6)1/4'

fsz
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Figure 1: Picture this function.

We then have
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58. Consider the convection-diffusion problem of finding u € HJ () s.t.

-V - (eVu + pu) = f, Q) C R? bounded, convex, polygonal,
u =0, on 0f),

where € > 0, 5 = (81(z), f2(x)), [ = f(x).

e Determine conditions in Lax-Milgram that guarantee existence
and uniqueness of solution. This involves:

— Boundedness of F'(v): show that [F(v)| < C [|v]| (-
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— Boundedness of a(u, v): show that [a(u, v)| < C'||ul| g1 (g [[V] g1(q)-
— Coercivity of a(v,v): (see definition 2.21) show that a(v,v) >
C HUqul(Q)‘
e Prove stability estimate for u in terms of [|f||;,q), €, diam(£2).

Solution. Weak formulation:

Green’s formula:
_/v’(5VU+BU)U:/JCU—>{ J(Au)yo = [(Vu-n)v— [Vu-Vu }_>
Q Q @

Q o

—/( eVu+ fu)-n v +/( 6Vu+ﬁu)-Vv:/fv
90 =0on 00 Q

N ~~ A

:=a(u,v) =F(v)

/(€Vu+ﬂu)-Vv—/fv

Q

- Boundedness of F(v):

/fU < {Cauchy-Schwarz} < Hf”Lz(Q) HUHLQ(Q) < HfHL2(Q) HUHHI(Q) <0
Q

if f e Ly(R).

- Boundedness of a(u,v):

ofu,0) < [ 167u+ Bul[Voldo < [ (¢ [Tl +16]ul) Vo] do <
Q

Q

1/2 1/2

< /(5 (V| + | 8] [u])? dz /\Vv\zdx <
0 0
1/2
< wax (= Bl | [ (Va4 dr ) Folly <
Q
<{ (a+b)?<2a*+b%) } <
1/2

< max (6, HﬁHLm(Q)> /2 (’VU|2 + ’U‘2) dw 101l 1) =

Q
= max <6, ||5||LOO(Q)> V2 ||U||H1(Q) ||U||H1(Q) i

Thus, § € Ly (£2) gives us boundedness of a(u,v).
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- Coercivity of a(v,v):

a(v,v) = /(5 IVol* + v - Vo)dz =

Q

= /(5 IVol* + v(810,v 4 B20,v))da = {0,(v*) = 200,v} =

(e|Vo* + 5 <518< ) + B,0,(v?)))dz =

L

Partial integration

ffﬁlﬁ Hdady =

= [ ([510] = [0.10°dx) dy
= —ffaxﬂlv dxdy
since v € H}(Q))

= [Ivef = 57 suye =
Q
>{if —3V-8>c>0 }Z/€|VU|2—|—CU2C1$:
Q

2 2 . 2
=& [Voljn(q) + cllvllz, ) = min(e, o) [[v]|3 g,

So V- 8 < —2¢ for some ¢ > 0 gives coercivity.

- Stability estimate: We have to bound w in some norm. We note
that, from above, we have

a(u,u) = L(u) < &1 ||U||H3(Q) , €1 = ||f||L2(Q)
a(u,u) 2 ¢ ”UHEI(Q) ’ ¢; = min(e, ¢),
giving us

ez |[ullf ) < e llull ) =

e 171,
@) = min(e, ¢)’



