TTMA372/MMG800/MVE455 VT 2021
David Cohen (david. cohen@chalmers. se) Chalmers & GU

Chapter 13: FEM for wave equations in higher dimensions (summary)
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Goal: Extend some of the results from Chapter 9 to higher dimensions.
* Let Q c R? be a nice domain with smooth boundary. Consider the homogeneous wave equation

ugr—Au=0 in QxR,
u=0 on 0QxR,
u-,00=uy in Q
u:(,0)=vy in Q.

One has conservation of energy for solutions to the above PDE:
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* The variational formulation of the inhomogeneous wave equation

Uuyr—Au=f in QxR;
u=0 on 0QxR,
u-,00=uy in Q
u:(,0)=vy in Q.

reads:
Find u(,t) € Hy(Q), for >0, suchthat (u, )2+ Vi, V)2 = (f, V)2 YveE Hy(Q)
and u(-,0) = ug, us(-,0) = vy in Q for the initial values.

e Let now T}, denotes a mesh of O and V}, the space of continuous piecewise linear functions of T},
Consider the space V}? = V}? (Q) ={v: Q — R: vcontinuous pw linear on T and v = 0 on 0Q} and
observe that V;? = span({¢} ;’;1), where n; denotes the number of interior nodes. The finite element
problem for the above wave equation reads

Find up(, 1) e VP (Q),fort >0, suchthat (up¥) 2+ Vun VO = (02 YY e VAQ)
and uy (x,0) = wpup(x), up,:(x,0) = v (x) in Q for the initial values.

1
As always, writing uy, (x, t) = Z (j ()¢ ;(x) and taking y = ¢; in the FE problem gives the system of
j=1
linear ODEs .
{Mcm +S{(1) = F(1)

(0) = {o,£(0) = 1.

One has the following a priori error estimate for the FE approximation of the homogeneous wave
equation

t
lupC, ) = ul, Oz < C(Impuo — Rpuoli + Ipvo — vo ||L2(Q))+Ch2 (” u() g2 +f e Gy 8)ll 2 ds |,
0

where we recall that Ry, denotes Ritz projection.
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