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Financial derivatives and PDE’s
Lecture 7
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Stochastic differential equations \ 7 ({’\1 . e pTLCTA
t,n

Definition 1. Given s >0, a,8 € C%([s.0c) x R), and a deterministic constant (@€ R, we
say that a stochastic process {X(t)}i>s is a global (strong) solution fo the stochastic

h differential’equation (SDE)
(¥
@ N oT ATLN

)

dX (1) = a(t, X(8)) dt + B(t, X (1) dW(t) &

—_—

For $=2,
THE SPE
gevoCeS TO
A ME OKDINMY
DFE. 8. (o%\ Remarks / /\ e

% > A X)) ¢ Ls

e The initial value of a SDE can be a random variable instead of a deterministic constant,

0 but we shall not need this more general case. N TS O\
Y ’)7 =X
%X e The integrals in the right hand side of (2) are well-defined, as the integrand functions } ﬁ

with initial valuel X (s,

= z)at time t = s, if {X(t)}i= € COLF(t)] and

) ( ERUIVMENT LY

have continuous paths a.s.

PICARV
TgsPEN
Of course one needs suitable assumptions on the functions «, 8 to ensure that there is a

(unique) process {X(¢)}i=s satisfying (2).

The precise statement is contained in the following global existence and uniqueness theorem
for SDE’s, which is reminiscent of the analogous result for ordinary differential equations
(Picard’s theorem).
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Theorem 1. Assume that for each T > s there exist constants Cp, Dy > 0 such that o, 3

satis f?j —_——re —_— = —_—

2o W 7

CwOWTH (pamTioP > (la(t,2) +|%:1:)|SCT(1+.‘ = (3)

L\PST2 PN — fa(t,z) —alt,y)| + |B(t,x) — B(t, y)| < Drle —yl, STRoNG (4)
e ———— T -

for all t € [5,T], x,y € R._Then there exists a unique global Solution {X(t)}1>s of the
SDE (1) with initial miu@ Moreover { X (t)}i=s € L*[F(t)]. T anT 2

e L qtgo x¢ (¥) At] e
The solution of (1) with initial initial value = at time ¢+ = s will be also denoted by ¢ 1 >0

{X(t:s,2) bz

A\oN
NgTH1O [ It can be shown that, under the assumptions of Theorem 1, the random variable X (¢t; g, &)
depends (a.s.) continuously on the initial conditions (s, x). )
X(»;5x1= ¥

Remarks

e The uniqueness statement in Theorem 1 is to be understood “up to null sets™. Precisely,
i>s; 1 = 1,2 are two solutions with the same initial value z, then

P(sup [X,(t) = Xo(t)] >0) =0, forallT>s. &
te[s,T]
—

e [f the assumptions of Theorem 1 are satisfied only up to a fized time T > 0, then the
solution of (1) could explode at some finite time in the future of T. For example, the
stochastic process given by X(t) = log(W(t) + €*) solves (1) with a = — exp(—2z)/2
and # = exp(—x), but only up to the time T, = inf{t : W({) = —e*} > 0. Note that
T, is a random variable in this example (more precisely, a stopping time). In these
notes we are only interested in global solutions of SDE’s, hence we require (3)-(4) to
hold for all 7' = 0.

( e The growth condition (3) alone is Wof a global solution

to (1). The Lipschitz condition (4) is used to ensure uniqueness

e A weak solution of (1) is a stochastic process {X(t)};>s that satisfy (2) for some
—_— . - . - . | — —_—
Brownian motion {1 (#)},=¢ (not necessarily equal to the given one).
Srowiiall ool A 72 At e
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Exercise 5.1

- P . i T . .
Within many applications in finance, the drift term a(t, x) is linear, an so it can be written
in the form J

. a(t.x) =a(®-x), a.bconstant. (5) &
s

- A stochastic process {X(t)}i=p is called mean reverting if there exists a constant ¢ such

———
that ]E[X{f)] — ¢ as £ — 4o0o. Most financial variables are required to satisfv the mean

reversion property. Assume that B satisfies the assumptions in Theorem 1. _Prove that the
solution {X (f:s, ) }esg of (1) with linear drift (5) satisfies

X(t;s,x s}—i-b(]—yg'/s}). (6)

Hence the process {X(#; s, 2) }i=0 is mean reverting if and only if ¢ > 0 and in this case the
. . . . —
long time mean is given by ¢ = b.

SolutrloN %

axe) = alb-xENdt ¥ ytsr,x&ﬂéﬁo_kﬂ

ot
M*‘*x@:ﬁ = ”t) W) o« e QX (+)

v dle 2R PR Tw's s 2TRo

N
had) W) v e (abdl - o xl)dt
e e N 35(./\ 1*(\_\70\\7\) (ﬁ)

rot

\!

= abe At « ef"E \>(+‘>((«—W\J\\7° o)
t t e ¢
=» S x-S %) s oeb N e e X?w‘x@\ W)
ANl 4
X [2#/—7 n R A

et (% I N TEeNAL
3 t{(& e “—\ / > kpwr\pokbc

w>-t) g (-t
X)) =xe shO-e ) i oo S ?c? > () AW LD
o~ c (et

Qr-£) .
<\ = xe T b e “Y &\M A
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A SDE of the form

A xS

X () = (alt) +bt)X () dt + (v(t) + o ()X (1)) dW(t), X(s) ==, (7) &
where a,b, v, o are deterministic functions of time, is called a linear stochastic diflerential
cquatian.
We assume that for all T' > 0 there exists a constant C'y such that
sup (la(t)| + [b(t)| + [v(#)] + o (t)]) < Cr,
te[s,T]
and so by Theorem 1 there exists a unique global solution of (7).
For example, the geometric Brownian motion solves the linear SDE
dS(t) = pS(t) dt + g S dW (), 4
where p = a + 02/2.
Linear SDE’s can be solved explicitly, as shown in the following theorem.
Theorem 2. The solution {X(t)}i=s of (7) is given by X(t) = Y(t) Z(t), where s
? e/ODF [
Z(t) = exp ( f 7)dW (1) / (b(r) "{T Ydr ) , ong oF
s A \KE
N t >— £xE %C‘%g
Y(t) =1+ Md + () AW (). S
. Z0) . Z() NPT
wé A

For example, in the special case in which the functions a, b, v, o are constant (independent
of time), the solution of (7) with initial value X (0) = x at time £ = 0 is

; t
X{f) rrll (t)+{b— 2 (.’L + (a . J}/ (3—5“'_[7} b__}TdT + ".f/ —oW(r)—(b— _}Td” (T))

0 0
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Exercise 5.3

Consider the linear SDE (7) with (%tant coefficients a, b, v and ¢ = 0, namely

—> dX(t (_g—i—bX{t)dt—i-'}dW[) t>s, X(s)=z. 4 (8)
R_//—’—’—/_“f__
Find the solution and show that X (t; s, 2) € N(m(t — s, x), A(t — 5)?), where
— o _
m(r,x) = xe’ + E{e’” -1), A(r)’= f(e%r —1). (9)
' b ' 2b
—
T= "-’ D
SolLuTloN) ¢

t _bt
JETKW) < (cbe A)XW) ¢ € dx )

v (- ge’"*%m
= '\'>c—w (F)AE « ae—LEAt 1 Le-%elt’

-t
1 e ® N & WD

v
Y’ b € Lo b

¢ XU = e X i o e e "W%t QW (2]
»

J)
L -

) {S e AW

b(t-») b&-3
:)ﬁ\(—{‘\: X € ’%(i'e 3 C\J“-tol\)&)t'c)

—‘)3 o ( —Ll: f}ab

o ExERuSE &L (SeE 1% aestement ) | *“f"’ T8 nTEcet
1S No#MALLY PETRDVTED =D X(F) Vs Nowm Al A STRARGTE B

- - T
wagetcl E‘C}((ﬂj X CL - g'b (4- CBQ} "2, = -E—’)
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VAR (X)) = \m&i& Xc[ -

e 2
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Exercise 5.4

awen | = g soneTeyd

Find the solution {X(¢)},>0 of the linear SDE
—> dX(t) = t)i( Jdt +dW(t), t=0
with initial value X(0) = l\w Do T 2L ®seLE
C>° LuTios Vs AN

T™vE RBoo¥w

SQL\)’V\DN s .

2 ) < . /
e\({% X(DW S et’ ()t X)) + ¢ = ax)

* JM{(’H
Yl L ’¥z(7_> O
-te /{Lﬂ,\t e )AL
L e the o W )

()

-{7( oo,
e XW) = 4 4 S e AW ()

—

> X ) = /efc S e faoite AW ()

=> XU ¢ \\({ N “'”J\@v

AX(+) = &y\/ﬁ(ﬂ\o\t < Mn\wm

X (%) =
ELy (X 2o § (] :Q@(*f(\s,xmp\

Marlkov nronerty UDLDT L) PROYERY

(1)
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Markov property WAz veov T RorERTY

N LW e lT
\ MY ] It can be shown that, under the assumptions of Theorem 1, the solution {X (t; s, x)};>, of (1) e
M is a Markov process. —— 43
Yy -
'\ M ?l | [ Moreover when «, 8 in (1) are time-independent, {X (¢;s,x)}=, is a'homogeneous Markov W t
9\
——

process. 4'?{ (4 .\L\Xj - ‘&%(:\""‘ °) Xj

The fact that solutions of SDE’s should satisfy the Markov property is quite intuitive, for,
as shown in Theorem 1, the solution at time t is uniquely characterized by the initial value
at time s < t. Consider for example the linear SDE (8).

As shown in Exercise 5.3, the solution satisfies X (#:5,2) € N'(m(t — s.2), A(t — s)?), where
m(7.x) and A7) are given by (9).

The transition density of the Markov process u{X\(t;s/:r) }ezo 1s given by the pdf of the random
variable X (t; s, 2), namely p(t, s,z y) = p.(t — s, 277), where

(10)

p(rey)=e

This example rises the question of how one can find the transition density of the solution \ V'
to a SDE (assuming that such density exists). This problem will be discussed in the next
lecture.

(L .ﬂ\

DRAFT = VL(’\!XU'ﬂ

o€ PEND SN T\ He MENDD

L DogS IR

’r‘\&% Q\K)H?q = 3\(?(3 . Yo w
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SLIFT = X ( KC‘P\
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AXE) = & (&, xG) At A Sa-(a,xg\w\\wu\

X ) > 3, KO KN AT 4 $uy (T X, 60 ) AN, ()
+§numMK&%AWW)
Systems of SDE’s o\x (‘\'\ - & & Xs(ﬂ \(z(;ﬂﬁ At ~ ?2 (& Xi('\’\ ~ (93'1\)” ({')
Occasionally in the course we nPPd to consider systems nqu & % (."- XQ \K \ﬂ) ‘)\W “))

All the results presented in this section extend mutatis mutandis to systems of SDE's, the
difference being merely notational.

For example, given two Brownian motions {W)(t)}i=0, {H (t)}i=0 and continuous functions
o, g, Bi1, B2, Bor, oo - [s_ tx,) x B2 — R, the relations LB AN\ CALL ASS ORE S

TO WE (v X¥ENDENT

dX(1) = ag(t. Xo(1), Xo(t) dt + 3 (8, X (1), Xo(t))dW; (1), &

\.—-/‘D m j=12

Xw kA t’)) :X‘L / Kz(b) = )(z {1“))

define a system of two SDE’s on the stochastic processes { X () }i=0. {X2(#) }i=0 with initial
values X (s) = 21, Xo(s) = o at time s. As usual, the correct way to interpret the relations
above is in the integral form:

Xi(t) = +/ o (1, Xq(7), Xo(7)) d7 + Zf Bij(7, Xqo(7), Xo(7))dWi(r) i=1,2.

=12

Upon defining the vector and matrix valued functions o = (ay, as)", 3 = ()i =12, and
letting X (t) = (X1(#), Xo(t)), & = (@1, 22), W(t) = (Wi(t), Wa(t)), we can rewrite (11) as

AX (1) = a(t, X (1)) dt + B(t, X (1)) - AW (), X(s) =, (12)

where - denotes the row by column matrix product.
In fact, every system of any arbitrary number of SDE’s can be written in the form (12).

Theorem 1 continues to be valid for systems of SDE's, the only difference being that |al, |5
in (3)-(4) stand now for the vector norm of & and for the matrix norm of 3.
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