Lecture 11

den 4 februari 2021

15:04

@ Lecture 11

L

Financial derivatives and PDE’s
Lecture 11

Simone Calogero

February 4/, 2021

The risk-neutral pricing formula

Counsider the European derivative with pay-oll ¥ and time of maturity 7" = 0.
- e —
We assume that Y is Fyy,(T')-measurable.
-— -

Suppose that the derivative is sold at time t < T for the pricg

The first concern of the seller is to hedge the derivative, that is to say, to invest the amount

ITy(t) in such a way that the value of the seller portfolio at time 7' is enough to pay-off the
. P

buyer of the derivative.

The purpose of this section is to define a theoretical price for the derivative which makes it
possible for the seller to set-up an hedging portfolio. We argue under the following assump-
tions:

1. the seller is only allowed to invest the amount ITy(f) in the 141 dimensional market
consisting of the underlying stock and the risk-free asset (A-hedging);

[ 2. the investment strategy of the seller is self-financing.

&

It follows that the sought hedging portfolio is not an arbitrage.

We may interpret this fact as a “fairness” condition on the price of the derivative TTy-(t). In
fact, if the seller can hedge the derivative and still be able to make a risk-less profit on the
underlving stock, this may be considered unfair for the buyer.
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Consider the 141 dimensional market

ds(t) —@5’( )t +®(t)dw(t), dB(t) = B(t)(t)t,

where o(t) = 0 almost surely for all times.
AN

Let {hs(t), hp(t)}i=0 be a self-financing portfolio invested in this market and let {V(1)}12¢
be its value.

The discounted value {V*(#)}:>o of the portfolio is a P-martingale relative to the filtration
{Fu(t)}i=p. hence = i
Y
: — () = SV

DBV (t) = E[D(T)V (TY| Fu (1)), t
_ %v P
Requiring the hedging condition V(T') =Y gives 9 LJ(\ =

,,égé

Since D(f) is Fy(t)-measurable, we can move it inside the conditional expectation and write
the latter equation as

‘ IE[Y chp( [T?‘(S)dSJIFu--(tJ],

where we used the definition D(t) = exp(— ,'0 s) ds) of the discount process.

Assuming that the derivative is sold at time ¢ for the price 1y then the value of the seller
portfolio at this time is precisely equal to the preminm Iy (7} which leads to the following
definition.

Definition 1. Let Y be a Fy (T)-measurable random variable wilh finile expeclalion. The
risk-neutral price (or fair price, or EEEEQ@E;& price) at time t € [0,T] of the

European derivative with pay-off Y and time of maturity T' > 0 is given by

und‘.e?‘!ymg stock and the risk-free asset.

{? _ MABTINGALE
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Theorem 1. Consider the 1+1 dimensional market

o dS(t) = p(t)S()dt + o (1)S(HAW (t),  dB(t) = B(t)r(t)dt,

where o(t) > 0 almost surely for all times. Assume that the European derivative on the stock
with pay-off ¥ and time of maturity T > 0 is priced_by (1) and let I (t) = D(t)I1y(t) be
the discounted price of the derivative. Then the following holds. —

(i) The process {I13-(t) e is a.mﬁﬂ.ga.ie relative fré(; .Fw{t]}t;[,.
~—z, ’ =

/ (ii) There exists a stochastic processd{ A(t) }epr)) adapted to {Fy (t)}izo, such that
/_\_/\—/ ) -

e

c w;m—.ammm
I (1) = Iy (0) + / A(s)dW(s), N te[0,T). — )
o~

(iy) =0 (e )
The portfolio {hs(t). hg(t)} o given by —_——
S o

S LA T (I (8) - hs(0)5()/B@)

is self-financing and_replicates the derivative at any time, i.e.. its value V(1) is equal
o Iy (t) for all t € [0,T]. In particular, V(T) = Iy (T) =Y, i.e., the portfolio is
hedging the derivative.

Proof. (i) We have Myt = £ E %QDMJ Ty ( T)

15 (1) = Q) (1) = EQUy (1Y D(T)| Fu ()] = B[ ()| Fw (1)), B

- -’ TOoOwWwgEg R
where we used that 1Ty (T') = Y. Hence, for s < ¢, and using @j X ko FCRT
_<, @[ﬂ;(t)éﬂz(sil): Eﬁ[ﬂ;-(ﬂ@(t;]@l = Ell;-(T)| Fiv (3)] é n:@ ,?

This shows that the discounted price of the derivative is MP relative to the
filtration {.Fw(ﬂ}gzn‘ -

(ii) By (i) we have
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Le.. the stochastic process {Z(t)II}-(t)}cpor is a@mdxtmuale relative to the filtration

Hence, by the martingale representation theorem, there exists a stochastic process {T'(#) }ecio,79
e exists a stochastic p
adapted to {Fy (t)}i=0 such that
P { “ }t 0 Z (O ﬂ 7(0\ v\[ (107

H(\b o [ re ). vl X W6 - dw D)5 mHAL

o d(ZMDIT(4) = D)W ().
@_g—’—

On the other hand, by Ito’s product rule, TT; (:\_j - @ Q? ) % C’t\)v

—_—

1T
t)

@d(zmnm/zm)=d(1/zunzg)nz;() +1/Z0dZOT5(0)

+d(1/Z(1)d(Z ()T (1)) (5b)

By Ito's formula and dZ(t) = —6(t)Z(t)dW (t), we obtain
— T

o(t)

Z0) dW(t). (5c)

a2 0dz (1) =

d(1/2(f) dZ(t) +

R 1
IVAGE Z(t)°

Hence

_mre ., (5d)

d(1/Z(8)d(Z ()15 (1))

Z(t)

Combining Equations (5) we have

where [ A(t

which proves (2).
(iii) It is clear that the portfolio {hg(t), hg(t)}iepr given by (3) is adapted to {Fw (t)}i=o.

[By the definition of hy(t) we have V(1) = hg(t)S(t)+hp(t) B(t) = Ty (1), hence the portfolio
it i) =fsib)olt)iplt]JBIE) = Ly

replicates the derivative.

Furthermore (2) entails that V*(t) — I13.(t) satisfies the assumption in Theorem 6.1(ii) (sce
previous lecture), hence {hg(t),hg(t)}iepr is a self-financing portfolio, and the proof is
completed. O

WE  WART YO Suow  THAT \) (”r\ '\((‘Q&gbtbj\,‘ [ﬂ@(QSCQAW“)
SinCE \l&\ = T"\_‘[ﬁ\) THe Uu_\um\ﬁ W

~ _ £ - s g te2=
T =Ty ©) + pedW e () SEHAW L) m ccﬂs f)

THEN TS Fovu%k‘s

P%U\'\M’b@)\"\ T o TH';-
RRAVE D For BILE N
AT (i)

Put-call parity

Being defined as a conditional expectation, the risk-neutral price (1) can be computed ex-
nlicithr anhe for cimnla madale an tha markat naramataore
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F%U\'\/A'be)\’,\ o TH’G
RRAVE D For BILE \N
AT (i)

Put-call parity

Being defined as a conditional expectation, the risk-neutral price (1) can be computed ex-
plicitly only for simple models on the market parameters.

However the formula (1) can be used to derive a number of general qualitative properties on

the fair price of options. B ( gc_(w _ \c/j N
\/?“( = (e~ S CT’% N

Theorem 2. Let .. (t) be the fair price at time t of the European call option on the stock
with maturity T >t and strike K > 0. Let I, (t) be the price of the European put option
with the same strike and maturity. Then the put-call parity identity holds:

\ coll paity identity Jotls:
\ .
() = S(t) — ) 6 ‘,
put(t) = S(t) t@ e Fol wﬂi,‘),mf 2 ATE

whc-r@") = ]"E—Z:D(T},f D(t)|Fw(t)] is the fair value at time t of the ZCB with face value=1
and maturity T
1=z4

Proof. The pay-off of the call/put option is

Toru

The most important is the put-call parity relation.

: )_K:}‘H YIJHLZ (K_S(T))+
\

'}, for all x € R, we obtain

+| Fwe(t)]

Mea(§) ~ (1) = E(D()_ D) (S(T) — K)ol i) = BID(O " DA)K — S(T)
= B[D(t) ' DIT)(S(T) — &)\ Finlt)]

< T———— —
- D(t)‘@_tDZT;S{T)|J-'p,.v(t)] — KE[D()"'D(T)|Fw(t)] ® 1)
~ \_/

where in the last step we use that the discounted stock price process is a martingale in the
risk-neutral probability measure. O

>uyt € [S*CO\Tw Lﬂﬁ = ‘D(H_i SE(4) = S

Lecture 11 Page 5



