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In the so-called classical approach to the problem of pricing ZCB's we interpret the ZCB as
a derivative on the spot rate,

Assume that a model for {r(#)}cp.5 is given as a stochastic process in the space CU[Fy(1)].

n
As the pay-off of the ZCB equals one, the risk-neutral price of the ZCD is given by (\3 ( DI—‘\ = G c{‘) (,T)3

fB(tTJ E[D(t))' D(T)| Fiut Qmp !r‘»ff‘(Fli 1) =

and thus the discounted price of the ZCB, B*(t. 1) = D(t)B(+,T). is a P- martingale relative
T"_{‘;U—(—Q}!i‘l in particular, self-financing portfolios mvested in the ZCB market are not
arbitrage portfolios. -

Note however that the risk-neutral probability measure in (1) cannot be determined solely by
the spot rate, and therefore models for the process {r(t) }izp.g) must be given a priori in terms
of a risk-neutral probability measure. As the real world is not risk-neutral, the foundation of
the classical approach is questionable.

There are two ways to get around this problem. One is the HIM approach described below;
the other is by adding a risky asset (e.g. a stock) to the ZCB market, which would then be
used to determine the risk-nentral probability measure. The last procedure is referred to as
“completing the ZCB market” and will be discussed in Section 77,

As an application of the classical approach, assume that the spot rate is given by the Cox-
Ingersoll-Ross (CIR) model,
Pl

Lecture 20 Page 1



dr(t) = alb—r(t))dt ﬁ@rf“ 0y =ry =0, / (2)

where {1V () },e jo,7] is & Brownian motion in the risk-neutral probability measure and Ry, a,b. ¢
are positive constants.

To compute B(t, T') under a CIR interest rate model, we make the ansatz

N [’Y,qtﬂ\ = |

R

for some smooth function v : [0, 7] < B — R, which we want to find. Note that we do not
require the Feller condition ab > ¢*/2, hence we allow the spot rate to become zero with
positive probability, although negative values are exeluded in the CIR model.

Theorem 1. When the interest rate {r(t) }wn follows the CIR model (2), the value B(t,T)
of the zero-coupon bond is given by

[otea) = e2ioa) ror oo, @ el et - ACT=t)
—_—
where C(7), A(7) satisfy the Cauchy problem B (:‘ |—r7 = €
(5a)
C(0))=0, A(0)=0. (5b)
Maoreover the solution of the Cauchy problem (5) is given by
sinh{~v7)
Clr) = ; G
(r) ~eosh(v7) + %u sinh{~7) K (6a)
2ab ‘;‘e‘%‘"

Ar) = - log (6b) B X 2sld »

anid ) U‘,j = e
= l\u"ﬂ2 + 2¢2 (6c) exb &'\) - - C’vw§ H’\ o’,—t
y=gva . :

Proof. Using Ito’s formula and the product rule, together with (2), we obtain & (@ (5\’\ D) C‘\',Q (wa

B e N Wi € N P N
—r{i}ﬂze-‘{i. r(t)) = r(the(t, r(t)) :ldf

+w\/_u'li{f}
(doe®)s & Q;ﬂ‘b(ﬂ x Jb/{l(

eosh{+7) + %a sinh(+y7)

ds > DRIt x (D) drir) S MR LT R

_ ‘ ")
Uy = S (x ¢ ) rn e )
N N N R

Hence, imposing that v be a solution of the PDE

- X > o
S+ alb — r)iv + :(._l)dft =zv, (t,x)€E D"";J (Ta)

 — E—————

we obtain that the stochastic process Jg vt r{t Jhepo 1s a [P martingale relative to the
filtration {Fy (1) }ecqo; 7). Tmposing additionally the terminal tuu(htmn

v({T\x)=1, forallz =0, (Th)
we ohtain l

(D@t r(6)) = ED(T)(T, RT))|Fiw (1)) = E[D(T)| F (1),

ot (1) = EIDID/DOIF O], = (% T ) Cxce)- Alx)
and thus (3) is verified. Replacing the ansatz (4) into (7) we find the following first order XY (+ )(j c
polynomial equation I

hence

HT 000 + 5007+ w0 | N x> s T-E

The previous equation holds for all o if and only if (5a) hold, while the initial conditions (5b)
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N x>0

w(C'(7) +alC(7) + 2 ClirP -1+
N 4

d’(r} —abC'(7) = 0.

The previous equation holds for all o if and ouly if (5a) hold, while the initial conditions (5h)
are equivalent to the terminal condition v(T, x) = 1. The proof of the claim that (6) is the
solution of the Cauchy problem (5) is left as an exercise. O

The CIR model is an example of affine model, i.e., a model for the interest rate which entails
a price funetion for the ZCB of the form B(1,T) = exp(—r(f)C(1) — A(t)) (or equivalently.
an yield which is a linear function of the spot rate),

The most general affine model has the form

dr(t) = a(f)(b(t) — r(t)) dt + e(t)/r () + 808) dW (1), (8)
. e~
where a, b, ¢, & are deterministic functions of time.
7)) « G k)
T e
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Exercise 1. Let B(t,T) = v(t,r(t)) the price of the ZCB with face value 1 entailed by the
general affine model (8). Set v(t, x) = exp(—xC(Zet) — Al#zer)) and derive the ODIEs

verified by the functions A, C. k.rr t b
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Exercise 2. Assume that the interest vate of a zero-coupon bond is given by the Vasicek
maoidel

dr(t) = alb —r(t))dt + :'{.l'ﬁ_'[.f‘,l. r(0) = €R,
where a. b, are positive constants and {W(t)}ezg is @ Brownian motion in the risk-neutral
probability measure P. Show that v(t) is P-normally distributed and compute its erpectation

and variance in the risk-neutral probability measuwre.( Derive the PDE for the pricing function
voof the ZCB with foce value 1 and malurity T = 0. Find v wsing the ansatz (4).

So\lLvoN:,

~ _Slr [COM|
BT ElLe © ) %(Vﬁ = G

N
DUz err (37 4P =P Aple) = - D) R W) Qb
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ARG Dz @ MCOED AR 5 g L s (xR AT
VW& = N (’Cj Dl,‘r&‘—‘ §C} <» tPE BLW@Wt?®
C C~A 1-\\ -+ B-NC »—éczl Z,xw
J[-Interest rate swap = o got A ¥ 2> C o C a4 B

COUPONS, A\ -~ &-\>C -\—laczc

An interest rate swap can be seen as a coupon bond with variable (random
which can be positive or negative,

More precisely, consider a partition 0 =T, < 1) < -+« < T, = T with T, — T,_; = 4, for all

t=1,..., " =3 S' g < %

Vo«
Let 15(1;) = F5(T;, Ti) be the simply compounded spot rate in the interval [T;.7;1,]. Recall ¢ T&\T ) T_“,\ o 1
that this quantity is known at time T; (but not at time § = 0). R(® \A'

57 &gl
o Ay
An interest rate swap is a contract between two parties which at each time 73, i =1,...,n %L/Q
. N/ - _— . f’ﬂ y

1, entails the exchange of cash( NV R (1 where r is a fixed interest rate and N = 0
i the notional amount convertling uimts of mterest rates into units of currency. =

T

Without loss of generality, we assume N = 1 in the following.
) _—

The party that receives this cash flow when it is positive is called the receiver. while the

opposite party is called the payer.

Hence the receiver has a long position on the spot rate, while the payer has a short position
on the spot rate,

The risk-neutral value at time + = 0 of the interest rate swap is the expectation, in the
risk-neutral probability measure, of the discounted cash-flow entailed by the contract, that
is

n—1

[ (0) = 8 S BI(Rg(T) ~0) D(Ti)]

’ £ Ui 10

=

\
0

where D(#) is the discount process.
Being a forward type contract (see later), the fair value of the interest rate swap is zero:
neither the receiver nor the payver has a privileged position in the contract and thus none of

them needs to pay a premium.

The value of r for which I1,.(0) = 03 called the (fair) swap rate of the interest rate swap.
Alair) swap rat

[Thcorcm 2. The swap rate of an interest rate swap stipulated at time t = 0 and with

maturity T is given by
(10)

FIRRE GARALIN

5 3 (6-(1_/&; ‘\'L—)

o~ Y B0 T ) F5(0.T)
<’ YIB0TL)
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sW= e

Proaf. We show below that, for all T = 0 and 4§ = 0, the following identity holds:

BIDIT + O F(T. T)] =(B(0, T + §)F3(0, T &= (11)
— ~_ g — -
Using (11) in (9) we obtain eg M
n—1 n—1
i (0) = 6 Y E[F(T. T)D(T, + 8)] = or Y E[D(T14))
m—1 n—1
=4 (Z B0, T ) F5(0.T3) —®Z B(U-Tm}) . (12)
i=1 i=1

henee T (0) = 0if and only if 7 = ramp. It remains to prove (11). As B{t,T) =
E[D(T)/D{t)|Fu(t)], we have

-
E[D(T + 8)FS(T.T)] = E[D(T £¥) ¢ (;B?;T%:f;)?]

= %E[D(T +8)B(T.T+6)7"] - ;éjp(r +4)]

B (D] - % 0.7

S )
gt 01

-~ 1B(0,T) - B(0,T + d) B _
_®\B(D,T+§] B0, T+4)=B0.T+8)F;(0,7T).
\_’_/ 0

Remark. Note carefully that all quantities in the right hand side of (10) are known at time
t = (0. hence the swap rate is fixed by information available at the time when the interest
rate swap is stipulated.

JCaps and Floors

An interest rate cap is a contract that caps (i.e., put a maximum limit on) the spot rate,
More precisely, consider, as before, a uniform partition 0 =Ty, < 17 < - < T, = T of the
interval [0.7T] with 7} — 7,y =4, foralli = 1,... 0.

Let Ry(T;) = F5(T:, T7) be the simply compounded spot rate in the interval [T}, Ti4,).

An interest rate cap with strike rate © and notional amount N = 1 pays to its owner the
amount (Rg(T;)d —rd), at time T4y, i=1,...,n— 1.
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Hence the spot rate for the owner of the interest rate cap is no higher than r: any excess to
the strike rate is paid by the seller of the interest rate cap.

Similarly, an interest rate floor put a minimum on the spot rate and pays to its owner the
amount (rd — Bg(T:)d) at every time T, i=1,...,n— L

The risk-neutral price of the interest rate cap/floor at time ¢+ = 0 is given hy

n—1

Heap(0) = 6 Y EI(Rs(T) = 7} D(Ti), (13)
i=1

Moor(0) = 6 3 El(r = Rs(T1))4 D(Ti))- (14)
i=1

As (R(T)) —v)e — (r = B5(T)) s = (15(T7) — r), the cap-floor parity identity holds:

Heap(0) = Hpou (0) = (D).

In particular if the strike rate coincides with the swap rate then the cap and the floor have
the same initial price. An interest rate cap (resp. floor) on one time period (i.e., n = 1) is
called a caplet (resp. floorlet).
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