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The HIJM approach to ZCB pricing
Next we present a different approach for the evaluation of ZCB’s due to Heath, Jarrow and
Morton (HJM model).

The cornerstone of this approach iz to use the forward rate of the market, instead of the
spot rate, as the fundamental parameter to express the price of the bond.

The starting point in the HJM approach is to assume that {F(t.T),t € [0, T].T € [0, 5]} is
given by the diffusion process

al(t, THW(t), | t€[0,T], T €[0,5]. (1)
where {a(t, 7).t € [0,T,T € (0.8}, {a(t.T),t € [0,7],T € [0,5]} € C"[Fw(t)]; in the
applications they are often assumed to be deterministic functions of (£, T).

Note carefully that, as opposed to the spot rate dynamics in the classical approach, the
forward rate dynamics in the HIM approach is given in terms of the physical (real-world)
probability and not a priori in the risk-neutral probability.

Specifyving the dynamics (1) for the forward rate in the HIM approach corresponds to the
asstmption made in options pricing theory that the underlying stock follows a (generalized)
geometric Brownian motion,
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Theorem 1. When the forward rate of the ZCB market is given by (1), the value of the
zero-coupon bond is the diffusion process {B(t,T),t € [0,T],T € [0, 5]} given by

dB(t,T) = B(t,T)[r(t) — a(t. T) + éa(r, T)2Jdt — (¢, T)B(t,T) dW(t). (2)

T—
where r(t) is the instantancous spot rate and

—ty o —ty 4 =
alt,T) = /r alt.v)de, @(t,T)= [ alt, v)dv. (3) %F (5\_}) J'S
-t

N~ —— —
Proof. Let X(t) = j'rf F(t,v)dv. By Ito’s formula, B &—\ \T\ )
dB(t.T) = B(t.T) ff)&( )+ éd;\:[f]er{I)}. 4) - e K u’

Moreover o
o dX(0) = rf‘f—/frH-'(f v) du A& B (dx +4 ,\Xlk)

= r(t)dt — //@@‘_t{érilﬂuﬂ ) dv
H(0)dt = (L, T) db ~ 72, T) AW (1), AXMK - g Zam)at

Replacing in (4) the claim follows. |:|

We now establish a condition which ensures that investing on ZCB's {‘Il[flllH no arbitrage.

This can be achieved by showing that there exists a probability measure i equivalent to P
such that the disconnted value of the ZCB is a martingale for all maturities 7" € [0, S].
Recall that {@(t, 7).t € [0,T],T € [0, S]} and 7(t, T)t € [0,T],T € [0, 5]} are given by (3).

Theorem 2. Let the forward rate process {F(t,T).t € [0.T],T € [0, S]} be given by (1) such
that a(t,T) = 0 a.s. for all0 <t <T < 5. Asa'-umr: that there exists a stochastic process

{0(t) Vecros) & C°[Fw (t)] (the market price of risk), -.inn’.r:prf-n.rh‘rr.fmﬂm“tf >
—~— ; T — !

) a(t, T) =(0(Re(t, T} ﬁp(?‘.T}E{f.T!. forall0<t<T<§ (5) N
and such that the stochastic process { Z( f)}rel:l..%‘f\.g'f'ﬁ- by ) @ & <) - QG \—\)—Q [-\-(7'\‘ |

t 4 L
7 Ej?‘] = exp (—/[; fl(s) fﬂi (s)— : ; i(s) (lr‘i) LY l‘(j P

N —<<

is a P-martingale (e.g., {0(t)}iep.s) satisfies the '\m’ﬂ.m' condition). Let B)be the proba- J
Euln‘gr Measure rqmm!rm‘ fo P given by P(—l = E[Z L4], for all A € F, and denote by
L:M:}}Mm the B-Brownian motion given by fi@ = i‘l_ (0 dt. Then the following 'S s ATISTLE Y
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(i) The forward rate satisfies i/
AF(t, T) <(o(t. T)a(t, T))dt @diﬁ(:). (6)

(it} The discounted price of the ZCB with maturity T € [0, 5] satisfies
dB*(t,T) = —5(t, T)B*(t. T)dW (t). & (7) /

In particular for any given T € [0.5]. the discounted value process {B*(t, )} is
a P-martingale relative to {Fyw (t)}e=o, and so any self-financing portfolio that consists
of ZCB’s with different maturifies is not an arbifrage.

(iii) The value of the ZCB satisfies the risk-neutral pricing formula. B (-\- it \ = @ Dﬁ \;\U K,—\)—&
— T e

The probability measure P is called the risk neutral probability measure of the ZCB
market. Ai

Proof. (6) follows at once by replacing (5) into (1) and using dﬁ?(a‘.} = dW(t) +8(t)dt. In
order to prove (7) we first show that #(¢) can be rewritten as

00 = S — 57T )

Indeed, integrating (5) with respect to T and using o(f, T) = dra(t, T} we obtain

T
(. T) = 0(F(.T) + f alt, )7t v) do
4
I .
= H(t)F(t. T) + 5 / D,(T(t, v)*) dv
=0(t)F(t. T) + %E{t.T}Z,
which gives (8). Next, by (2) and Ito’s product rule,
d(D(t)B(t.T)) = D(t)B(t, T)(r(t) —a(t, T) + %E(t, TY?) dt
— D(O)B(L.T)E(t, T)dW(t) — B(t. T)D(t)r(t) dt
= B*(t, ;“)[[%E(t, Ty —a(t, 1)) dt —&(t,T) dW(t))
= —BY(t,T)a(t.T) dW(t).

where in the last step we use (8). Thus {B*(t,T)}cpor is a ll;—martiug&le relative to

{Fuw (1) }i=p. In particular A = > (Tw \? (:\'\}
o~ A = U e
B ()BT, ,W@@B{H,)_K,v w(xr7)* B >

As B(T,T) = 1, the previous equation is equivalent to the risk-neutral pricing formula. O

3
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Example: The CIR model revisited

As a way of example we show how to re-formulate the CIR model in the HJM approach.
Recall that in the CIR model the spot rate is given by

- dr(t) =a(b - r(t)dt + ey/r(D) dW (1). (9)

We have seen before that the price of the zero-coupon bond with face value 1 and maturity

T = 0 in the CIR model is given by B(t.T) = v(t.v(t)), where v(t,x) = exp(=rC(T — 1) —

A(T = 1)) and where the determinisfic functions A(7), C(7) satisfy v=T- t
2
| gm=1-acr) - %C"[r)z. A(r) = abC() = (10a)
C0)=0, A(0)=0. & (10b)

The instantaneous forward rate satisfies

it
F(t,T) = —dplog B(t.T) =r ?‘}C"( —t) +A’{T —1).

Hence, using (9),

LA, T) = C'(T = () = r(H)C"(T — t)dt — A"(T — t)dt
= [a(b = r(£)) dt + e/r(t) AW (t)] — r()C"(T — t) dt — A"(T — t) dt
= lalb —r@®)C(T — ) —r®C"(T —#) — A"(T — Bl dt + (T — t)ey/r({) W (1)
\L— L__,._—u

Comparing this result with (6] we are led to set

—~—aq o(t,T) = C(T jf)f-\/w' t), (11)
r:r{f T)a(t, T) = [a(b—r(t)C(T —t) — r(t)C"(T — t) — A"(T —t)]. (12)
_’\_/_,_,_,__w

AsT(t,T) = I!;T:’J’(P‘.. v) dv, we obtain

~—

!IJ—IQEE"/”—!' (“” - —"‘1"1’"—)(

=C"T = t)eyr( r—f] \f:{f]ch
R%f
= Ar(t)C(T — 1) _T 7.,

. St %[4\1\) z c, \'LL‘\'TCC ) CCT"E)D

I € O C,[T %\c\f’/‘
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The latter identity holds for all possible value of r(f) if and only if the following two equations
are satisfied: =
abC’ — A" =0, —al’ - C" = —AC'C. (13)
-

Differentiating {10a) we find that (13) are indeed satisfied.

Note that the HIM approach gives the same result (i.e., the same pricing function for ZCB's)
as the classical approach with the CIR model if we assume that the forward rate is given
by (1) with a(f,T) given by (5) (where #(t) is arbitrary, typically chosen to be constant)
and o(t,T) is given by (11).

The advantage of the HIM approach is that the model for the forward rate is expressed in
the physical probability (as opposed to (9)) and thus the parameters of this model can be
calibrated using real market data.

o
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Exercise 1. Assume that the spot interest rate in the risk-neutral probability is giver/ by the {j\ ﬂ/ [;+
Ho-Lee model: - J NG
\ T — < et™meN ¢ & 7
/"VT dr(t) L a(tpdt + cdW(t),) =% q,(:('w = o) ¥ X

where ¢ = 0 is a constant and a(t) is a deterministic function of teme. Derive the risk-neutral
price B(t.T) of the ZCB with face value 1 and maturity T.C Use the HIM method to derive
\’_x. . 3 o . . .

the dynamics of the instantaneous forward rate F(t,T) in the physical p:'u!m.hf.f!f;ﬂ,r.—k
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