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Forwards

A forward contract with delivery price K and maturity (or delivery) time 17" on an
asset I is a tyvpe of financial derivative stipulated by two parties in which one of the parties
promises to sell and deliver to the other party the asset If at time T in exchange for the cash
.

The party who agrees to buy, resp. sell, the asset has the long, resp. short, position on the
forward contract.

Note that, as opposed to option contracts, both parties in a forward contract are obliged to
fulfill their part of the agreement. Forward contracts are traded over the counter and most
commonly on commodities or currencies. Let us give two examples.

Ezample of forward contract on a commodity. Consider a farmer who grows wheat and a
miller who needs wheat to produce flour. Clearly, the farmer interest is to sell the wheat for
the highest possible price, while the miller interest is to pay the least possible for the wheat.
The price of the wheat depends on many economical and non-economical factors (such as
whether conditions, which affect the quality and quantity of harvests) and it is therefore
quite volatile. The farmer and the miller then stipulate a forward contract on the wheat in
the winter (before the plantation, which occurs in the spring) with expiration date in the
end of the summer (when the wheat is harvested), in order to lock its future trading price
befarehand.

Erample of forward contract on a currency. Suppose that a car company in Sweden promises
to deliver a stock of 100 cars to another company in the United States in exactly one month.
Suppose that the price of cach car is fixed in Swedish crowns, say 100,000 crowns. Clearly
the American company will benefit by an increase of the exchange rate crown;/dollars and
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will be damaged in the opposite case. To avoid possible high losses, the American company
by a forward contract on 100 100.000=ten millions Swedish crowns expiring in one month
which gives the company the right and the obligation to buy ten millions crowns for a price
in dollars agreed upon today.

The delivery price K in a forward contract is the result of a pondered estimation for the
price of the asset at the time 7" in the future.

In this respect, K is also called the forward price of 4.
More precisely, the T-forward price of the asset U at time ¢ is the strike price of a forward
contract on I with maturity T stipulated at time t; the current, actual price II(t) of the

asset is also called the spot price.

Let us apply the risk-neutral pricing theory to derive a mathematical model for the forward
price of financial assets.

Let f(t.11(t), K. T} be the value at time ¢ of the forward contract on the asset i with
waturity T and delivery price K.

Here {II(t)},ci097 is the price process of the underlying asset. The pay-off for the long

position on the forward is given by

Ylung = (H{T) - h’]'

while the pay-off for the short position is Y. = (K = II{T")).

As both positions entail the same rights,/obligations, and thus no privileged position exists,
none of the two parties has to pay a preminm to stipulate the forward contract,

Hence f(t,TI{t), K, T) = 0. AT = 2@ TEAL + § OITE AW [‘))

Assuming that the price {II{f)},=0 of the underlying asset follows a generalized geomet-
ric Brownian motion with strictly positive volatility, the risk-nentral value of the forward
contract for the two parties is

—  ~ »(T)

F.1(4), K, T) = +E((TI(T) — K)D(T)/ D)\ Fi (1) AT
- i( LR (TI(r) D(T) F (1) fx'ﬁimlf -tf)l) ® (T
= D L wl . Z : ) wit . )
[ —————— T L-_\_A_‘_’_/)
oeTIE) ~

As the discounted price {II*(t)},~¢ of the underlying asset is a P-martingale relative to the
filtration {JFy(t) }i=p. then E(ILT)D(T)|Fw(t)) = D(t)I1(t). Hence
i S

2
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FIETI), K, T) = 2(10() [KB(1,T)), = O

where -
Bit,T) = {‘\[}( / r(a) ds) | Fy (1)), (1)
i
is the value of the ZCB computed using the risk-neutral probability. This leads to the
following definition.
Definition 1. Assume that the price {TI(t)}20 of the asset satisfies
dll(t) = a#)TI(E)dt + a (0TI )W (1),

where {a(t)hzo, {o(t) bzo {r(t) }ezo € CV[Fw(t)] and a(t) = 0 almost surely for all times.
The risk-neutral T-forward price af time t of the assel is the { Fyy (1) }izo-adapted stochas-
55 {Forp(t) }ejor given by

o o

Forp(f) = BaT) '€ 0,7,

where Bt T) is given by (1).

Note that, as long as the spot rate is positive, the forward price increases with respect to
the time left to delivery, i.e., the longer we delay the delivery of the asset, the more we have
to pay for it. This is intuitive, as the seller of the asset is loosing money by not selling the
asset on the spot (due to its devaluation compared to the bond value).

Remark For a constant interest rate r(t) = r the forward price becomes
Forp(t) =e™II(t), 7=T—1,
in which case we find that the spot price of an asset is the discounted value of the forward
price. When the asset is a commodity (e.g., corn), the forward price is also inflated by the
cost of storage. Letting ¢ = 0 be the cost to storage one share of the asset for one Vear, then
the forward price of the asset, for delivery in 7 years in the future, is e I1[t).
K 14
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2y — ROBET) QD\ @

B(0,T) B(0.T)

“ B S O BE
]72 K (f)% 'S W Mok oy glg@)(.\ax =1

L’éCaM/& T

3 pmaw - lzg:'o[ﬂz.ls 6 (= A — af)

ﬁ ¥ = Ef[z(,ﬂj«} @; e ° S W)

, t ~ % .
P00 BT, (0 e SRS | o VN L B ods
g B )

As the discounted value of the ZCB is a martingale in the risk-neutral probability measure,
then the process {Z7(#) )2, 0,71 18 also a i |]1c||'l:|"(|1l \[01{(;}21 E ZT(t) )] = 1, hence, by \»5 c N o E(’:’_‘/"w
Theorem (77), for all f € (0,7, the function P (A) = E[Z t )1 4])defines a probability _ ~
measure equivalent to P, which is called the T-forward probability measure. AN TUS NBXT vAGO

wweze D )

Theorem 1. Assume that the price {11(1)}i=n of the assel satisfies -
ety TI() = a()I(1)d + (T (1), = 2 @)TEO T « OV (P W ()
— — o~

where {ov(t) o, {o(t) ezo. {r(t) }ezo € CV[Fwlt)] and a(t) = 0 almost surely for all times.

The risk-neutral T-forward price process {Forp(t) beor) of the asset is a_martingale in the

T'-forward p?f;bfrbrhmf; the filtration {Fy-(t)} and
' (3)

Maoreover visk-neutral pricing formula @2 for the k

; -an derivative wi y-off ¥ -\
maturity T can be written in terms of the forwand probability measure as follows: AN [“_\{ ['H é\/ U-)
- TED | Fir (1-"—/1 (ﬂ
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maturty Locan e weitten o terms of the forwand probabiity measure o8 follows! = |
e e 258 (Ra)YIS,W)
o0 D R ) S—— o @ W
Proof. By 443 we have \_/ )
(3.24) 1 {f
< EPI)Fw (0] < ey B (D) | Fu()] Em = & B ’_‘2.

Blot)

E[D(TVINT)/ B T)| F (t)].

. ) . . O T ) -
As the disconnted value of the asset is a martingale in rhv 1'15]{T—§1011r1‘nl probability, we have

Oy = DD
BT~ .

3.30 - ®=,
Moreover, by Exercise 27, equation (3) implies that the forward price is a PY-martingale

relative to the filtration {Fy(¢)}i=p. Similarly, ?,7 (3, z4j =

T 1
Z’”[HEM (TVY|Fw(t)] = BT

and so (4) follows, ‘ﬂ.\[ [.‘[’—) 0

ETY|Fw(t)] =
—_—

An advantage of writing the risk-neutral pricing formula in the forin (4) is that the interest
rate process does not appear within the conditional expectation.

Thus, while in the risk-neutral probability measure one needs the joint distribution of the
discount factor D(T) and the pay-off ¥ in order to compute the price of the derivative, in

the T-forward probability measure only the distribution of the pay-off is required.

il

Lecture 22 Page 4



ABAPTT D
2,0

T l\s):\u k\‘zh Sock MAT o)l_\_‘ff (j'} < Tl W oo -
SRR I T o Az MW ()
N TAET\COLAT A v C—\-, \j = “\&'_\’j AWK = 0)\% [:'\'j = )

T ¥oREN g.zm'\) RS BMS(E A Stouas™C  ThecES (T H’)ék

This suggests a method to compute the risk-nentral price of a derivative when the market S w
parameters are stochastic, %CIW (4 W % (:k- \'\_')

Before we see an example of application of this argument, we remark that the process
{Zr(t) e satisfies rf/i';{](f] A ZTAW (1), for some process {A{#) Hepr adapted C-o {T

to {Fw (t)}z0. Henc? THS Follows W TWeotem 6.z liy)
WNG RS

Z7(1) = exp (— /f?i(.s)fxﬁ'(.ﬁ-)— ! /J?';z{s] fx.a-)_ B(t) = —A(1).
S W R A D ()= ‘l@

It follows by Girsanov’s theoren@ that the process {|1":"N"(FJ}“ o7 given by 3(3,1—()

d oy 206

P

tar
> W =) —f B(s) ds (5) x
0 N SN 12 A2 )
is a Brownian motion in the T-forward measure. = @) -\’j - G
oD I4
Theorem 2. Assume that the price {IL{t)},=g of the asset U satisfies z \‘ 2 % G\
s dII(t) = a(OII()dt + o(II(t)dW (1), TH0) =10, =0, o(t) =0, te[0,T], f

and that there erists a constant @ = () such that
g dlorp(t) = 3}'"{11'1-{f)r“r':.’l."'{f). Forp(0) = Fy == 11/ B(0. T, (6)

where {H""I'l :'ff]}u 01 18 the P'T- Brownian motion defined above. Then the value af fime
t =0 of the European call on the asset U with strike K and maturity T can be written as
—_—

Mo (0) = Hab(d.) ~ KBO.TYb(d_), ) e BLACr-3(holTS

where -
log (ﬁ:]—“) + 35°T %Lc [_('3 - <
iy = —rt (&) e

VT
Y

Proof. According to (4) we have
AN

_ 12 A
Mean(0) = BOTEINT) ~ K)i)- = & (o) Em(, (Foe A (’,Q ’3
- ¥

In the right hand side we replace

) —iFr-EwrT) _l3_ s TG,
H@: Forp(T) = Fpe ™37 T-WITT) _ Fe— 15TV
— —_———

and compute the expectation using that G € A0, 1) in the forward measure, that is

- L S_auTy e 2 dY
Mean(0) = BOT) | (Fye 2™ 7=V — ) e Lu’?
The result now follows by computing the integral as in the proof of Theorem €. O

b. b
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Lecture 22 Page 5



