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1 Multi-dimensional markets _—
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In this section we consider N @tlnr]mmmml stock markets. We denote the stocks prl( es by (G— ¢
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for some stochastic processes {u E b0 {0kt ez, .k =1...., N in the class CO[Fw ()],
=0

where in this section {Fyy (1)} enotes the filtration generated by the Brownian motions &
WO} so..- (Wn(D)F o < (64
\,Mg_)
Moreover we assume that the Brownian motions are independent, in particular €S C MLE S
dW () dW,.(t) =0, forall j #k (2) Noupxn "\TY
W 2\

Finally { r(t) b= € C°[Fiv(t)] is the interest rate of the money market.

Now, given stochastic processes {Gﬁ(f}};m € C'Fw ()], k= 1,..., N, satisfying the Novikov
{:mdltmum the stochastic process {Z(t)},: ~p given by
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k=1 ~ ~N
S, B,
tingale relative to the filirati Fuelt . A 2
is a martingale relative to the filtration {Fy (f)}20 5, 5 ) N
Since E[Z{t]] = E[Z(0)] = 1, for all t = 0, we can use the stochastic process {Z(t)}1=0 to “? LA_W:EE 20 !‘t 3
define a risk-neutral probability measure associated to the N + 1 dimensional stock market,
as we did in the one dimensional case. c ?
Definition 1. Let T = 0 and assume that the market price of risk equations
N
: - —~
15(t) — r(t) Zaﬁ 0.(1) j=1,....N, @) Lwehe SySTEM
- T —
»% E VTP s
admit a solution (0h(t)....,0x(t)), for allt = 0. Define the stochastic process {Z(t)}i=p as c
o T . ) 31 o-- Dy
in (3). Then the measure B equivalent to P given by
B(4) = E[Z(T)L]
is called the risk- robability measure of the market at time T
Note that, as opposed to the one dimensional case, the risk-neutral measure just defined Pr”

need not be unique, as the market price of risk equations may admit more than one solution.

For each risk-neutral probability measure F we can apply the multidimensional Girsanov
theorem and conclnde that the stochastic processes {Wy(t)}i=q, ... {Wx(f) }=0 given by

Wilt) = Wi /6;\(«}(1’:, J‘Wv = J\\X)v. x gwa)\t
P L. —

are P-independent Brownian motions. Me

relative-tothe-filtration fﬁi:ﬂ tHhz0. Ao \gw(\%% A Moy - AnTL T TAT S §

t 20 FlLTy AN\SN
Now let {J_‘:l, P s e ey {hx”v Jh=o € C" Fw (¢ )] be stochastic processes representing the
number of shares on the stocks in a purt[ullo invested in the N + 1 dimensional stock market.

Let {hg(t)}i=0 be the number of shares on the risk-free asset. The portfolio value is
—

Z B, () Sk(t) + hg(t)B(t)

A -SERSONS 2 A\)\j’\ = \,SC« S & \13({- AE;&

and the portfolio process is self-financing if its value satisfies

dv( Zh 5. (1)dSi(t) + hp(t)dB(t),

that is
N N
dV(t) =" hs, (0)dS(t) + r(t) (V(t} -~ Zhsk(t}sk(t}) dt. —
k=1 k=1

Theorem 1. Assume that a risk-neutral pmba.bil-étyf" erists, i.e., the equations (4) admit
a solution. Then the discounted value of any self-financing portfolio invested in the N + 1
dimensional market is a P-martingale relative to the filtration {Fw(t) bizo. In particular
(by Theorem @7) there exists no self-financing arbitrage pormnvcstcd in the N + 1
dimensional stock market. N
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(by Theorem @?) there exists no self-financing arbitrage portfolio invested in the N + 1

dimensional stock market. o

Proof. The discounted value of the portfolio satisfics

dv*(t) = D(t) (Z s, (0S5 (0) s (t) — r(B) de + 3 hs,{f)S;(t)cr_-m(ﬂdi"’*‘-(”)

=1 k=1

N N N
= D(t) (Zhsj(a)sj(a} D op(De(t)dt + h.b.j(f)sj{z)aﬁ.(a)dn-',_.(a))
k=1

i=1 dk=1

N

= DO)S ks (08,(6) S o (T (H).
F=1 k=1

All Ito's integrals in the last line are ﬂ_i—lllm'tiugﬂ](:ﬁ relative to {Fy(t)}iz0. The result
follows. O

Next we show that the existence of a risk-neutral probability measure is necessary for the
absence of sell-financing arbitrage portfolios in N + 1 dimensional stock markets.

Let N =3 and assume that the market parameters are constant.

Let r(t) =r =0, (1. pro, jt3) = (2,3, 2) and let the volatility matrix be given by

2
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o ik
=

Thus the stocks prices satisfy
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dSi(t) = (2dt + dWy (1) + 2dW5(1)) S (1),
dSo(t) = (3dt + 2dW () + 4dWa(#))Sa(t),
dSy(t) = (2dt + dWy (1) + 2dW5(1))Ss(t).

The market price of risk equations are

th+20,=2—r
2+ 4 =3 — 1
0+ 26, =2 —r,
-

This system is solvable if and only if - = 1} in which case there exist infinitely many solutions
aiven by

/

> GeR 92=é(1—9,), b, e R

Hence for r = 1 there exists at least one (in fact, infinitelv many) risk-neutral probability
measures, and thus the market is free of arbitrage,

To construct an arbitrage portfolio when 0 < r < 1, let

4.0

t
and choose hig(t) such that the portfolio process is self-financing (see Exercise ?3)./ 2 (F)ad
—~ e

The value {V(t)}i=n of this portfolio satisfies AV (‘k\ - \A$A }S‘ + \ng ) Sz + \*5 absg - \‘2&‘%
- @t - 3

AV (1) = hs, (S, (1) + s, (DdS (1) + hs,(DdSa() L\ N = \Eﬁﬂ* Vs S0 \‘S&a +\g ® ok

+r(V(E) = hs, (1)S1(8) — b, (£)Sa(t) — his, (£)Ss(t))dt
= rV(t)dt + (1 — r)dt. i -
4y

I = v f@-z\

V) -\,

W @ D W B - L \
S \A (b = \,( oj’:/ - -
S S : 5,(®) S5, ) 5,6 5(

Henee

SuCHw A
Nlo) = o
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and this portfolio is an arbitrage, because for V(0) = 0 we have V() = 0, for all ¢ = 0.

Similarly one can find an arbitrage portfolio for r = 1. (Ex e’:@c‘)e)

Next we address the question of completeness of N + 1 dimensional stock markets, i.e., the
question of whether any Enropean derivative can be hedged in this market.

Consider a European derivative on the stocks with payv-ofl ¥ and time of maturity 7.

For instance, for a standard European derivative, Y = g(S(1),... Sy (1), for some mea-
surable function g. -_—

The risk-neutral price of the derivative is > )

) &)
Ty (t) = B[V exp(- /?\D.r(,,.},;,,-;|;“_m],_

and coincides with the value at time £ of any self-financing portfolio invested in the N + 1
dimensional market. The question of existence of an hedging portfolio is answered by the
following theorem.

There exist stochastic processes {A () hejory, - -
that

D(t)l'[y(t‘-}=l'[y(0)+2f A(s)dWi(s), te0,T). (5)
— L1 0

Let (Yi(t),.... Yy(t)) be ifz.e solution of

G A
YooYt = Aok

(6)
Then the portfolio {hs, (t), ..., }"'5'.v§t)‘- h.ff(f)}r,e[[]"rl given by
h(t) = (Ty(t) = > hs, (£)S;(1))/B(t) (7)
—— J=1 _

is self-financing and replicates the derivative at any time, i.e., its value V(t) is equal to
yv(1) for all t € [0, T]. Tn particular, V(T) = Iy (T) = Y. i.e.. the portfolio is hedging the

derivative.
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The proof of this theorem is conceptually very similar to the one (1it]l(:1lHité case and is
therefore omitted (it makes use of the multidimensional version of the martingale represen-
tation theorem).

[
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isk-neutral proba-

Notice that, having assumed that the volatility matrix is invertible, the
bility measure of the market is unique.

We now show that the uniqueness of the risk-neutral probability measure is necessary to
gnarantee completeness,

Iu fact, let r = 1 in the example considered before and pick the following solutions of the
market price of risk equations:

23

(61,62) = (0,1/2),, and H8,6,) = (1,0) @% z |0
(any other pair of solutions would work). ! \T poeEs oY
(OLIEL palt O SOTHons v

. ~ MASTT S \
The two corresponding risk-neutral probability measures, denoted respectively by P and P, '
are given by e -
P(A) = E[Z1,] "P(A) = E[Z1,),) forall A€ F,
where
2 _ E,—gr—%rgr] 2 _ e—.’;r—na[r]
I
. ~ « Hl )
Let;l = {w: dWa(T,w) — Wi(Tw) < 2T}, Hence 3 L'\)U’j\%w [QX =\

and thus P(4) < P(A).
—

forwed e ? ?(;L\)‘(\/\\?Wtﬂ"&v NIEY

Consider a financial derivative with pay-off(
financing portfolio for such derivative, then, since the discounted value of such portfolio is a

martingale in both risk-neutral probability measures, we would have

= ~

\ V() = E@ and  V(0) = E[QD(T)], ! (®)
But V() =D NI
oM e

E[QD(T)] = E(Ly) £B(4) < P(4) = E(W) = EIQD(D)]

and thus (&) cannot be verified.
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