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Dimension reduction while
preserving distances



Preserving distance

When creating a map, the goal is to project the three-dimensional earth onto a
two-dimensional paper. It is desirable to retain certain properties of the
projected areas, e.g. size of countries or length of coast lines. Keeping all
properties is not possible and the field of cartography (and differential
geometry) deals with the possible options.

Like in cartography, the goal of dimension reduction can be subject to different
criteria, e.g. PCA preserves the directions of largest variance.

What if we want to approximately preserve the relative positions of feature
vectors while reducing the dimension?

For given vectors x, ...,X,, € RP we want to find y,, ...,y,, € R? where g < p such
that

lIx; = xill2 = [ly: = yill2 o



Distance matrices and the linear kernel

Given a data matrix X € R™*P, note that
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is the Gram matrix K of the linear kernel.
Let D™ = ||x; — X,,,||, be the distance matrix in the Euclidean norm. Note that
1% — X3 = X?-xl — 2xzrxm + X)X
and (with element-wise exponentiation)
—%DZ =XX" - %1 diag(XX")T — %diag(XXT)lT.
Through calculation it can be shown that withJ =1, — %IIT
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Finding an embedding from a distance matrix

1. Let D € R*" be a given distance matrix in the Euclidean norm
2. Compute K =17J (—%DZ)J = XX". Then there exists an exact embedding in

q = rank(K) < rank(X) < min(n, p) dimensions.
2.1 Perform PCA on K = UAU"
2.2 If g = rank(K), set

Y = U,AY? = WAy, ...,y /Auy) € R™4

All other Ag1, ..., Aimin(n,p) @re equal to zero.
2.3 The rows of Y are the sought-after embedding, i.e. for y; = Y& it holds that

YYT = U,A{*AY*U] = UAUT =K = XX

which implies
2 T T
1% — XI5 = X) X) — 2X) Xpy + X—lr;lxm

=Y Y1 —2Y]Ym + YmYm
= IIYI _YmH%-

3/22



Multi-dimensional scaling

» This procedure is not guaranteed to lead to dimension reduction, i.e. ¢ = p
possible. However, usually the internal structure of the data is
lower-dimensional and g < p.

» Keeping only the first m < g components of y; is known as classical scaling
or multi-dimensional scaling (MDS) and minimizes the so-called stress or
strain

1/2
. 2
dD,Y) = (Z (D(I’J) —lyi — Yj||2) )
i#]j
> Results also hold for general distance matrices D as long as 4;, ..., 44 > 0 for
q = rank(K). This is called metric MDS.
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Lower-dimensional data in a
high-dimensional space



A problematic geometry

Swiss roll (n = 1000)

Ideal unrolled graph
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What is the problem here?

» The data has an intrinsic structure that is quite simple (2D) in itself, but
much more complex in the three-dimensional space

» To understand this data set properly we need to learn about the local
structure of the data

» PCAis a global method and will always look at all data

» kernel PCA introduces a different distance measure but the chosen Gaussian
kernel does not represent the structure of the data well

» Classical scaling performs (and works) roughly like PCA

» What is the issue? All approaches measure distances in the Euclidean norm
of the surrounding three-dimensional space.
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Data-driven distance measure (1)

We can create a local, data-driven distance measure by looking at the k nearest
neighbours of a data point.

Swiss roll (n = 1000) Nearest neighbours (k = 6)
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Data-driven distance measure (Il)

Computation

1. For a data point x; find the k nearest neighbours
2. Construct a graph between data points and their k nearest neighbours,
weighting each edge by the Euclidean distance

3. To measure distance between data points measure their geodesic distance,
i.e. find the shortest path in the weighted graph and sum up the weights

This creates a distance matrix D; between data points that is more adapted to
the actual geometry.

To embed the geometry in a lower-dimensional space, MDS can be applied to
D, the resulting method is called Isomap.
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Isomap

Isomap can work well but is sensitive to the number of nearest neighbours.

Isomap (knn = 6)
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Caveats of Isomap

» The graph that is formed in the first stage of Isomap can have multiple
unconnected components. This leads to infinite geodesic distances
between some data points (because they are unreachable from each other)

» Implementations typically return a different embedding for each
component of the graph

» Isomap also has problems with datasets that have varying density
» Number of nearest neighbours has to be carefully tuned
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A different approach to local
dimension reduction




Probability as a measure of similarity

Given a set of feature vectors x, ..., x,, @ measure of relative similarity between
the vectors x; and x; is their pairwise Euclidean distance ||x; — x;]|.
This measure can be localized around a vector x; fora o > 0
_exp (=% —x][3/(20%))
= S exp (—I% — x:[3/(292)
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o determines the size of the local neighbourhood

™.
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Connection between ¢ and entropy

Denote the discrete probability distribution P; = (pj),);-

The entropy of P; is a measure for how much information we gain by observing a
random variable X ~ P; (i.e. by observing one of the x;'s in the neighbourhood).
It is defined as
H(X) ==, pjjilog, pji-
J#i
with pj;log, pj; :=0if pj; = 0.
Observations:

» Small values of o lead to small values for the entropy
(e.g. 0 = 0.5, H(X) = 2.44)
» When o increases, then the entropy increases as well

(e.g. 0 =2,HX) =4.22) 13/22



Connection between ¢ and perplexity

The Perplexity of X ~ P; is defined as
Perp(X) = 2HX)

and is interpreted as the average number of neighbours in the local
neighbourhood around x;.

Observations

» If H(X) =0, i.e. we learn on average nothing by observing X, then
Perp(X) = 1 and the neighbourhood contains only the centre data point
itself.
» Small o leads on average to smaller neighbourhood
» If H(X) grows larger, i.e. we learn on average more about X by observing it,
then Perp(X) grows as well and the neighbourhood around x; gets larger.

» For growing o the average size of neighbourhoods grows as well
14122



Fixating perplexity and symmetrising the distribution

As a slight generalisation, let each x; have its own g; > 0, i.e.
e (-l —xlBieod)
P = S oo (i — xi|3/20))
By setting perplexity to a fixed value y > 0 we control the average size of
neighbourhoods around all x;. For a fixed y the individual o; can be calculated.
Depending on the data these can vary with i.

j=1,..,n,j#i and p;; =0.

Note: This is similar but more flexible than building nearest neighbour graphs
for Isomap.

The values p;; and p;; are asymmetric similarity measures, due to the different
parameters g; and o;. Define the symmetrized probabilities

Djji + Pijj
Pij=——>— and p; =0. -



Connection to lower-dimensional embeddings

Our goal is to embed the potentially high-dimensional vectors x,, ..., x,, € RP
into a lower dimensional space yy, ...,y, € R? with g < p.
Given a perplexity parameter y > 0, we found a way to measure local similarity in
RP using the probabilities p;;.
A technique called t-distributed stochastic neighbour embedding (tSNE) uses
the t-distribution with one degree of freedom (or Cauchy distribution) to
measure similarity in R? with

1+ Ny -y~

- -1
Y A+ llyi = v:113)

To determine the y; the Kullback-Leibler divergence between the distributions

P = (p;j)ij and Q = (g;;);; is minimized with gradient descent (+ numerical tricks)

KL(P|[Q) = " pitlog p—ll
i#l L

and qii = 0.

ij
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Revisiting the Swiss roll with tSNE

Swiss roll (n = 1000)

Isomap (knn = 6)

tSNE (perplexity =

6)

tSNE (perplexny 30)
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» Results are similar to Isomap

1
(

» Strong dependence on perplexity and no literal relationship between
k-nearest neighbours and perplexity parameter
» Slightly more condensed, but manages the main goal to unroll data




A more impressive example of tSNE

Isomap (knn = 20) tSNE (perplexity = 20)
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Caveats of tSNE

tSNE is a powerful method but comes with some difficulties as well

» Convergence to local minimum (i.e. repeated runs can give different results)
» Perplexity is hard to tune (as with any tuning parameter)

Let's see what tSNE does to our old friend, the moons dataset.
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Influence of perplexity on tSNE

Transformed with tSNE

Varying perplexity
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tSNE multiple runs

Transformed with tSNE

Perplexity = 20, multiple runs

2 3 4 5

ok
<
4
>

i

-20 I
ol
5 20 6 7 8 9 10
20 4‘\ t
0 / ﬁ
o RIET e
-20 0 20 -20 0 20 -20 0 20 -20 0 20 -20 0 20

tSNE1

21/22



Take-home message

» Dimension reduction can aim to preserve global and local structure

» Data can have structure at multiple scales (e.g. locally flat but globally
spirally as the in swiss roll example)

» Isomap and tSNE are powerful dimension reduction techniques that can
help in explorative data analysis to uncover hidden structure. However, be
careful not to use them blindly
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