
 

Tools in functional analysis

Let V be a vector space over R

Def A mapping II H V IR
is a norm it for all YWEV 1ER

Cil Hull o v o

lid 11hr11 IH Kull
Liii Hutwks Hull 111Wh

two norms are equivalent
it

ell Ha ell Hb CH Ha

Det a A linear mapping L V IR
is called a Linear functional
A bilinear form a VxV R
is linear in both arguments
A bilinear form is symmetric
if a v w a WN fr wf
and positive if acvir o for

V



all non Zero VE V
If both positive and symmetric

it is an inner product or

solar product and it induces
a norm alvivl Hull
It a is a scalarproduct and

aCv WHO we say 4W are

er the go.ua
Ex D Apu f in Nc Rd p

u o on t

41 waiting left
Ot

Ur Gf rdx f RADU.vdx APuPvdx

after I
Lemmy Lef V be a vector space
with an inner product c and
H A

2

d Cauchy Schwarz KriwlleHull Hull
i Pythagoras llvtwlp llvlftllwk.info



y s
iii Il y I k dehnes a norm on V

proo I let C c R

O Ell v tw 112 Ce Ew e tu

Hv 112 2T hw It Hull
Nowlet t Chul

assuming Wto

oewkztiitftffii HMII.fi
Kunst's Hr 112 Hull
Ii tht wtf Cute tw 1141411412

Iii Is Il Il C
2

a norm

llvtwlf CV iwiv.tw HVlTt2lhw tHwlT
Hvll2 i2llvHllwH Tu2

a Hull 111WHT

A linear functional is bounded if
1441 e C Hull fveV

The set of linear functionals



Gums ee ve for space called the
dual space V HUH suit o4
A bounded bilinear G m There easts
M so sit lachwllEM.lv l.llwl

hWEV
and coercive if there is a o ist

al v v 7411412 fue V

Def
F A sequence Vi in V is

said to converge to reV if

Kri v Il 0 as i se

If Hui Vj H so when dj so

the sequence is Cauchy
A linear space is said to be

complete if every Cauchysequence
converges
A complete space with a norm



is a Banach space A Banach space with
inner product it is a Hilbert space
If V is a Banach space so is V

A subset of a Holbert space V CV
is closed if it contains all limits of

sequence in Vo A closed subspace
of a Hilbert space is also a

Hilbert space
Thur At Riesz

Letilbert space with

a scalar product C i l and

a linear functional L on V
Then there exists a unique UE V

such that ur f u v TVE V

Furthermore 1141 Hull r



Thm Lax Milgram's Lemma

let V be a Hilbert space and
assume a coerci e and bounded

and L linear functional that is
bounded Then there is a unique
ut V at acu v L v the V

F

LPsp

re RdDet let war

such that I dx 0 Then w is

a null set A statement that is true

except on a null set is said tobetrue

almost here

Let it be a bounded domain
in Rd yrlhpwy ffdvpdxIYK.pro



llvllefrj essxesyplvcxll inffaHR.lv ka
almostenergy

We define the LP spaces as

2PM v 1h11pm so

Thy Let VELPH wetter then

Hrw Huey E 1141pm Whitey

Ittf I Hilders inequality

Huw Huey EHVHLqytllwlf.ph
Minkowski's inequity

Proot Minkowski p I

lvtwlt.lv tlwl Assume KW

is not zero everywhere and

P P 1



I v t w l P e Iv l Iwl Iv w
t t

Ktul Pdx sfdytlwDA.IE da

E Il u Huey II IVtwp IILater

t 11WILLpay Ht 14 Haar

E Hullum tllwlk.cn Humid

Hull pay 1144pm haul f

fit
i
g

tp

ht wird E HulbertHutten

Il v t w Ilyin e Hu 1hpm t whenf
The Minkowski inequality and



Il Xv 11hpm IH 114hPa
In order for 11 11hpm to be a nom

Def Functions V and W

that differs on a null set
are said to be equivalent Wewrite

W a e
K
almost'T everywhere

Now we have that 11 Huge a norm

and LP r is a Banach space

The special case p 2 LYN is
a Hilbert space Crm Sir wax
a rt vid 1141am VELU


