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1 Banach’s contraction principle. Picard-Lindel6f

theorem.

We consider in this chapter the theorem by Picard and Lindelsf about exis-
tence and uniqueness of solutions to the initial value problem to the system

of differential equations in the form

a'(t) = f(t,2(1)) (1)

2(1) = ¢ (2)

Here f: J x G — R" is a vector valued function continuous with respect

to time variable ¢t and space variable z. J is an interval, G is an open subset
of R"™.
One can reformulate the I.V.P. (1),(2) in the form of the integral equation

H(t) =€+ / £ (s,2(s)) ds 3)

If f is continuous, then these two formulations are equivalent by the

Newton-Leibnitz theorem.



If f is only peacewise continuous in time ¢, then these formulations are
equialent on intervals of continuity of f in time and solutions can be glued
by continuity of the solution in the points were the derivative in time doses

not exist.
Fixed points of operators.

Consider a vector space X with a subset C' C X and an operator K :
C—C.
Definition
A point T € C is called the fixed point of the operator K on the set C
if
K(z) == (4)

A general idea behind the analysis of many types of non-linear equations is
to reformulate them as a fixed point problem.

Consider the right hand side of the integral equation (3) corresponding
to the I.V.P as an operator

K(z dﬁf§+/fsx

acting from the vector space of vector valued continuous functions C(I),
where I C J is a closed interval including 7 . Point out that ¢ can be smaller
than 7 (t < 7).

The expression ||z{|q(;, = supe; [|z(t)[| defines a norm on the space C(I)
because it satisfies the triangle inequality and we know that uniformly con-
vergent sequences of continuous functions on the compact set (I in this case)
converge to continuous functions.

This space is even complete. It means per definition that Cauchy se-
quences of functions in C(I) converge uniformly to continuous functions. It

means more explicitely that if the sequence {z,} € C(I) has the Cauchy



property:

[2m = Znllogy = Sup [2m () = 2a@llcqy — 0

m,n— o0

then there is a continuous function # € C(I) such that z,, — 7T uniformly
on I, or what is the same, ||z, — (|5 = 0. o

Definition.

We call a normed vector space a Banach space if it is complete with
respect to it’s norm.

This notion was introduced by Polish mathematician Stefan Banach who
lead the greatest school in functional analysis at the university of Lwow in
Poland in the first half of the 20th century.

Examples.

1) The space C(I) is a Banach space.

2) Elementary examples of Banach spaces are given by R" supplied with
norms ||z, = (321, |z:P)/? with p > 1.

3) A slight extension of this example is a set [,, p > 1 of real sequences
{2:};2, with finite norms in the form |||, = (3232, |2, [P) /7

4) One of the most popular classes of Banach spaces is the space of
"integrable functions" f : G — R where G C R", with norms |[|f[|,, =
(Jo lF@Pdz) "

"Integrable functions" and the integral here are in the sense of Lebesque,
that is a contemporary notion of integral, studied in the course "Integration
theory" given for master and for PhD students.

Remark.

We point out for convenience that different norms are used through out
the text. Notation | || means usual euclidean norm in R”. For a Banach space
X the notation ||z||; means the norm in the space X.

The operator K defined above, acts from C(I) to itself. It makes that

the I.V.P. above can be considered as a fixed value problem (4) on the whole



C(I) or on some subset of it.
A classical theorem that guarantees the existence and uniqueness of fixed
points to non-linear operators in Banach and more generally in metric spaces,

is Banach’s contraction principle.

Definition. Operator K : A — A, where A C X, and X is a Banach
space, is called contraction on A if there is a constant 0 < # < 1 such that

for any z,y € A

1K (2) = K()llx < 0llz —yllx

Example. An elementary example is a smooth (at least C') function
K acting from an interval [a,b] to itself and having absolute value of the
derivative |4 K (t)| < 6 < 1 for all ¢t € [a,b]. By intermediate value theorem
for any x,y € [a,b] there is a point ¢ € (z,y) such that K(z) — K(y) =
(x — y)K'(c).Therefore

|K(z) = K(y)| = [(x = )| [K' ()| <0 (z —y)|

It implies that K is a contraction in on the interval [a, b].
Example: K(z) = 0.5(z — 0.252%) + 0.2 on [—1,1]
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Another example could be a Lipschitz function with Lipschitz constant L

strictly smaller then one: L < 1.
Banach’s contraction principle.

Theorem

Banach’s contraction principle.

Let A be a non-empty closed subset of a Banach space X and K : A — A
be a contraction operator with contraction constant § < 1 (strictly smaller

than 1!)
Then there is a unique fixed point T to K in A such that K7 =T.

More over, if K"(x) e K(K(...K(x))...) is the operator K applied to
itself n times then for arbitrary initial approximation zo € A, successive

approximations K"(xg) satisfy the estimate

n

n - 4 -
1" (o) = Tl < 37— 1K (w0) = Tllx



Proof is based on showing that the sequence of approximations {z, }

defined by the equations

r1 = K(xg)

Tpn+1 = K(xn)

with an arbitrary initial approximation xy € A, converge to some T € A
that is the unique fixed point of K in A.
It follows by induction that

[Znt1 —znllxy = 1K (zn) = K(zn-1)llx <Oz — 20l

< 0 ”K(xn—l) - K(-Tn—2)”X < 0? |Tn-1— xn—2HX

IA

0" ||y — wol| ¢

We will show that {z,} -, is a Chauchy sequence using telescoping se-

quences. Let m > n.

||xm - anX = ||3:m — Tm—1+ Tm—1 — Ty
triangle _inequality

< [T = |l + [[Tm-1 = T2l + .+ 201 — 2]

IN

IN

(0" +0" "+ 0" s
= 0" (1+0+..0"") ||

1
—1-0

0"(1+0+4..0m "+ ..)

1
< o (m) lz1 — 2ol x —

The Banach space X is complete therefore the limit lim,,_,o, z,, = T exists.
The set A is closed, therefore = € A.

IA



Claim: 7 is a fixed point to K.

It is a non-trivial step in many approximation methods to show that an
existing limit of approximations is a solution to the non-linear equation of
interest. Here the convergence is strong, that makes the proof of the clime
straightforward.

We see it by tending to the limit in the expression for x,:

Tpy1 = K(xn)
lim z,,; = lim K(z,)= K(limz,)
T = K()

and using the continuity of K.

The last question we must answer is the uniqueness of the fixed point to
K in A.

Suppose that there is another fixed point 7 to X in A. Consider the

norm of the difference 7 — 7:
7 -2l x = K@) - K@)|x <0z -2y , <1

It is possible only if 7 — z = 0.

Finally we prove the estimate of the error in the approximations.



lon =l < 6" (125) s = ol

lm [z — ool < 6" (L> 21 — o]

m—oo " - 1-0 X
norm_is_a_continuous __function

[ == 67 (125 ol

-l < 6 (125) sl

- 1-46 X

[

Elementary exercises on Banach’s contraction principle.

Show using Banach’s contraction principle that the polynomial K(z) =
z? — 0.4 has a fixed point K(z) = z.

Solution consists of two steps.

i) Find aset B C R where K (x) has the contraction property: |K(x) — K(y)| <
Olr —y|,0 <1, forx,y € B

ii) Find a subset A C B that the function K maps into itself: K : A — A.

i) K'(z) =2z <1=2€[-05+40,0.5—]
ii) The set [—0.5 + J,0.5 — 0] satisfies the requirement.
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Picard-Lindelof theorem.

Picard-Lindel6f theorem.

Here f: J x G — R" is a vector valued function continuous in J x G. J
is an interval, G' is an open subset of R". Let in addition suppose that f is
Lipschitz continuous with respect to the second argument with the Lipschitz
constant L > 0:

If(t.2) = ft Il < Ll —yll,Vz,y € G

9



(We could suppose a weaker condition that this Lispchitz property is only
local, but will not do it because it would make the proof just slightly longer
without changing main ideas).

Then for any (7,£) € J x G the initial value problem

¥ = f(x,t)
z(r) = ¢

has a unique solution on some time interval including 7. [J
Remark. This local solution can always be extended to a unique maxi-
mal solution. We considered maximal extensions earlier in the course.
Proof to the Picard-Lindel6f theorem.
The proof is based on using the integral form of the I.V.P.

() =€+ / £ (s,2(s)) ds

and applying Banach’s contraction principle to it. We use the Banach space
of continuous functions x : I — R"on some compact interval I C J.

The application of Banach’s principle here consists of two steps.

e The first one is to find a time interval I; and a closed subset A C C(17)
such that the operator K defined by

K(x)(t) = € + / £ (s,2(s)) ds

maps A to itself: K : A — A.

e The second one is to find a time interval I, such that the contraction
property for the operator would be valid on a subset of C'(I3). Finally we
will choose the smallest of I; and I, for both properties to be valid and will
conclude the result.

We consider here first the case with ¢ on some interval [7,7 + Tyipq) € J

. Ttirst > 0 and try to find a solution on this time interval (actually on some

10



shorter time interval 7,7+ 7] with 7" < T’ ). Considering a time interval

backword direction in time is similar

We choose first a closed ball B(&,d) = {z: |z —¢&|| <0} such that it
belongs to G: B(§,0) € G.
Our intension is to find solution in the set of continuous functions z :

[7, 7+ T] — R™ such that z(t) = p(t,7,&) € B(&,0) for all t € [7,7+T] and
therefore sup;e(, ;g [|2(t) — &[] < 6. Tt is a closed ball

A= ||CU - §||C([T,T+T]) < 0

in the infinitely dimensional space C([7, T + T).

Our goal in the proof is to find such an interval [7, 7+ 7] that this set A in
C([r,7+T]) and the operator K satisfy conditions in the Banach contraction
principle.

The function f(¢,x) is continuous on the compact set V' = [7, 7+ T'pjpst) X

B(&,6) in R™! and therefore

M = sup |[f(t z)|| <oo
(t,x)eV

Point out that here we still operate on large initial time interal [7,7 +
Trirst)-

The constant M controls how large is velocity f(¢,z) inside the set V =
(7,7 + Trirst]x B(E,0)(yellow in the picture). Correspondingly M controls
how fast the (blue) trajectory z(t) can go away from the initial point &.

According to the integral equation for x

ot) =€+ [ fsale)ds

and the estimate for f above,  must be inside the "angle" bounded by the
cone ||z — & = M(t — 7).

We give here two pictures illustrating the proof, a one dimensional picture:

11
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T - not to escape
B(ksi,delta)

T - initial

and a two-dimensional picture:

We are going to estimate | K (z)(t) — £|| and choose the length T" of the
time interval [7,7 + T in such a way that for any z(t) € B(§,0) for ¢t €
(7,7 + T1, it follows that K (z(t)) does not escape the ball B(£,6) around &
in G.

I (2 (1) = €]l <0

fort € [r, 7+ T7.
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It would imply after taking the supremum over t € [7,7 + T that

sup || K (2)(t) = &l = 1K (2) = Elloprramy <0

te(r, 74T

for [ = lloir ey <0
We start with proving the first inequality:

1K @) (0= ¢l = | [ £ sae)ds| < [ 17 (salo)]ds < T

Point out that it is just the eulidean norm ||...|| calculated for each time
point ¢ here!

We observe that choosing 7' < §/M we get that |[|[K (z) (t) — &|| < 0 for
t € [r,7 4+ T]. Taking supremum of the left hand side over t € [7,7 + T| we

arrive to
K (x) — §||c([T,T+T]) <9

It means In turn that for
T <o/M

the operator K maps the closed ball A in C([r,7 + T]) defined by the in-
equality ||z — ch([T,TJrT]) < 9, into itself:

K:A— A

Now we check conditions (again choosing the length 7" of the time interval)
such that the operator K would be contraction on the set A with once again
suitably adjusted time interval T

Consider first the difference ||K (z) (t) — K (y) (t)||, for arbitrary t €
7,7+ T).

We apply the triangle inequality, the Lipschitz property of the function

14



f, and estimate the integral by the length of the interval times maximum of

the function under it.

t triangle inequality

1K () (1) = K (y) (D] = (s,2(s)) — f (s,y(s)) ds

< | F(sx(s) = f (s,9(9)l ds
Lipschitzﬁproperty L/ Hw(s) B y(s)” s S

sup
< LT sup la(s) —y(s)l = LTz =ylogrem)
s€[r,7+T)]

Calculating supremum over t € [7,7 + T'] of the left hand side we arrive

to the inequality
K (z) — K (3/)‘|C([T,T+T]) S LT |z - y”C([T,T+T])
It implies that choosing the length of the time interval
T <1/L
we get the contraction property.

1K (2) = K Wl <0l = yllo@rim. 0<0<1

Now choosing the time interval 7' < min(1/L, 6 /M) we conclude that the
operator K maps the closed ball A in C([r,7 + T]) defined by

A= {x € C([T,T +T]), ||$ - f“c([T,TJrT}) < 5}

into itself: K : A — Aand that K is a contraction on A: [|K (z) — K ()|l ¢(jr iy <
Ollz = yllerrim) 0 <1, for any z,y € A.
By the Banach contraction principle K has for T < min(1/L, /M) a

15



unique fixed point T in A that is the solution to the integral equation (3)
corresponding to the I.V.P. and also to the original initial value problem.H
Example. Banach’s contraction principle applied to a non-linear
integral operator.
(exam 2019 june)

Consider the following (nonlinear!) operator

K()(t) = / B(t, ) [a(s) ds + g(t).

Fixed point problem to solve:
r = K(z)

acting on the Banach space C([0,2]) of continuous functions with norm

|zl coz) = llzllc = sup [z(t)]. Here B(t,s) and g(t) are continuous func-
' te0,2]

tions and |B(t, s)| < 0.5 for all ¢, s € [0, 2].

Estimate the norm [|K(z) — K(y)||¢ (o) for the operator K(z)(t).

Find requirements on the function g(¢) such that Banach’s contraction
principle implies that K(z)(t) has a fixed point.

Solution.

Banach’s contraction principle. Let B be a nonempty closed subset of a

Banach space X and let the non-linear operator K : B — B be a contraction.
[K(z) = K@)y <0z —ylx, #<1

Then K has a fixed point T = K(Z) such that

n — 0"
K" (z0) =7 x < 10

for any xo € B. Here K™(x¢) = (K(K(...K(x)...)) is the n -fold super-
position of the operator K with itself.

16



We like to have the estimate || K (z) — K(y)lc(o2) < 0z — ylloqo for
x,y in some closed subset B of C([0,2]).

[K(2)(t) = K(y)(1)] < /OIB(tys)H[x(S)f—[y(S)]2|d8

taking sup
t,s€[0,2]

<

/0 |B(t, )] - [2(s) = y(s)| - [x(s) +y(s)| ds

) |
/ ds( sup |B<t,s>|) (sup |x<s>—y<s>|) <sup #(s)| + sup [y(s)]
0 t,5€[0,2] $€[0,2] s€[0,2] $€[0,2] |

= 2:0.5]z = yllo(pa <||fﬂ||0([o,2]) + ||y||c([0,2])> =

IA

=l = legoay (1#llogoz + 1Wlegoa)

We take supremum over ¢ € [0,2] of the left hand side and get

K () — K(y)”o([O,Q}) <z - y”o([oz}) <H$HC([0,2]) + HyHO([0,2]))

We can choose a ball B C C(]0,2]) such that for any =, y € B it follows
lzllc + lyllo < 6 < 1, for example B can be taken as a set of continuous

functions with ||| o) < /2. On this set K will be a contraction because
1K (z) = KWl < Olle—yle, <1

To apply Banach’s principle we need also that K maps B into itself,
namely that [|K(z)| o) < 0/2 for [|z][ogoq) < 6/2.

It gives a requirement on function ¢(t).

K()(t) = / B(t, ) [2(s)*ds + (1),

2 2
K@) lcqozy < 2x05% |lzllcqe + 19llcqp < (0/2) + 9llco) < 0/2

17



Conclusion is that ||g]| oo .9) = SUPtepo g 19(8)] < 0/2—(0/2)* =0/2(1 —0/2)
implies that K : B — B, where

B = {a(t) € C(10.2) : lle(®llogoz < 0/2}

Therefore K has a unique fixed point in the ball B in C'([0,2]). B

Example. (exam. 2018 january)

1. Consider the following initial value problem: 3’ = sin(y)t?; y(1) = 2.

a) Reduce the initial value problem to an integral equation and give a
general description of iterations approximating the solution as in the

proof to the existence and uniqueness theorem by Picard and Lindelof.
(2p)
b) Find a time interval such that these approximations converge to the

solution of the initial value problem. (2p)
Solution.

We introduce an integral equation equivalent to the ODE ¢’ = f(¢,y)
by the integration of the right and left hand sides in the equation:

y(t) =y(1) + /j f(s,y(s))ds.

Taking yo(t) = y(1) we define Picard iterations by the recurrense rela-

tion

ymw):ym+[fu%mm&
K(yn)

Yn+1 =
For the particular equation it looks as

aa(®) = (1) + [ sin(9)s%ds = Kyt

18



Fixed point problem:
y =K(y)

The Banach contraction principle gives existence and uniqueness of
solutions by showing that the operator K is a contraction on some

closed set B of a Banach space X, such that K maps B into itself.
A hidden question here is that we must find this Banach space X and

this set B where these conditions are satisfied.

One proves the existence and uniqueness theorem by showing that at
some time interval the integral operator K(y,t) = y(1)+f1t sin(y(s))s?ds
in the right hand side is a contraction in C([1,7]):

def
IK(w) = K(u)ll = sup [K(w,t) = K(u,t)] < a sup |w(t) —ut)| = o llw —ulloq g
te[1,T] te[1,T]
@ < 1, in some ball 1w = y(1)ll ) = Supreq [w(®) — y(D)] < R in
the space C([1,T7]) of continuous functions on [1, 7], and maps this ball
into itself:

sup |K(w,t) —y(1)| < R
te[1,T]

and applying the Banach contraction theorem to K(y,t).
We estimate first ||K(w) — K(u)|lon . = supepn [K(w, t) — K(u, t)]
for continuous functions u and w such that sup,c;; 7y [w(t) —y(1)| < R

and

[ — y(l)HC([LT} = SUDP¢eqn, 1) lu(t) = y(1)| < R. Point out that SUD¢e(1,17 lw(t)| <
y(1) + R. We will find T" such that the contraction property is valid:

< a sup |w(t) —u(t)|,

[ smtutsnstas [ sintuts)stas

|K(w) — K(U)”o([l,T] = S8sup

te[1,T] te[1,T]
We carry out elementary estimates using the triangle inequality and in-
termediate value theorem for sin. | [/ sin(w(s))s?ds — [, sin(u(s))s?ds| <

19



[ 1(sin(w(s)) — sin(u(s))| s*ds =

1

Ji (w(s) = u(s)) cos(0(s))] s*ds < (T = 1)T*-1- sup |w(s) - u(s)]

te[1,T]
K (w) — K(“)HC([LT] <(T'-1) T [w(s) — U(S)HC([LT]

The argument 6(s) above is a number between w(s) and u(s) that exists
according the intermediate value theorem. It was also used above that
|cos(f)| < 1. Therefore to have the contraction property we need to
have (T —1)T? < 1.

For a function w with [[w(s)|cpr = suprep [w(t) —y(1)| < R we
like to have that |K(w,t) — y(1)] < R meaning that K maps this ball
in C([1,7]) into itself. For this particualr case it is not necessary
because he equation is defined in the whole R and the contraction
property is bvalid in the whole C([1,7]) . But this checking might be
necessary if the contraction property is valid only locally, not in thew
whole C([1,T]).

The following estimate leads to another bound for T: sup |K(w,t) —y(1)| <
te[1,T]

sup ‘flt sin(w(s))s?ds| < (T —1)T? < R.
]

te[1,T

Therefore the time interval must satisfy estimates (T'—1)7T? < 1 and
(T —1)T? < R to have convergence of Picard iterations in the ball
supse 7y |w(t) — y(0)| < R. Taking R = 1 we get an optimal estimate
(T —1)T? < 1 that is satisfied for example for T' = 1.4:

a =0.4(1.4)(1.4) = 0.784

Introduction to bifurcations.

Considering differential equations where the right hand side includes a

parameter:
o' = f(t,z, p)

20



we can observe qualitative changes in the phase portrait of the system at

certain values of the parameter p = .

Examples of bifurcations.

Pitchforc bifurcation
The equation

v = px — 2°

has one stable equilibrium point z = 0 for x4 < 0, that becomes unstable and
splits into two stable equilibrium points at © = 0.
f(l’) = —I—$3,/L<O

-10~

fx)=ao—23 >0

21
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Transcritical bifurcation.
The equation

t' = px — 2?

has two fixed points for ;1 # 0 which collide and exchange stability at p = 0.
fle)=x—2*u=1

-125 T

257

375/ T

—r—2* p=-1

()
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Saddle point bifurcation.
The equation

.TI:,U—FHTQ

has one stable and one unstable equilibrium point for u < 0 which collide at

i = 0 and vanish when p > 0.

Hopf bifurcation

One impressive example is the so called Hopf bifurcation where an as-
ymptotically stable equilibrium becomes unstable equilibrium surrounded by
a unique limit cycle, a periodic solution attracting sorrounding trajectories.

The theorem blow gives a possibility to show the existence of a unique
periodic solution surrounding an equilibrium that is a repeller.

Theorem on Hopf bifurcation. Let the system of differential equations

in plane:
y = fi(z, 22, 1)

37/2 = fo(wy, 22, 1)

have an equilibrium point in the origin for all real values of the parameter p.
Suppose that for the linearized system of equation around the origin eigen-

values are purely imaginary for p = . Suppose also that for real part part
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of eigenvalues Re(A1(1)) = Re(A2(i)) the condition

% {Re(/\1(,u))}|u:uo >0

and that the origin is asymptotically stable for p = p,.
Then

i) u = p is a bifurcation point for the system
ii) there is an interval (u;, f4) such that the origin is a stable spiral(focus)
iii) there is an interval (u, tt5) such that the origin is an unstable spi-

ral(focus), surrounded by a limit cycle (periodic orbit) with size increasing

with increasing of .

Example. Show that the following system undergoes Hopf bifurcation
at p = 0.

v = pxy — 2wy — 221 (23 + 23)?

Ty = 2m1 + pxy — wo(2? + 23)?
Linearized equations are the following;:

/
T, = Mxp— 239
/
Ty = 2T1 — [T

with matrix[ a ] with eigenvalues A\ o(p) = p£2i. Therefore Ay 2(0) =

!
+2¢ are purely imaginary.

Re A(p) = p. and %Re Alp) =1>0.
The system has a strong Lyapunov function V (zy, 15) = 22 +23 for u = 0.
Vi1, 2) = =2 (227 4 23) (2} + 23)* < 0, (z1, 22) # (0,0)

that makes the origin asymptotically stable for 4 = 0. Then according to
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the Hopf theorem the system undergoues a bifurcation at © = 0 and at some
small ¢ > 0 it has instable spiral in the origin, surrounded by a periodic
orbit. If it is difficult to find a strong Lyapunov function, one can apply
LaSalle’s invariance principle.

Exercise.

Show that the equation ="+ (2? — )2’ +2x+2* = 0 has a Hopf bifurcation
at p=0.

Bifurcations will not be at the exam!!!
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