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Linear processes

Definition
A stochastic process X is called a linear process if

Xt =
∑
j∈Z

ψjZt−j (1)

for all t ∈ Z, where Z ∼WN(0, σ2) and (ψj , j ∈ Z) is a sequence of
real numbers with

∑
j∈Z |ψj | < +∞.

With ψ(B) :=
∑

j∈Z ψjB
j we write (1) as Xt = ψ(B)Zt
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Existence and ACVF

Proposition

Let Y be a stationary time series with mean zero and ACVF γY and let
ψ(B) be the filter from before. Then the time series X defined by

Xt := ψ(B)Yt

for all t ∈ Z is stationary with mean zero and ACVF

γX(h) =
∑

j,k∈Z
ψjψkγY (h+ j − k)

for all h ∈ Z.

If Y = Z ∼WN(0, σ2) then

γX(h) =
∑
j∈Z

ψjψh+jσ
2

for all h ∈ Z.
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Existence and ACVF

Proof.

E(|Xt|) ≤
∑
j∈Z
|ψj |E(|Yt−j |) ≤

∑
j∈Z
|ψj |

 γY (0)1/2 < +∞.

E(Xt) = E(ψ(B)Yt) = E

∑
j∈Z

ψjYt−j



=
∑
j∈Z

ψj E(Yt−j) = 0,

4



Existence and ACVF

Proof.

E(|Xt|) ≤
∑
j∈Z
|ψj |E(|Yt−j |) ≤

∑
j∈Z
|ψj |

 γY (0)1/2 < +∞.

E(Xt) = E(ψ(B)Yt) = E

∑
j∈Z

ψjYt−j



=
∑
j∈Z

ψj E(Yt−j) = 0,

4



Existence and ACVF

Proof.

E(|Xt|) ≤
∑
j∈Z
|ψj |E(|Yt−j |) ≤

∑
j∈Z
|ψj |

 γY (0)1/2 < +∞.

E(Xt) = E(ψ(B)Yt) = E

∑
j∈Z

ψjYt−j



=
∑
j∈Z

ψj E(Yt−j) = 0,

4



Existence and ACVF

Proof.

E(|Xt|) ≤
∑
j∈Z
|ψj |E(|Yt−j |) ≤

∑
j∈Z
|ψj |

 γY (0)1/2 < +∞.

E(Xt) = E(ψ(B)Yt) = E

∑
j∈Z

ψjYt−j


=

∑
j∈Z

ψj E(Yt−j) = 0,

4



Existence and ACVF

Proof.

Cov(Xt, Xt+h) = E

 ∑
j,k∈Z

ψjYt−jψkYt+h−k


=

∑
j,k∈Z

ψjψk E(Yt−jYt+h−k)

=
∑

j,k∈Z
ψjψkγY ((t+ h− k)− (t− j))

=
∑

j,k∈Z
ψjψkγY (h+ j − k),
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