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Two algorithms for recursive forecasting

e In this lecture, let X" := (X;,...,X,) for all n € N.
e Idea: Use b}, ;(X™) to compute bl (X" 1)

o Let

. )0 forn =1,
T L(XmY) form > 1,
and
Un 1= MSE(Xn+17 X7z+1) = E((Xn,+1 - X7L+1)2)'
° Xn+1 =37 aniXnt1-; where a,; := a; in terms of the previous
notation



The Durbin—Levinson algorithm

e Requirement :I', = (y(i — j))7 ;= non-singular for every n
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The Durbin—Levinson algorithm

e Requirement :I', = (y(i — j))7 ;= non-singular for every n
<= ~(0) >0 and y(n) = 0asn — oo

Method (Durbin—Levinson algorithm)

Compute the coefficients a1, . .., a,, recursively from the equations
n—1
] —1
Apn ‘= <’Y(n) - Z a(n—l)i’Y(n - Z)) Up—15
i=1

Qn1 A(n—1)1 A(n—1)(n—1)
o= — Gpn )
An(n—1) A(n—1)(n—1) A(n—1)1
and

Up = 'Un—l(l - a?m)a

where a7 = v(1)/v(0) and vg := v(0).



Innovations

e Setting: X = (X;,t € Z) is a not necessarily stationary time series
with E(X;) =0, Var(X?) = E(X?) < o for all t € Z and
covariance function

COV(Xivxj) = E(XIX]) = K:(Zaj)
o Let
. J0 forn=1,
UL (XY form > 1,

and
Un 1= MSE(Xn+17Xn+1) = E((XnJrl - Xn+1)2)~



Innovations

Lemma

There exist unique coefficients (6;;, 1 < j < i < n) such that the best
linear predictors satisfy

. 0 forn =0,
Xn+1 — @ A
Zj:l enj(Xn-i-l—j - n+1—j) forn > 1.

Proof.



Innovations

Lemma

There exist unique coefficients (6;;, 1 < j < i < n) such that the best
linear predictors satisfy

. 0 forn =0,
Xn+1 = @ N
Zj:l an(XnH_j — Xn-l—l—j) forn > 1.

Proof.
Suffices to show:

n+1 Zan n+1— j) )

We know that

n+1 E an(nJrl —7)



Innovations

Lemma

There exist unique coefficients (6;;, 1 < j < i < n) such that the best
linear predictors satisfy

. 0 forn =0,
Xn+1 = @ A
>i=10nj(Xnp1-j — Xnp1-;) forn > 1.

Proof.

Assume
J+1 Zej(ﬁ-l l) X)

forall j=1,...,n — 1. We know that

n+1 § An(n+1—j)



Innovations

Lemma

There exist unique coefficients (6;;, 1 < j < i < n) such that the best
linear predictors satisfy

. 0 forn =0,
Xn+1 = @ A
>i=10nj(Xnp1-j — Xnp1-;) forn > 1.

Proof.

Assume
J+1 Zej(ﬁ-l l) X)

forall j=1,...,n— 1. We use that

Xn+1 Zan n+1— ])(X X +Zan(n+1 ])X
Jj=1 j=1 0



Innovations

Lemma

There exist unique coefficients (6;;, 1 < j < i < n) such that the best
linear predictors satisfy

. 0 forn =0,
Xn+1 = @ N
Zj:l an(XnH_j — Xn-l—l—j) forn > 1.

Proof.

Z?:l Un(n+1—3) X



Innovations

Lemma

There exist unique coefficients (6;;, 1 < j < i < n) such that the best
linear predictors satisfy

. 0 forn =0,
Xn+1 = @ N
Zj:l enj(Xn+1_j — Xn-l—l—j) forn > 1.

Proof.

Zan(n+1 ])X Z(Zan(n+l 3)9(] 1)(5— L))(X X)

j=1 i=1



Innovations

Lemma

There exist unique coefficients (6;;, 1 < j < i < n) such that the best
linear predictors satisfy

. 0 forn =0,
Xn+1 = @ N
Zj:l enj(Xn+1_j — Xn-l—l—j) forn > 1.

Proof.
Zan(n+1 ])X Z(Zan(n+l 3)9(] 1)(5— L))(X X)
j=1 i=1
= Z( Z an(n+1—j)9(j—1)(j—i))(Xi - X;)
i=1 j=i+1



Innovations

Lemma

There exist unique coefficients (6;;, 1 < j < i < n) such that the best
linear predictors satisfy

. 0 forn =0,
Xn+1 = @ N
Zj:l enj(Xn+1_j — Xn-l—l—j) forn > 1.

Proof.
Zan<n+1 »Xj= Z(Zanmﬂ »9G-1G- z))(X Xi)
j=1 i=1
= Z( Z an(n+1—j)9(j—1)(j—i))(Xi - X;)
i=1 j=it1



Innovations

Lemma

There exist unique coefficients (6;;, 1 < j < i < n) such that the best
linear predictors satisfy

. 0 forn =0,
Xn+1 = @ N
Zj:l an(XnH_j — Xn-l—l—j) forn > 1.

Proof.

n

XnJrl = Z(an(n+17j) + Z an(n+17i)9(i71)(ifj))<Xj — X;),

j=1 i=j+1



Innovations algorithm

Method (Innovations algorithm)

Compute the coefficients 6,1, . .., 0., recursively from the equations
vo = k(1,1)
and
k—1
Hn(n_k) = U;l H(TL + 1,k + 1) = Z Hk(k_j)ﬁn(n_j)vj
j=0

for 0 < k <n and

n—1
vp = k(n+1n+1)— z Gi(n_j)vj.
j=0

Solve for 6 and v in the order Vo, 911, V1, 022, 921, Va2, 933, 032, 931, V3,y...



Innovations algorithm
Proof.

A

E(Xn41(Xi41 — Xpt1))

=E (Z Onj(Xnt1—j — Xnt1-5)(Xit1 — Xit1)
=1

=D 0ni E(Xn41—j — Xnt1-5) (X1 — X))

Jj=1



Innovations algorithm

Proof.

]E(XnJrl(XkJrl - XkJrl)) = 97L(n—k)ukv



Innovations algorithm

Proof.

On(n—ry = V% " E(Xnt1(Xpt1 — Xis1))



Innovations algorithm

Proof.

On(n—k) = Vg E(Xni1(Xpt1 — Xk+1))

= vgl(E( Xnt1Xk41) Zam Xt1(Xpg1-i — Xpgp1- Z)))



Innovations algorithm

Proof.

971,(n—k) = U,Izl E(Xn+1(Xk+1 - XkJrl))

= vgl(E( Xnt1Xk41) Zam Xt1(Xpg1-i — Xpgp1- Z)))

= v+ (’f(” +1L,k+1) - Z gkien(n—(k—i))'kai)
=1



Innovations algorithm

Proof.

971,(n—k) = U,Izl E(Xn+1(Xk+1 - XkJrl))

= vgl(E( Xnt1Xk41) Zam Xt1(Xpg1-i — Xpgp1- Z)))

= v+ (’f(” +1L,k+1) - Z gkien(n—(k—i))'kai)
=1

k—1

= “1;1 (/{(n +1,k+ ]_) = Z Qk(k_j)Gn(n_j)vj)
=0



Innovations algorithm

Proof.

E(Xn+1Xn+1)
= E(XTZLH) +E((Xnt1 — Xnt1)Xnt1)



Innovations algorithm

Proof.

E(Xn+1Xn+1)

= E(X’I’2L+1) + E((Xn+1 - Xn+1)Xn+1)

= E(Xr21+1) + Z onj ]E((XnJrl - Xn#»l)(XnJrlfj - XnJrlfj))

Jj=1



Innovations algorithm

Proof.



