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Recall: Maximum likelihood estimation
Method (Maximum likelihood estimators)

The MLE of 02, ¢, and @ are determined from the expressions

and

Here

where X; and rj_jl are computed using the parameters ¢ and 6 and

0(¢,0) =In (n"'5(¢,0)) +n~" Zln Tj—1.
j=1



Recall: Innovations algorithm

N 0 forn =0,
Xn+1 - N

Z;‘L:1 enj(X’rH—l_j — X’rL+1—j) fOI’ n Z 1.

Method (Innovations algorithm)

Compute the coefficients 6,1, . .., 05, recursively from the equations
vo == k(1,1)
and
k—1
en(n—k) = Uk_l H(n + 17 k + 1) - Z ek(k—j)an(n—j)vj
j=0

for0 <k <n and

n—1

Up i =k(m+1n+1)— Z Gi(n_j)vj.
=0



Innovations algorithm for the transformation W

Idea: Apply algorithm to W = (W, ¢ € N), where, with m = max{p, ¢},

U_lXt t:L...,m,
t =
o to(B)X; t>m.
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Innovations algorithm for the transformation W

Idea: Apply algorithm to W = (W, ¢ € N), where, with m = max{p, ¢},

O'_lXt t:l,...,m,
t =
o to(B)X; t>m.

The values (7, j) = E(W;W;) are given by

o 2yx (i~ j) max(3,7) < m,
N Lo (vx(i=3) = 30, éryx(r —li—3l)) min{i,j} <m < max{i,j} < 2m,

23:0 gre'ﬁL‘i*j‘ min{iv ]} >m,

0 otherwise.

W {Z?_l OnjWhp1—j —Whi1—5) 1<n<m,
n+1 — ~
q
Zj:l enj(anLlfj - n+17j) n > m,
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Forecasting X using W

Compute forecasts for the (causal) ARMA (p, q) process
¢(B) Xy = 0(B)Z,.

Note that
Wit = bln—o—l(Wn)

with W™ = (Wi, ..., Wy).
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Forecasting X using W

Compute forecasts for the (causal) ARMA (p, q) process
o(B)X, = 0(B)Z.
Note that
Wiy = bln—o—l(Wn)
with W™ = (Wi, ..., Wy).
X o X, t=1,...,m,

W, = .
o (K- X 65X ,) t>m

Wt —Wt :O'_l(Xt —Xt) for t > 1

X {Z;’L_l enj(Xanj - antlfj) 1<n<m,
n+1l — .
> 95X+ 20 00 (X1 — Xnp1—j) n>m,

MSE(X 41, Xpi1) = 02 MSE(W 41, Wi1) = 020y,



Forecasting for h > 1

bl,.,(W") is obtained by dropping the first & — 1 terms of
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bl,.,(W") is obtained by dropping the first & — 1 terms of
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1 +h— 1
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Why?
n+h—1
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j=h
h—1
=E Wiih = Wain + Z Onrn—1)j Woyn—j — nth—j) | Wi
j=1

=E ((Wn+h —Watn Wk) + Z Ontrn—1); ( nth—j — n+h—j)Wk)

Therefore
n+h—1

n —2 %
Dron (W) = Z O(n+h—1)j(Xn+h—j — Xntn—j).



Forecasting for 1 > 1

From
2 o X, t=1,...,m,

T - ( X, — > ?; ) t >
Xe =D =1 i Xt— m
one obtains

b (Xn) _ {Z?Jrh 9(n+h 1)j (Xn+h i XnJrh,j)
nth o n n+h— ~
Gibl, o (X™) + > et Ontn—1); (Xntn—j — Xnsn—y)
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Forecasting for h > 1

From
N U_lXt t=1,...,m

We=9 "1/ p
(Xt Iy ¢th—j) t>m
one obtains
bn+h(Xn) - {Z;Hh 9("+h o N h X”Jrh*j) N
Gibl, o (X™) + th ! Ontn—1); (Xntn—j — Xnsn—y)
When n > m := max{p, ¢}, then for all h > 1

71+h Xn Z d)l n—+h— 1 n) + Ze(7b+}L—1)j(Xn+h—j - Xn+h—j)-

. 2
h—1 J
MSE( nJrh(Xn) XnJrh) = Z (Z Xre(n+hr1)(j7‘)> Un+h—j—1,
7=0 \r=0
The coefficients (x;,7 =0,1,...) are computed recursively by xo := 1
and x; = el g i



Prediction bounds

If the ARMA (p, q) process is Gaussian then for each h > 1,

b (X7) = Xoin ~ N (0, MSE(, ,(X™), X11))

Allows for the computation of confidence intervals < prediction
!
bounds of b}, (X™)

If X is not necessarily Gaussian but invertible, then

E(X;— X, — Z)%) =0

ast — oo

e — a confidence interval for Z, is an approximate prediction
bound for X;



