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Recall: Maximum likelihood estimation

Method (Maximum likelihood estimators)

The MLE of σ2, φ, and θ are determined from the expressions

σ̂2 = n−1S(φ̂, θ̂),

and
(φ̂, θ̂) = arg min

(φ,θ)
`(φ, θ).

Here

S(φ, θ) =
n∑
j=1

r−1
j−1(Xj − X̂j)2,

where X̂j and r−1
j−1 are computed using the parameters φ and θ and

`(φ, θ) = ln
(
n−1S(φ, θ)

)
+ n−1

n∑
j=1

ln rj−1.
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Recall: Innovations algorithm

X̂n+1 =
{

0 for n = 0,∑n
j=1 θnj(Xn+1−j − X̂n+1−j) for n ≥ 1.

Method (Innovations algorithm)

Compute the coefficients θn1, . . . , θnn recursively from the equations

v0 := κ(1, 1)

and

θn(n−k) := v−1
k

κ(n+ 1, k + 1)−
k−1∑
j=0

θk(k−j)θn(n−j)vj


for 0 ≤ k < n and

vn := κ(n+ 1, n+ 1)−
n−1∑
j=0

θ2
n(n−j)vj .
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Innovations algorithm for the transformation W

Idea: Apply algorithm to W = (Wt, t ∈ N), where, with m = max{p, q},

Wt :=
{
σ−1Xt t = 1, . . . ,m,
σ−1φ(B)Xt t > m.

The values κ(i, j) = E(WiWj) are given by

κ(i, j) =


σ−2γX(i− j) max(i, j) ≤ m,
σ−2

(
γX(i− j)−

∑p

r=1 φrγX(r − |i− j|)
)

min{i, j} ≤ m < max{i, j} ≤ 2m,∑q

r=0 θrθr+|i−j| min{i, j} > m,

0 otherwise.

Ŵn+1 =
{∑n

j=1 θnj(Wn+1−j − Ŵn+1−j) 1 ≤ n < m,∑q
j=1 θnj(Wn+1−j − Ŵn+1−j) n ≥ m,
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Ŵn+1 =
{∑n
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Forecasting X using W

Compute forecasts for the (causal) ARMA(p, q) process

φ(B)Xt = θ(B)Zt.

Note that
Ŵn+1 = bln+1(Wn)

with Wn := (W1, . . . ,Wn).

Ŵt =

σ−1X̂t t = 1, . . . ,m,
σ−1

(
X̂t −

∑p
j=1 φjXt−j

)
t > m

Ŵt −Wt = σ−1(X̂t −Xt) for t ≥ 1

X̂n+1 =
{∑n

j=1 θnj(Xn+1−j − X̂n+1−j) 1 ≤ n < m,∑p
j=1 φjXn+1−j +

∑q
j=1 θnj(Xn+1−j − X̂n+1−j) n ≥ m,

MSE(X̂n+1, Xn+1) = σ2 MSE(Ŵn+1,Wn+1) = σ2vn,
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Forecasting for h > 1

bln+h(Wn) is obtained by dropping the first h− 1 terms of

Ŵn+h = bln+h(Wn+h−1) =
n+h−1∑
j=1

θ(n+h−1)j(Wn+h−j − Ŵn+h−j).

Why?

E

Wn+h −
n+h−1∑
j=h

θ(n+h−1)j(Wn+h−j − Ŵn+h−j)

Wk


= E

Wn+h − Ŵn+h +
h−1∑
j=1

θ(n+h−1)j(Wn+h−j − Ŵn+h−j)

Wk


= E

(
(Wn+h − Ŵn+h)Wk

)
+
h−1∑
j=1

θ(n+h−1)j E
(

(Wn+h−j − Ŵn+h−j)Wk

)
Therefore

bln+h(Wn) = σ−2
n+h−1∑
j=h

θ(n+h−1)j(Xn+h−j − X̂n+h−j).
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Why?

E

Wn+h −
n+h−1∑
j=h

θ(n+h−1)j(Wn+h−j − Ŵn+h−j)
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)
+
h−1∑
j=1

θ(n+h−1)j E
(

(Wn+h−j − Ŵn+h−j)Wk
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Forecasting for h > 1

From

Ŵt =

σ−1X̂t t = 1, . . . ,m,
σ−1

(
X̂t −

∑p
j=1 φjXt−j

)
t > m

one obtains

bln+h(Xn) =
{∑n+h−1

j=h θ(n+h−1)j(Xn+h−j − X̂n+h−j) 1 ≤ h ≤ m− n,∑p
i=1 φib

l
n+h−i(Xn) +

∑n+h−1
j=h θ(n+h−1)j(Xn+h−j − X̂n+h−j) h > m− n.

When n > m := max{p, q}, then for all h ≥ 1

bln+h(Xn) =
p∑
i=1

φi b
l
n+h−i(Xn) +

q−1∑
j=h

θ(n+h−1)j(Xn+h−j − X̂n+h−j).

MSE(bln+h(Xn), Xn+h) =
h−1∑
j=0

(
j∑
r=0

χrθ(n+h−r−1)(j−r)

)2

vn+h−j−1,

The coefficients (χj , j = 0, 1, . . .) are computed recursively by χ0 := 1
and χj =

∑min{p,j}
k=1 φkχj−k.
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Ŵt =

σ−1X̂t t = 1, . . . ,m,
σ−1

(
X̂t −

∑p
j=1 φjXt−j

)
t > m

one obtains

bln+h(Xn) =
{∑n+h−1

j=h θ(n+h−1)j(Xn+h−j − X̂n+h−j) 1 ≤ h ≤ m− n,∑p
i=1 φib

l
n+h−i(Xn) +

∑n+h−1
j=h θ(n+h−1)j(Xn+h−j − X̂n+h−j) h > m− n.

When n > m := max{p, q}, then for all h ≥ 1

bln+h(Xn) =
p∑
i=1

φi b
l
n+h−i(Xn) +

q−1∑
j=h

θ(n+h−1)j(Xn+h−j − X̂n+h−j).

MSE(bln+h(Xn), Xn+h) =
h−1∑
j=0

(
j∑
r=0

χrθ(n+h−r−1)(j−r)

)2

vn+h−j−1,

The coefficients (χj , j = 0, 1, . . .) are computed recursively by χ0 := 1
and χj =

∑min{p,j}
k=1 φkχj−k.

7



Forecasting for h > 1

From
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Prediction bounds

• If the ARMA(p, q) process is Gaussian then for each h ≥ 1,

bln+h(Xn)−Xn+h ∼ N
(
0,MSE(bln+h(Xn), Xn+h)

)
• Allows for the computation of confidence intervals ← prediction

bounds of bln+h(Xn)
• If X is not necessarily Gaussian but invertible, then

E((Xt − X̂t − Zt)2)→ 0

as t→∞
• =⇒ a confidence interval for Zt is an approximate prediction

bound for X̂t
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