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'ĶĴłĿĲ Ɖ�Ɖ� &YBNQMF EFDJTJPO USFF PS ĘPXDIBSU GPS TFMFDUJOH BO BQQSPQSJ�
BUF TUBUJTUJDBM QSPDFEVSF� #FHJOOJOH BU UIF UPQ UIF VTFS BOTXFST B TFSJFT PG
RVFTUJPOT BCPVU NFBTVSFNFOU BOE JOUFOU BSSJWJOH FWFOUVBMMZ BU UIF OBNF
PG B QSPDFEVSF� .BOZ TVDI EFDJTJPO USFFT BSF QPTTJCMF�

4PNFUJNFT UIFJS VOZJFMEJOH MPHJD SFWFBMT JNQMJDBUJPOT QSFWJPVTMZ IJEEFO UP UIFJS EFTJHO�
FST� ćFTF JNQMJDBUJPOT DBO CF QSJDFMFTT EJTDPWFSJFT� 0S UIFZ NBZ QSPEVDF TJMMZ BOE EBOHFS�
PVT CFIBWJPS� 3BUIFS UIBO JEFBMJ[FE BOHFMT PG SFBTPO TDJFOUJĕD NPEFMT BSF QPXFSGVM DMBZ
SPCPUT XJUIPVU JOUFOU PG UIFJS PXO CVNCMJOH BMPOH BDDPSEJOH UP UIF NZPQJD JOTUSVDUJPOT
UIFZ FNCPEZ� -JLF XJUI 3BCCJ +VEBI�T HPMFN UIF HPMFNT PG TDJFODF BSF XJTFMZ SFHBSEFE XJUI
CPUI BXF BOE BQQSFIFOTJPO� 8F BCTPMVUFMZ IBWF UP VTF UIFN CVU EPJOH TP BMXBZT FOUBJMT
TPNF SJTL�

ćFSF BSF NBOZ LJOET PG TUBUJTUJDBM NPEFMT� 8IFOFWFS TPNFPOF EFQMPZT FWFO B TJNQMF
TUBUJTUJDBM QSPDFEVSF MJLF B DMBTTJDBM U�UFTU TIF JT EFQMPZJOH B TNBMM HPMFN UIBU XJMM PCFEJFOUMZ
DBSSZ PVU BO FYBDU DBMDVMBUJPO QFSGPSNJOH JU UIF TBNF XBZ 	OFBSMZ�
 FWFSZ UJNF XJUIPVU
DPNQMBJOU� /FBSMZ FWFSZ CSBODI PG TDJFODF SFMJFT VQPO UIF TFOTFT PG TUBUJTUJDBM HPMFNT� *O
NBOZ DBTFT JU JT OP MPOHFS QPTTJCMF UP FWFONFBTVSF B QIFOPNFOB PG JOUFSFTU XJUIPVUNBLJOH
VTF PG B NPEFM� 5P NFBTVSF UIF TUSFOHUI PG OBUVSBM TFMFDUJPO PS UIF TQFFE PG B OFVUSJOP PS
UIF OVNCFS PG TQFDJFT JO UIF "NB[PO XF NVTU VTF NPEFMT� ćF HPMFN JT B QSPTUIFTJT EPJOH
UIF NFBTVSJOH GPS VT QFSGPSNJOH JNQSFTTJWF DBMDVMBUJPOT ĕOEJOH QBUUFSOT XIFSF OPOF BSF
PCWJPVT�

)PXFWFS UIFSF JT OP XJTEPN JO UIF HPMFN� *U EPFTO�U EJTDFSO XIFO UIF DPOUFYU JT JOBQ�
QSPQSJBUF GPS JUT BOTXFST� *U KVTU LOPXT JUT PXO QSPDFEVSF OPUIJOH FMTF� *U KVTU EPFT BT JU�T UPME�



!e Golems of Science

Golem
• Made of clay
• Animated by “truth”
• Powerful
• Blind to creator’s intent
• Easy to misuse
• Fictional

Model
• Made of...silicon?
• Animated by “truth”
• Hopefully powerful
• Blind to creator’s intent
• Easy to misuse
• Not even false



Against Tests

• Specialized, pre-made golems, 
“procedures”

• Most developed in early 20th 
century, fragile, eclipsed by 
more recent tools

• Users don’t know they are 
using models (golems)

• Falsifying null model not 
su!cient

• Inference is not decision
O, that way madness lies



Golem Engineering

• Need a framework for developing 
and vetting statistical golems

• Several options
• We’ll use this one

• Bayesian data analysis
• Multilevel modeling
• Model comparison

From Breath of Bones: A Tale of the Golem



Bayesian data analysis

• Use probability to describe uncertainty
• Extends ordinary logic (true/false) to 

continuous plausibility
• Computationally di!cult

• Markov chain Monte Carlo (MCMC) to 
the rescue

• Used to be controversial
• Ronald Fisher: Bayesian analysis “must be 

wholly rejected.”

Pierre-Simon Laplace (1749–1827)

Sir Harold Je"reys (1891–1989) 
with Bertha Swirles, aka Lady 

Je"reys (1903–1999)



Multilevel models

• Models with multiple levels of 
uncertainty

• Replace parameters with models
• Common uses

• Repeat & imbalanced sampling
• Study variation
• Avoid averaging
• Phylogenetics, factor and path 

analysis, networks, spatial models
• Natural Bayesian strategy



Model comparison

• Instead of falsifying a null 
model, compare meaningful 
models

• Basic problems
• Over#tting
• Causal inference

• Ockham’s razor is silly
• Information theory less silly

• AIC, WAIC, cross-validation
• Must distinguish prediction 

from inference



Bayesian data analysis

Count all the ways data can happen, 
according to assumptions.

Assumptions with more ways that 
are consistent with data are more 
plausible.



Garden of Forking Data

• $e future:
• Full of branching paths
• Each choice closes some

• $e data:
• Many possible events
• Each observation eliminates some



Building a model

• How to use probability to do typical statistical 
modeling?

1. Design the model (data story)

2. Condition on the data (update)

3. Evaluate the model (critique)



Nine tosses of the globe:

W L W W W L W L W



Design > Condition > Evaluate

• Data story motivates the model
• How do the data arise?

• For W L W W W L W L W:
• Some true proportion of water, p
• Toss globe, probability p of observing W, 1–p of L
• Each toss therefore independent of other tosses

• Translate data story into probability statements



Design > Condition > Evaluate

• Bayesian updating de!nes optimal learning in small 
world, converts prior into posterior

• Give your golem an information state, before the data: 
Here, an initial con!dence in each possible value of p 
between zero and one

• Condition on data to update information state: New 
con!dence in each value of p, conditional on data



Design > Condition > Evaluate

• Data order irrelevant, because 
golem assumes order irrelevant

• All-at-once, one-at-a-time, 
shu"ed order all give same 
posterior

• Every posterior is a prior for 
next observation

• Every prior is posterior of 
some other inference

• Sample size automatically 
embodied in posterior
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'ĶĴłĿĲ Ɗ�ƍ� )PX B #BZFTJBO NPEFM MFBSOT� &BDI UPTT PG UIF HMPCF QSPEVDFT
BO PCTFSWBUJPO PG XBUFS 	8
 PS MBOE 	-
� ćF NPEFM�T FTUJNBUF PG UIF QSP�
QPSUJPO PG XBUFS PO UIF HMPCF JT B QMBVTJCJMJUZ GPS FWFSZ QPTTJCMF WBMVF� ćF
MJOFT BOE DVSWFT JO UIJT ĕHVSF BSF UIFTF DPMMFDUJPOT PG QMBVTJCJMJUJFT� *O FBDI
QMPU B QSFWJPVT QMBVTJCJMJUJFT 	EBTIFE DVSWF
 BSF VQEBUFE JO MJHIU PG UIF MBUFTU
PCTFSWBUJPO UP QSPEVDF B OFX TFU PG QMBVTJCJMJUJFT 	TPMJE DVSWF
�

MJOF� ćF QMBVTJCJMJUZ PG Q = � IBT OPX GBMMFO UP FYBDUMZ [FSP�UIF FRVJWBMFOU PG iJNQPTTJ�
CMF�w 8IZ #FDBVTF XF PCTFSWFE BU MFBTU POF TQFDL PG XBUFS PO UIF HMPCF TP OPX XF LOPX
UIFSF JT TPNF XBUFS� ćF NPEFM FYFDVUFT UIJT MPHJD BVUPNBUJDBMMZ� :PV EPO�U IBWF JU JOTUSVDU
JU UP BDDPVOU GPS UIJT DPOTFRVFODF� 1SPCBCJMJUZ UIFPSZ UBLFT DBSF PG JU GPS ZPV CFDBVTF JU JT
FTTFOUJBMMZ KVTU DPVOUJOH QBUIT UISPVHI UIF HBSEFO PG GPSLJOH EBUB BT JO UIF QSFWJPVT TFDUJPO�



Design > Condition > Evaluate

• Bayesian inference: Logical answer to 
a question in the form of a model

“How plausible is each proportion of 
water, given these data?”

• Golem must be supervised
• Did the golem malfunction?
• Does the golem’s answer make sense?
• Does the question make sense?
• Check sensitivity of answer to changes in 

assumptions



De!nition of W

• Relative number of ways to see W, given N and p?
• Goal: Mathematical function to answer this 

question.
• #e answer is a probability distribution.



Prior probability p

• What the golem believes before 
the data arrive

• In this case, equal prior 
probability 0–1

• Pr(W) & Pr(p) de!ne prior 
predictive distribution

• More on this later – it helps us 
build priors that make sense
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'ĶĴłĿĲ Ɗ�Ɖ� )PX B #BZFTJBONPEFM MFBSOT� &BDI UPTT PG UIF HMPCF
QSPEVDFT BO PCTFSWBUJPO PG XBUFS 	8
 PS MBOE 	-
� ćF NPEFM FT�
UJNBUFT UIF QSPCBCJMJUZ PG PCTFSWJOH XBUFS LFFQJOH USBDL PG UIF
SFMBUJWF DPOĕEFODF JO FWFSZ QPTTJCMF WBMVF PG UIF QSPCBCJMJUZ� *O
FBDI QMPU B QSFWJPVT FTUJNBUF 	EBTIFE DVSWF
 JT VQEBUFE JO MJHIU
PG UIF MBUFTU PCTFSWBUJPO UP QSPEVDF B OFX FTUJNBUF 	TPMJE DVSWF
�

QBSBNFUFS WBMVFT DPOTJTUFOU XJUI UIF EBUB TISJOLT BT UIF TBNQMF TJ[F JODSFBTFT� "T
B SFTVMU UIF TBNQMF TJ[F JT BVUPNBUJDBMMZ TUPSFE JOTJEF UIF DPOĕEFODF DVSWF� 4P
BT FBDI OFX PCTFSWBUJPO JT BEEFE UIF DVSWF DBO CF VQEBUFE DPOTJTUFOU XJUI BMM
QSFWJPVT PCTFSWBUJPOT�

/PUJDF UIBU FWFSZ VQEBUFE FTUJNBUF CFDPNFT UIF JOJUJBM FTUJNBUF GPS UIF OFYU
PCTFSWBUJPO� &WFSZ QPTUFSJPS JT B QSJPS GPS GVUVSF EBUB� )PXFWFS UIJT VQEBUJOH
QSPDFTT XPSLT CBDLXBSET BT XFMM BT GPSXBSET� (JWFO UIF ĕOBM FTUJNBUF JO UIF

prior
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Prior literature

• Huge literature on choice of prior
• Flat prior conventional & bad

• Always know something (before 
data) that can improve inference

• Are zero and one plausible values for 
p? Is p < 0.5 as plausible as p > 0.5?

• #ere is no “true” prior
• Just need to do better than $at

• All above equally true of 
likelihood

Late Cretaceous (90Mya)



"e Joint Model

(
σα ρσα
ρσβ σβ

)

(
σ�
α ρσασβ

ρσασβ σ�
β

)

8 ∼ #JOPNJBM(/, Q)
Q ∼ 6OJGPSN(�, �)

�
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'ĶĴłĿĲ Ɗ�Ɗ� ćF QPTUFSJPS EJTUSJCVUJPO BT B QSPEVDU PG UIF QSJPS
EJTUSJCVUJPO BOE MJLFMJIPPE� 5PQ SPX� " ĘBU QSJPS DPOTUSVDUT B
QPTUFSJPS UIBU JT TJNQMZ QSPQPSUJPOBM UP UIF MJLFMJIPPE� .JEEMF
SPX� " TUFQ QSJPS BTTJHOJOH [FSP QSPCBCJMJUZ UP BMM WBMVFT MFTT UIBO
��� SFTVMUJOH JO B USVODBUFE QPTUFSJPS� #PUUPN SPX� " QFBLFE
QSJPS UIBU TIJęT BOE TLFXT UIF QPTUFSJPS SFMBUJWF UP UIF MJLFMJIPPE�

)PXFWFS LOPXJOH UIF NBUIFNBUJDBM SVMF JT PęFO PG MJUUMF IFMQ CFDBVTF NBOZ
PG UIF JOUFSFTUJOH NPEFMT JO DPOUFNQPSBSZ TDJFODF DBOOPU CF DPOEJUJPOFE GPS�
NBMMZ OP NBUUFS ZPVS TLJMM JO NBUIFNBUJDT� "OE XIJMF TPNF CSPBEMZ VTFGVM NPE�
FMT MJLF MJOFBS SFHSFTTJPO DBO CF DPOEJUJPOFE GPSNBMMZ UIJT JT POMZ QPTTJCMF JG ZPV
DPOTUSBJO ZPVS DIPJDF PG QSJPS UP TQFDJBM GPSNT XJUI OJDF NBUIFNBUJDBM QSPQFS�
UJFT� 8F�E MJLF UP BWPJE GPSDFE NPEFMJOH DIPJDFT PG UIJT LJOE JOTUFBE GBWPSJOH
DPOEJUJPOJOH FOHJOFT UIBU DBO BDDPNNPEBUF XIJDIFWFS QSJPS JT NPTU VTFGVM GPS
JOGFSFODF�



Computing the posterior

1. Analytical approach (o%en impossible)
2. Grid approximation (very intensive)
3. Quadratic approximation (limited)
4. Markov chain Monte Carlo (intensive)



Sampling from the posterior

• Incredibly useful to sample randomly from the 
posterior

• Visualize uncertainty
• Compute con!dence intervals
• Simulate observations

• MCMC produces only samples
• Above all, easier to think with samples
• Transforms a hard calculus problem into an easy 

data summary problem



Sampling from the posterior

• Recipe:

1. Compute or approximate posterior

2. Sample with replacement from posterior

3. Compute stu& from samples



Sample from posterior
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4P BCPVU ��� PG UIF QPTUFSJPS QSPCBCJMJUZ JT CFMPX ���� $PVMEO�U CF FBTJFS� #VU TJODF HSJE BQ�
QSPYJNBUJPO JTO�U QSBDUJDBM JO HFOFSBM JU XPO�U BMXBZT CF TP FBTZ� 0ODF UIFSF JT NPSF UIBO POF
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FWFO UIJT TJNQMF TVN JT OP MPOHFS WFSZ TJNQMF�

4P MFU�T TFF IPX UP QFSGPSN UIF TBNF DBMDVMBUJPO VTJOH TBNQMFT GSPN UIF QPTUFSJPS� ćJT
BQQSPBDI EPFT HFOFSBMJ[F UP DPNQMFY NPEFMT XJUI NBOZ QBSBNFUFST BOE TP ZPV DBO VTF



Compute stu#

• Summary tasks
• How much posterior probability below/above/between 

speci!ed parameter values?
• Which parameter values contain 50%/80%/95% of 

posterior probability? “Con!dence” intervals
• Which parameter value maximizes posterior probability? 

Minimizes posterior loss? Point estimates
• You decide the question



Talking about intervals

• “Con!dence interval”
• A non-Bayesian term that doesn’t 

even mean what it says
• “Credible interval”

• #e values are not “credible” unless 
you trust the model & data

• How about: Compatibility interval
• Interval contains values compatible 

with model and data as provided
• Small World interval

https://xkcd.com/2048/



Predictive checks

• Something like a signi!cance test, but not
• No universally best way to evaluate 

adequacy of model-based predictions
• No way to justify always using a 

threshold like 5%
• Good predictive checks always depend 

upon purpose and imagination

“It would be very nice to 
have a formal apparatus that 
gives us some ‘optimal’ way 
of recognizing unusual 
phenomena and inventing 
new classes of hypotheses 
[...]; but this remains an art 
for the creative human 
mind.” 
—E.T. Jaynes (1922–1998)


