
Why normal?
• Ontological perspective

• Processes which add !uctuations result 
in dampening

• Damped !uctuations end up Gaussian
• No information le", except mean and 

variance
• Can’t infer process from distribution!

• Epistemological perspective
• Know only mean and variance
• #en least surprising and most 

conservative (maximum entropy) 
distribution is Gaussian

• Nature likes maximum entropy 
distributions



Language for modeling
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���� " MBOHVBHF GPS EFTDSJCJOH NPEFMT
ćJT CPPL BEPQUT B TUBOEBSE MBOHVBHF GPS EFTDSJCJOH BOE DPEJOH TUBUJTUJDBM NPEFMT� :PV

ĕOE UIJT MBOHVBHF JO NBOZ TUBUJTUJDBM UFYUT BOE JO OFBSMZ BMM TUBUJTUJDBM KPVSOBMT
 BT JU JT HFOFSBM
UP CPUI #BZFTJBO BOE OPO�#BZFTJBONPEFMJOH� 4DJFOUJTUT JODSFBTJOHMZ VTF UIJT TBNF MBOHVBHF
UP EFTDSJCF UIFJS TUBUJTUJDBM NFUIPET
 BT XFMM� 4P MFBSOJOH UIJT MBOHVBHF JT BO JOWFTUNFOU
 OP
NBUUFS XIFSF ZPV BSF IFBEFE OFYU�

)FSF�T UIF BQQSPBDI
 JO BCTUSBDU� ćFSF XJMM CF NBOZ FYBNQMFT MBUFS
 CVU JU JT JNQPSUBOU
UP HFU UIF HFOFSBM SFDJQF CFGPSF TFFJOH UIFTF�

	�
 'JSTU
 XF SFDPHOJ[F B TFU PG WBSJBCMFT UIBU XF XJTI UP VOEFSTUBOE� 4PNF PG UIFTF
WBSJBCMFT BSF PCTFSWBCMF� 8F DBMM UIFTF EBUB� 0UIFST BSF VOPCTFSWBCMF UIJOHT MJLF
SBUFT BOE BWFSBHFT� 8F DBMM UIFTF QBSBNFUFST�

	�
 'PS FBDI WBSJBCMF
 XF EFĕOF JU FJUIFS JO UFSNT PG UIF PUIFS WBSJBCMFT PS JO UFSNT PG
B QSPCBCJMJUZ EJTUSJCVUJPO� ćFTF EFĕOJUJPOT NBLF JU QPTTJCMF UP MFBSO BCPVU BTTPDJ�
BUJPOT CFUXFFO WBSJBCMFT�

	�
 ćF DPNCJOBUJPO PG WBSJBCMFT BOE UIFJS QSPCBCJMJUZ EJTUSJCVUJPOT EFĕOFT B KPJOU HFO�
FSBUJWF NPEFM UIBU DBO CF VTFE CPUI UP TJNVMBUF IZQPUIFUJDBM PCTFSWBUJPOT BT XFMM
BT BOBMZ[F SFBM POFT�

ćJT PVUMJOF BQQMJFT UP NPEFMT JO FWFSZ ĕFME
 GSPN BTUSPOPNZ UP BSU IJTUPSZ� ćF CJHHFTU
EJďDVMUZ VTVBMMZ MJFT JO UIF TVCKFDU NBUUFS�XIJDI WBSJBCMFT NBUUFS BOE IPX EPFT UIFPSZ UFMM
VT UP DPOOFDU UIFN �OPU JO UIF NBUIFNBUJDT�

"ęFS BMM UIFTF EFDJTJPOT BSF NBEF�BOE NPTU PG UIFN XJMM DPNF UP TFFN BVUPNBUJD UP
ZPV CFGPSF MPOH�XF TVNNBSJ[F UIF NPEFM XJUI TPNFUIJOH NBUIZ MJLF�

ZJ ∼ /PSNBM(µJ,σ)

µJ = βYJ

β ∼ /PSNBM(�, ��)
σ ∼ &YQPOFOUJBM(�)
YJ ∼ /PSNBM(�, �)

*G UIBU EPFTO�UNBLFNVDI TFOTF
 HPPE� ćBU JOEJDBUFT UIBU ZPV BSF IPMEJOH UIF SJHIU UFYUCPPL

TJODF UIJT CPPL UFBDIFT ZPV IPX UP SFBE BOE XSJUF UIFTF NBUIFNBUJDBM NPEFM EFTDSJQUJPOT�
8F XPO�U EP BOZ NBUIFNBUJDBM NBOJQVMBUJPO PG UIFN� *OTUFBE
 UIFZ QSPWJEF BO VOBNCJHV�
PVT XBZ UP EFĕOF BOE DPNNVOJDBUF PVS NPEFMT� 0ODF ZPV HFU DPNGPSUBCMF XJUI UIFJS HSBN�
NBS
 XIFO ZPV TUBSU SFBEJOH UIFTF NBUIFNBUJDBM EFTDSJQUJPOT JO PUIFS CPPLT PS JO TDJFOUJĕD
KPVSOBMT
 ZPV�MM ĕOE UIFN MFTT PCUVTF�

ćF BQQSPBDI BCPWF TVSFMZ JTO�U UIF POMZ XBZ UP EFTDSJCF TUBUJTUJDBM NPEFMJOH
 CVU JU JT B
XJEFTQSFBE BOE QSPEVDUJWF MBOHVBHF� 0ODF B TDJFOUJTU MFBSOT UIJT MBOHVBHF
 JU CFDPNFT FBTJFS
UP DPNNVOJDBUF UIF BTTVNQUJPOT PG PVS NPEFMT� 8F OP MPOHFS IBWF UP SFNFNCFS TFFNJOHMZ
BSCJUSBSZ MJTUT PG CJ[BSSF DPOEJUJPOT MJLF IPNPTDFEBTUJDJUZ 	DPOTUBOU WBSJBODF

 CFDBVTF XF DBO
KVTU SFBE UIFTF DPOEJUJPOT GSPN UIFNPEFM EFĕOJUJPOT� 8FXJMM BMTP CF BCMF UP TFF OBUVSBM XBZT
UP DIBOHF UIFTF BTTVNQUJPOT
 JOTUFBE PG GFFMJOH USBQQFEXJUIJO TPNF QSPDSVTUFBONPEFM UZQF

MJLF SFHSFTTJPO PS NVMUJQMF SFHSFTTJPO PS "/07" PS "/$07" PS TVDI� ćFTF BSF BMM UIF
TBNF LJOE PG NPEFM
 BOE UIBU GBDU CFDPNFT PCWJPVT PODF XF LOPX IPX UP UBML BCPVU NPEFMT
BT NBQQJOHT PG POF TFU PG WBSJBCMFT UISPVHI B QSPCBCJMJUZ EJTUSJCVUJPO POUP BOPUIFS TFU PG
WBSJBCMFT� 'VOEBNFOUBMMZ
 UIFTF NPEFMT EFĕOF UIF XBZT WBMVFT PG TPNF WBSJBCMFT DBO BSJTF

HJWFO WBMVFT PG PUIFS WBSJBCMFT 	$IBQUFS �
�

Give them de$nitions:



Some data: Kalahari foragers
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EFTDSJCJOH UIF EJTUSJCVUJPO�T TIBQF
 UIF NFBO µ BOE UIF TUBOEBSE EFWJBUJPO σ� #BZFTJBO VQ�
EBUJOH XJMM BMMPX VT UP DPOTJEFS FWFSZ QPTTJCMF DPNCJOBUJPO PG WBMVFT GPSµ BOE σ BOE UP TDPSF
FBDI DPNCJOBUJPO CZ JUT SFMBUJWF QMBVTJCJMJUZ
 JO MJHIU PG UIF EBUB� ćFTF SFMBUJWF QMBVTJCJMJUJFT
BSF UIF QPTUFSJPS QSPCBCJMJUJFT PG FBDI DPNCJOBUJPO PG WBMVFT µ,σ�

"OPUIFS XBZ UP TBZ UIF BCPWF JT UIJT� ćFSF BSF BO JOĕOJUF OVNCFS PG QPTTJCMF (BVTTJBO
EJTUSJCVUJPOT� 4PNF IBWF TNBMM NFBOT� 0UIFST IBWF MBSHFNFBOT� 4PNF BSF XJEF
 XJUI B MBSHF
σ� 0UIFST BSF OBSSPX� 8FXBOU PVS #BZFTJBONBDIJOF UP DPOTJEFS FWFSZ QPTTJCMF EJTUSJCVUJPO

FBDI EFĕOFE CZ B DPNCJOBUJPO PG µ BOE σ
 BOE SBOL UIFN CZ QPTUFSJPS QMBVTJCJMJUZ� 1PTUFSJPS
QMBVTJCJMJUZ QSPWJEFT B NFBTVSF PG UIF MPHJDBM DPNQBUJCJMJUZ PG FBDI QPTTJCMF EJTUSJCVUJPO XJUI
UIF EBUB BOE NPEFM�

*O QSBDUJDF XF�MM VTF BQQSPYJNBUJPOT UP UIF GPSNBM BOBMZTJT� 4P XF XPO�U SFBMMZ DPOTJEFS
FWFSZ QPTTJCMF WBMVF PG µ BOE σ� #VU UIBU XPO�U DPTU VT BOZUIJOH JO NPTU DBTFT� *OTUFBE UIF
UIJOH UP XPSSZ BCPVU JT LFFQJOH JO NJOE UIBU UIF iFTUJNBUFw IFSF XJMM CF UIF FOUJSF QPTUFSJPS
EJTUSJCVUJPO
 OPU BOZ QPJOU XJUIJO JU� "OE BT B SFTVMU
 UIF QPTUFSJPS EJTUSJCVUJPO XJMM CF B
EJTUSJCVUJPO PG (BVTTJBO EJTUSJCVUJPOT� :FT
 B EJTUSJCVUJPO PG EJTUSJCVUJPOT� *G UIBU EPFTO�U
NBLF TFOTF ZFU
 UIFO UIBU KVTU NFBOT ZPV BSF CFJOH IPOFTU XJUI ZPVSTFMG� )PME PO
 XPSL
IBSE
 BOE JU XJMM NBLF QMFOUZ PG TFOTF CFGPSF MPOH�

������ ćF EBUB� ćFEBUB DPOUBJOFE JO ��/�ǿ	*2 ''ǎȀ BSF QBSUJBM DFOTVT EBUB GPS UIF %PCF
BSFB �,VOH 4BO
 DPNQJMFE GSPN JOUFSWJFXT DPOEVDUFE CZ /BODZ )PXFMM JO UIF MBUF ����T���
'PS UIF OPO�BOUISPQPMPHJTUT SFBEJOH BMPOH
 UIF �,VOH 4BO BSF UIF NPTU GBNPVT GPSBHJOH
QPQVMBUJPO PG UIF ��UI DFOUVSZ
 MBSHFMZ CFDBVTF PG EFUBJMFE RVBOUJUBUJWF TUVEJFT CZ QFPQMF MJLF
)PXFMM�

-PBE UIF EBUB BOE QMBDF UIFN JOUP B DPOWFOJFOU PCKFDU XJUI�
3 DPEF
���'$�-�-4ǿ- /#$)&$)"Ȁ

��/�ǿ	*2 ''ǎȀ
� ʚǶ 	*2 ''ǎ

8IBU ZPV IBWF OPX JT B EBUB GSBNF OBNFE TJNQMZ �� * VTF UIF OBNF � PWFS BOE PWFS BHBJO
JO UIJT CPPL UP SFGFS UP UIF EBUB GSBNF XF BSF XPSLJOH XJUI BU UIF NPNFOU� * LFFQ JUT OBNF
TIPSU UP TBWF ZPV UZQJOH� " EBUB GSBNF JT B TQFDJBM LJOE PG PCKFDU JO 3� *U JT B UBCMF XJUI OBNFE
DPMVNOT
 DPSSFTQPOEJOH UP WBSJBCMFT
 BOE OVNCFSFE SPXT
 DPSSFTQPOEJOH UP JOEJWJEVBM DBTFT�
*O UIJT FYBNQMF
 UIF DBTFT BSF JOEJWJEVBMT� *OTQFDU UIF TUSVDUVSF PG UIF EBUB GSBNF
 UIF TBNF
XBZ ZPV DBO JOTQFDU UIF TUSVDUVSF PG BOZ TZNCPM JO 3�

3 DPEF
���./-ǿ � Ȁ

Ǫ��/�ǡ!-�( Ǫǣ ǒǑǑ *�.ǡ *! Ǒ 1�-$��' .ǣ
ɶ # $"#/ǣ )0( ǎǒǏ ǎǑǍ ǎǐǔ ǎǒǔ ǎǑǒ ǡǡǡ
ɶ 2 $"#/ǣ )0( ǑǔǡǕ ǐǓǡǒ ǐǎǡǖ ǒǐ Ǒǎǡǐ ǡǡǡ
ɶ �" ǣ )0( Ǔǐ Ǔǐ Ǔǒ Ǒǎ ǒǎ ǐǒ ǐǏ Ǐǔ ǎǖ ǒǑ ǡǡǡ
ɶ (�' ǣ $)/ ǎ Ǎ Ǎ ǎ Ǎ ǎ Ǎ ǎ Ǎ ǎ ǡǡǡ

8FDBO BMTP VTF - /#$)&$)"�T +- �$. TVNNBSZ GVODUJPO
 XIJDIXF�MM BMTP VTF UP TVNNBSJ[F
QPTUFSJPS EJTUSJCVUJPOT MBUFS PO�

3 DPEF
���+- �$.ǿ � Ȁ
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Ǫ��/�ǡ!-�( Ǫǣ ǒǑǑ *�.ǡ *! Ǒ 1�-$��' .ǣ
( �) .� ǒǡǒʉ ǖǑǡǒʉ #$./*"-�(

# $"#/ ǎǐǕǡǏǓ ǏǔǡǓǍ Ǖǎǡǎǎ ǎǓǒǡǔǑ ΤΤΤΤΤΤΤΥΤΪΪΨΤ
2 $"#/ ǐǒǡǓǎ ǎǑǡǔǏ ǖǡǐǓ ǒǑǡǒǍ ΤΥΦΥΥΥΥΨΪΪΦΥΤ
�" ǏǖǡǐǑ ǏǍǡǔǒ ǎǡǍǍ ǓǓǡǎǐ ΪΨΨΦΨΥΥΤΤ
(�' ǍǡǑǔ ǍǡǒǍ ǍǡǍǍ ǎǡǍǍ ΪΤΤΤΤΤΤΤΤΪ

ćJTEBUB GSBNF DPOUBJOT GPVS DPMVNOT� &BDI DPMVNOIBT ��� FOUSJFT
 TP UIFSF BSF ��� JOEJWJE�
VBMT JO UIFTF EBUB� &BDI JOEJWJEVBM IBT B SFDPSEFE IFJHIU 	DFOUJNFUFST

 XFJHIU 	LJMPHSBNT


BHF 	ZFBST

 BOE iNBMFOFTTw 	� JOEJDBUJOH GFNBMF BOE � JOEJDBUJOH NBMF
�

8F�SF HPJOH UP XPSL XJUI KVTU UIF # $"#/ DPMVNO
 GPS UIF NPNFOU� ćF DPMVNO DPO�
UBJOJOH UIF IFJHIUT JT SFBMMZ KVTU B SFHVMBS PME 3 WFDUPS
 UIF LJOE PG MJTU XF IBWF CFFO XPSLJOH
XJUI JO NBOZ PG UIF DPEF FYBNQMFT� :PV DBO BDDFTT UIJT WFDUPS CZ VTJOH JUT OBNF�

3 DPEF
���� �ɶ# $"#/

3FBE UIF TZNCPM ɶ BT FYUSBDU
 BT JO FYUSBDU UIF DPMVNO OBNFE # $"#/ GSPN UIF EBUB GSBNF ��
"MM JU EPFT JT HJWF ZPV UIF DPMVNO UIBU GPMMPXT JU�

0WFSUIJOLJOH� %BUB GSBNFT� *U NJHIU TFFN MJLF UIJT XIPMF EBUB GSBNF UIJOH JT LJOE PG BOOPZJOH
 SJHIU
OPX� *G XF�SF XPSLJOH XJUI POMZ POF DPMVNO IFSF
 XIZ CPUIFS XJUI UIJT � UIJOH BU BMM :PV EPO�U IBWF
UP VTF B EBUB GSBNF
 BT ZPV DBO KVTU QBTT SBX WFDUPST UP FWFSZ DPNNBOE XF�MM VTF JO UIJT CPPL� #VU
LFFQJOH SFMBUFE WBSJBCMFT JO UIF TBNF EBUB GSBNF JT B IVHF DPOWFOJFODF� 0ODF XF IBWF NPSF UIBO POF
WBSJBCMF
 BOE XF XJTI UP NPEFM POF BT B GVODUJPO PG UIF PUIFST
 ZPV�MM CFUUFS TFF UIF WBMVF PG UIF EBUB
GSBNF� :PV XPO�U IBWF UP XBJU MPOH�

.PSF UFDIOJDBMMZ
 B EBUB GSBNF JT B TQFDJBM LJOE PG '$./ JO 3� 4P ZPV BDDFTT UIF JOEJWJEVBM WBSJBCMFT
XJUI UIF VTVBM MJTU iEPVCMF CSBDLFUw OPUBUJPO
 MJLF �ȁȁǎȂȂ GPS UIF ĕSTU WBSJBCMF PS �ȁȁǪ3ǪȂȂ GPS UIF
WBSJBCMF OBNFE 3� 6OMJLF SFHVMBS MJTUT
 IPXFWFS
 EBUB GSBNFT GPSDF BMM WBSJBCMFT UP IBWF UIF TBNF MFOHUI�
ćBU JTO�U BMXBZT B HPPE UIJOH� "OE UIBU�T XIZ TPNF TUBUJTUJDBM QBDLBHFT
 MJLF UIF QPXFSGVM 4UBO.BSLPW
DIBJO TBNQMFS 	ND�TUBO�PSH

 BDDFQU QMBJO MJTUT PG EBUB
 SBUIFS UIBO QSPQFS EBUB GSBNFT�

"MM XF XBOU GPS OPX BSF IFJHIUT PG BEVMUT JO UIF TBNQMF� ćF SFBTPO UP ĕMUFS PVU OPO�
BEVMUT GPS OPX JT UIBU IFJHIU JT TUSPOHMZ DPSSFMBUFE XJUI BHF
 CFGPSF BEVMUIPPE� -BUFS JO UIF
DIBQUFS
 *�MM BTL ZPV UP UBDLMF UIF BHF QSPCMFN� #VU GPS OPX
 CFUUFS UP QPTUQPOF JU� :PV DBO
ĕMUFS UIF EBUB GSBNF EPXO UP JOEJWJEVBMT PG BHF �� PS HSFBUFS XJUI�

3 DPEF
���� �Ǐ ʚǶ �ȁ �ɶ�" ʛʙ ǎǕ Ǣ Ȃ

8F�MM CF XPSLJOH XJUI UIF EBUB GSBNF �Ǐ OPX� *U TIPVME IBWF ��� SPXT 	JOEJWJEVBMT
 JO JU�

0WFSUIJOLJOH� *OEFY NBHJD� ćF TRVBSF CSBDLFU OPUBUJPO VTFE JO UIF DPEF BCPWF JT JOEFY OPUBUJPO�
*U JT WFSZ QPXFSGVM
 CVU BMTP RVJUF DPNQBDU BOE DPOGVTJOH� ćF EBUB GSBNF � JT B NBUSJY
 B SFDUBOHVMBS
HSJE PG WBMVFT� :PV DBO BDDFTT BOZ WBMVF JO UIF NBUSJY XJUI �ȁ-*2Ǣ�*'Ȃ
 SFQMBDJOH -*2 BOE �*' XJUI
SPX BOE DPMVNO OVNCFST� *G -*2 PS �*' BSF MJTUT PG OVNCFST
 UIFO ZPV HFU NPSF UIBO POF SPX PS
DPMVNO� *G ZPV MFBWF UIF TQPU GPS -*2 PS �*' CMBOL
 UIFO ZPV HFU BMM PG XIBUFWFS ZPV MFBWF CMBOL� 'PS
FYBNQMF
 �ȁ ǐ Ǣ Ȃ HJWFT BMM DPMVNOT BU SPX �� 5ZQJOH �ȁǢȂ KVTU HJWFT ZPV UIF FOUJSF NBUSJY
 CFDBVTF
JU SFUVSOT BMM SPXT BOE BMM DPMVNOT�

4P XIBU �ȁ �ɶ�" ʛʙ ǎǕ Ǣ Ȃ EPFT JT HJWF ZPV BMM PG UIF SPXT JO XIJDI �ɶ�" JT HSFBUFS�UIBO�
PS�FRVBM�UP ��� *U BMTP HJWFT ZPV BMM PG UIF DPMVNOT
 CFDBVTF UIF TQPU BęFS UIF DPNNB JT CMBOL� ćF
SFTVMU JT TUPSFE JO �Ǐ
 UIF OFX EBUB GSBNF DPOUBJOJOH POMZ BEVMUT� 8JUI B MJUUMF QSBDUJDF
 ZPV DBO VTF

���� " ("644*"/ .0%&- 0' )&*()5 ��

EFTDSJCJOH UIF EJTUSJCVUJPO�T TIBQF
 UIF NFBO µ BOE UIF TUBOEBSE EFWJBUJPO σ� #BZFTJBO VQ�
EBUJOH XJMM BMMPX VT UP DPOTJEFS FWFSZ QPTTJCMF DPNCJOBUJPO PG WBMVFT GPSµ BOE σ BOE UP TDPSF
FBDI DPNCJOBUJPO CZ JUT SFMBUJWF QMBVTJCJMJUZ
 JO MJHIU PG UIF EBUB� ćFTF SFMBUJWF QMBVTJCJMJUJFT
BSF UIF QPTUFSJPS QSPCBCJMJUJFT PG FBDI DPNCJOBUJPO PG WBMVFT µ,σ�

"OPUIFS XBZ UP TBZ UIF BCPWF JT UIJT� ćFSF BSF BO JOĕOJUF OVNCFS PG QPTTJCMF (BVTTJBO
EJTUSJCVUJPOT� 4PNF IBWF TNBMM NFBOT� 0UIFST IBWF MBSHFNFBOT� 4PNF BSF XJEF
 XJUI B MBSHF
σ� 0UIFST BSF OBSSPX� 8FXBOU PVS #BZFTJBONBDIJOF UP DPOTJEFS FWFSZ QPTTJCMF EJTUSJCVUJPO

FBDI EFĕOFE CZ B DPNCJOBUJPO PG µ BOE σ
 BOE SBOL UIFN CZ QPTUFSJPS QMBVTJCJMJUZ� 1PTUFSJPS
QMBVTJCJMJUZ QSPWJEFT B NFBTVSF PG UIF MPHJDBM DPNQBUJCJMJUZ PG FBDI QPTTJCMF EJTUSJCVUJPO XJUI
UIF EBUB BOE NPEFM�

*O QSBDUJDF XF�MM VTF BQQSPYJNBUJPOT UP UIF GPSNBM BOBMZTJT� 4P XF XPO�U SFBMMZ DPOTJEFS
FWFSZ QPTTJCMF WBMVF PG µ BOE σ� #VU UIBU XPO�U DPTU VT BOZUIJOH JO NPTU DBTFT� *OTUFBE UIF
UIJOH UP XPSSZ BCPVU JT LFFQJOH JO NJOE UIBU UIF iFTUJNBUFw IFSF XJMM CF UIF FOUJSF QPTUFSJPS
EJTUSJCVUJPO
 OPU BOZ QPJOU XJUIJO JU� "OE BT B SFTVMU
 UIF QPTUFSJPS EJTUSJCVUJPO XJMM CF B
EJTUSJCVUJPO PG (BVTTJBO EJTUSJCVUJPOT� :FT
 B EJTUSJCVUJPO PG EJTUSJCVUJPOT� *G UIBU EPFTO�U
NBLF TFOTF ZFU
 UIFO UIBU KVTU NFBOT ZPV BSF CFJOH IPOFTU XJUI ZPVSTFMG� )PME PO
 XPSL
IBSE
 BOE JU XJMM NBLF QMFOUZ PG TFOTF CFGPSF MPOH�

������ ćF EBUB� ćFEBUB DPOUBJOFE JO ��/�ǿ	*2 ''ǎȀ BSF QBSUJBM DFOTVT EBUB GPS UIF %PCF
BSFB �,VOH 4BO
 DPNQJMFE GSPN JOUFSWJFXT DPOEVDUFE CZ /BODZ )PXFMM JO UIF MBUF ����T���
'PS UIF OPO�BOUISPQPMPHJTUT SFBEJOH BMPOH
 UIF �,VOH 4BO BSF UIF NPTU GBNPVT GPSBHJOH
QPQVMBUJPO PG UIF ��UI DFOUVSZ
 MBSHFMZ CFDBVTF PG EFUBJMFE RVBOUJUBUJWF TUVEJFT CZ QFPQMF MJLF
)PXFMM�

-PBE UIF EBUB BOE QMBDF UIFN JOUP B DPOWFOJFOU PCKFDU XJUI�
3 DPEF
���'$�-�-4ǿ- /#$)&$)"Ȁ

��/�ǿ	*2 ''ǎȀ
� ʚǶ 	*2 ''ǎ

8IBU ZPV IBWF OPX JT B EBUB GSBNF OBNFE TJNQMZ �� * VTF UIF OBNF � PWFS BOE PWFS BHBJO
JO UIJT CPPL UP SFGFS UP UIF EBUB GSBNF XF BSF XPSLJOH XJUI BU UIF NPNFOU� * LFFQ JUT OBNF
TIPSU UP TBWF ZPV UZQJOH� " EBUB GSBNF JT B TQFDJBM LJOE PG PCKFDU JO 3� *U JT B UBCMF XJUI OBNFE
DPMVNOT
 DPSSFTQPOEJOH UP WBSJBCMFT
 BOE OVNCFSFE SPXT
 DPSSFTQPOEJOH UP JOEJWJEVBM DBTFT�
*O UIJT FYBNQMF
 UIF DBTFT BSF JOEJWJEVBMT� *OTQFDU UIF TUSVDUVSF PG UIF EBUB GSBNF
 UIF TBNF
XBZ ZPV DBO JOTQFDU UIF TUSVDUVSF PG BOZ TZNCPM JO 3�

3 DPEF
���./-ǿ � Ȁ

Ǫ��/�ǡ!-�( Ǫǣ ǒǑǑ *�.ǡ *! Ǒ 1�-$��' .ǣ
ɶ # $"#/ǣ )0( ǎǒǏ ǎǑǍ ǎǐǔ ǎǒǔ ǎǑǒ ǡǡǡ
ɶ 2 $"#/ǣ )0( ǑǔǡǕ ǐǓǡǒ ǐǎǡǖ ǒǐ Ǒǎǡǐ ǡǡǡ
ɶ �" ǣ )0( Ǔǐ Ǔǐ Ǔǒ Ǒǎ ǒǎ ǐǒ ǐǏ Ǐǔ ǎǖ ǒǑ ǡǡǡ
ɶ (�' ǣ $)/ ǎ Ǎ Ǎ ǎ Ǎ ǎ Ǎ ǎ Ǎ ǎ ǡǡǡ

8FDBO BMTP VTF - /#$)&$)"�T +- �$. TVNNBSZ GVODUJPO
 XIJDIXF�MM BMTP VTF UP TVNNBSJ[F
QPTUFSJPS EJTUSJCVUJPOT MBUFS PO�

3 DPEF
���+- �$.ǿ � Ȁ



Adding a predictor variable

• Use a linear model of the mean, mu:

���� "%%*/( " 13&%*$503 ��

GBUIFS CVU iTISVOLw UPXBSET UIF PWFSBMM NFBO� 4VDI QSFEJDUJPOT BSF SPVUJOFMZ CFUUFS� ćJT TBNF SFHSFT�
TJPO�TISJOLBHF QIFOPNFOPO BQQMJFT BU IJHIFS MFWFMT PG BCTUSBDUJPO BOE GPSNT POF CBTJT PG NVMUJMFWFM
NPEFMJOH 	$IBQUFS ��
�

������ ćF MJOFBS NPEFM TUSBUFHZ� ćF TUSBUFHZ JT UP NBLF UIF QBSBNFUFS GPS UIF NFBO PG
B (BVTTJBO EJTUSJCVUJPO
 µ
 JOUP B MJOFBS GVODUJPO PG UIF QSFEJDUPS WBSJBCMF BOE PUIFS
 OFX
QBSBNFUFST UIBU XF JOWFOU� ćJT TUSBUFHZ JT PęFO TJNQMZ DBMMFE UIF ĹĶĻĲĮĿĺļıĲĹ� ćF MJOFBS
NPEFM TUSBUFHZ JOTUSVDUT UIF HPMFN UP BTTVNF UIBU UIF QSFEJDUPS WBSJBCMF IBT B DPOTUBOU BOE
BEEJUJWF SFMBUJPOTIJQ UP UIF NFBO PG UIF PVUDPNF� ćF HPMFN UIFO DPNQVUFT UIF QPTUFSJPS
EJTUSJCVUJPO PG UIJT DPOTUBOU SFMBUJPOTIJQ�

8IBU UIJT NFBOT
 SFDBMM
 JT UIBU UIF NBDIJOF DPOTJEFST FWFSZ QPTTJCMF DPNCJOBUJPO PG UIF
QBSBNFUFS WBMVFT� 8JUI B MJOFBS NPEFM
 TPNF PG UIF QBSBNFUFST OPX TUBOE GPS UIF TUSFOHUI
PG BTTPDJBUJPO CFUXFFO UIF NFBO PG UIF PVUDPNF
 µ
 BOE UIF WBMVF PG TPNF PUIFS WBSJBCMF�
'PS FBDI DPNCJOBUJPO PG WBMVFT
 UIF NBDIJOF DPNQVUFT UIF QPTUFSJPS QSPCBCJMJUZ
 XIJDI JT
B NFBTVSF PG SFMBUJWF QMBVTJCJMJUZ
 HJWFO UIF NPEFM BOE EBUB� 4P UIF QPTUFSJPS EJTUSJCVUJPO
SBOLT UIF JOĕOJUF QPTTJCMF DPNCJOBUJPOT PG QBSBNFUFS WBMVFT CZ UIFJS MPHJDBM QMBVTJCJMJUZ� "T
B SFTVMU
 UIF QPTUFSJPS EJTUSJCVUJPO QSPWJEFT SFMBUJWF QMBVTJCJMJUJFT PG UIF EJČFSFOU QPTTJCMF
TUSFOHUIT PG BTTPDJBUJPO
 HJWFO UIF BTTVNQUJPOT ZPV QSPHSBNNFE JOUP UIF NPEFM� 8F BTL
UIF HPMFN� i$POTJEFS BMM UIF MJOFT UIBU SFMBUF POF WBSJBCMF UP UIF PUIFS� 3BOL BMM PG UIFTF MJOFT
CZ QMBVTJCJMJUZ
 HJWFO UIFTF EBUB�w ćF HPMFN BOTXFST XJUI B QPTUFSJPS EJTUSJCVUJPO�

)FSF�T IPX JU XPSLT
 JO UIF TJNQMFTU DBTF PG POMZ POF QSFEJDUPS WBSJBCMF� 8F�MM XBJU VOUJM
UIF OFYU DIBQUFS UP DPOGSPOU NPSF UIBO POF QSFEJDUPS� 3FDBMM UIF CBTJD (BVTTJBO NPEFM�

IJ ∼ /PSNBM(µ,σ) [likelihood]

µ ∼ /PSNBM(���, ��) [µ prior]

σ ∼ 6OJGPSN(�, ��) [σ prior]

/PX IPX EP XF HFU XFJHIU JOUP B (BVTTJBO NPEFM PG IFJHIU -FU Y CF UIF OBNF GPS UIF
DPMVNO PG XFJHIU NFBTVSFNFOUT
 �Ǐɶ2 $"#/� -FU UIF BWFSBHF PG UIF Y WBMVFT CF Ȳ
 iFY CBSw�
/PXXF IBWF B QSFEJDUPS WBSJBCMF Y
 XIJDI JT B MJTU PG NFBTVSFT PG UIF TBNF MFOHUI BT I� 5P HFU
2 $"#/ JOUP UIF NPEFM
 XF EFĕOF UIF NFBO µ BT B GVODUJPO PG UIF WBMVFT JO Y� ćJT JT XIBU JU
MPPLT MJLF
 XJUI FYQMBOBUJPO UP GPMMPX�

IJ ∼ /PSNBM(µJ,σ) [likelihood]

µJ = α+ β(YJ − Ȳ) [linear model]

α ∼ /PSNBM(���, ��) [α prior]

β ∼ /PSNBM(�, ��) [β prior]

σ ∼ 6OJGPSN(�, ��) [σ prior]

"HBJO
 *�WF MBCFMFE FBDI MJOF PO UIF SJHIU�IBOE TJEF CZ UIF UZQF PG EFĕOJUJPO JU FODPEFT� 8F�MM
EJTDVTT FBDI JO UVSO�

�������� 1SPCBCJMJUZ PG UIF EBUB� -FU�T CFHJO XJUI KVTU UIF QSPCBCJMJUZ PG UIF PCTFSWFE
IFJHIU
 UIF ĕSTU MJOF PG UIF NPEFM� ćJT JT OFBSMZ JEFOUJDBM UP CFGPSF
 FYDFQU OPX UIFSF JT B
MJUUMF JOEFY J PO UIF µ BT XFMM BT UIF I� :PV DBO SFBE IJ BT iFBDI Iw BOE µJ BT iFBDI µ�w ćF
NFBO µ OPX EFQFOET VQPO VOJRVF WBMVFT PO FBDI SPX J� 4P UIF MJUUMF J PO µJ JOEJDBUFT UIBU
UIF NFBO EFQFOET VQPO UIF SPX�



Adding a predictor variable

mean when xi = 0
“intercept”

change in mean, per unit change xi
“slope”

weight on row i

mean on row i
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GBUIFS CVU iTISVOLw UPXBSET UIF PWFSBMM NFBO� 4VDI QSFEJDUJPOT BSF SPVUJOFMZ CFUUFS� ćJT TBNF SFHSFT�
TJPO�TISJOLBHF QIFOPNFOPO BQQMJFT BU IJHIFS MFWFMT PG BCTUSBDUJPO BOE GPSNT POF CBTJT PG NVMUJMFWFM
NPEFMJOH 	$IBQUFS ��
�

������ ćF MJOFBS NPEFM TUSBUFHZ� ćF TUSBUFHZ JT UP NBLF UIF QBSBNFUFS GPS UIF NFBO PG
B (BVTTJBO EJTUSJCVUJPO
 µ
 JOUP B MJOFBS GVODUJPO PG UIF QSFEJDUPS WBSJBCMF BOE PUIFS
 OFX
QBSBNFUFST UIBU XF JOWFOU� ćJT TUSBUFHZ JT PęFO TJNQMZ DBMMFE UIF ĹĶĻĲĮĿĺļıĲĹ� ćF MJOFBS
NPEFM TUSBUFHZ JOTUSVDUT UIF HPMFN UP BTTVNF UIBU UIF QSFEJDUPS WBSJBCMF IBT B DPOTUBOU BOE
BEEJUJWF SFMBUJPOTIJQ UP UIF NFBO PG UIF PVUDPNF� ćF HPMFN UIFO DPNQVUFT UIF QPTUFSJPS
EJTUSJCVUJPO PG UIJT DPOTUBOU SFMBUJPOTIJQ�

8IBU UIJT NFBOT
 SFDBMM
 JT UIBU UIF NBDIJOF DPOTJEFST FWFSZ QPTTJCMF DPNCJOBUJPO PG UIF
QBSBNFUFS WBMVFT� 8JUI B MJOFBS NPEFM
 TPNF PG UIF QBSBNFUFST OPX TUBOE GPS UIF TUSFOHUI
PG BTTPDJBUJPO CFUXFFO UIF NFBO PG UIF PVUDPNF
 µ
 BOE UIF WBMVF PG TPNF PUIFS WBSJBCMF�
'PS FBDI DPNCJOBUJPO PG WBMVFT
 UIF NBDIJOF DPNQVUFT UIF QPTUFSJPS QSPCBCJMJUZ
 XIJDI JT
B NFBTVSF PG SFMBUJWF QMBVTJCJMJUZ
 HJWFO UIF NPEFM BOE EBUB� 4P UIF QPTUFSJPS EJTUSJCVUJPO
SBOLT UIF JOĕOJUF QPTTJCMF DPNCJOBUJPOT PG QBSBNFUFS WBMVFT CZ UIFJS MPHJDBM QMBVTJCJMJUZ� "T
B SFTVMU
 UIF QPTUFSJPS EJTUSJCVUJPO QSPWJEFT SFMBUJWF QMBVTJCJMJUJFT PG UIF EJČFSFOU QPTTJCMF
TUSFOHUIT PG BTTPDJBUJPO
 HJWFO UIF BTTVNQUJPOT ZPV QSPHSBNNFE JOUP UIF NPEFM� 8F BTL
UIF HPMFN� i$POTJEFS BMM UIF MJOFT UIBU SFMBUF POF WBSJBCMF UP UIF PUIFS� 3BOL BMM PG UIFTF MJOFT
CZ QMBVTJCJMJUZ
 HJWFO UIFTF EBUB�w ćF HPMFN BOTXFST XJUI B QPTUFSJPS EJTUSJCVUJPO�

)FSF�T IPX JU XPSLT
 JO UIF TJNQMFTU DBTF PG POMZ POF QSFEJDUPS WBSJBCMF� 8F�MM XBJU VOUJM
UIF OFYU DIBQUFS UP DPOGSPOU NPSF UIBO POF QSFEJDUPS� 3FDBMM UIF CBTJD (BVTTJBO NPEFM�

IJ ∼ /PSNBM(µ,σ) [likelihood]

µ ∼ /PSNBM(���, ��) [µ prior]

σ ∼ 6OJGPSN(�, ��) [σ prior]

/PX IPX EP XF HFU XFJHIU JOUP B (BVTTJBO NPEFM PG IFJHIU -FU Y CF UIF OBNF GPS UIF
DPMVNO PG XFJHIU NFBTVSFNFOUT
 �Ǐɶ2 $"#/� -FU UIF BWFSBHF PG UIF Y WBMVFT CF Ȳ
 iFY CBSw�
/PXXF IBWF B QSFEJDUPS WBSJBCMF Y
 XIJDI JT B MJTU PG NFBTVSFT PG UIF TBNF MFOHUI BT I� 5P HFU
2 $"#/ JOUP UIF NPEFM
 XF EFĕOF UIF NFBO µ BT B GVODUJPO PG UIF WBMVFT JO Y� ćJT JT XIBU JU
MPPLT MJLF
 XJUI FYQMBOBUJPO UP GPMMPX�

IJ ∼ /PSNBM(µJ,σ) [likelihood]

µJ = α+ β(YJ − Ȳ) [linear model]

α ∼ /PSNBM(���, ��) [α prior]

β ∼ /PSNBM(�, ��) [β prior]

σ ∼ 6OJGPSN(�, ��) [σ prior]

"HBJO
 *�WF MBCFMFE FBDI MJOF PO UIF SJHIU�IBOE TJEF CZ UIF UZQF PG EFĕOJUJPO JU FODPEFT� 8F�MM
EJTDVTT FBDI JO UVSO�

�������� 1SPCBCJMJUZ PG UIF EBUB� -FU�T CFHJO XJUI KVTU UIF QSPCBCJMJUZ PG UIF PCTFSWFE
IFJHIU
 UIF ĕSTU MJOF PG UIF NPEFM� ćJT JT OFBSMZ JEFOUJDBM UP CFGPSF
 FYDFQU OPX UIFSF JT B
MJUUMF JOEFY J PO UIF µ BT XFMM BT UIF I� :PV DBO SFBE IJ BT iFBDI Iw BOE µJ BT iFBDI µ�w ćF
NFBO µ OPX EFQFOET VQPO VOJRVF WBMVFT PO FBDI SPX J� 4P UIF MJUUMF J PO µJ JOEJDBUFT UIBU
UIF NFBO EFQFOET VQPO UIF SPX�

mean weight



Prior predictive distribution
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NPEFM BHBJO 	PNJUUJOH QSJPST GPS CSFWJUZ

 OPX XJUI VOJUT PG FBDI TZNCPM BEEFE�
IJDN ∼ /PSNBM(µJDN,σDN)

µJDN = αDN + β
DN
LH (YJLH− ȲLH)

4P ZPV DBO TFF UIBU β NVTU IBWF VOJUT PG DN�LH JO PSEFS GPS UIF NFBO µJ UP IBWF VOJUT PG DN� 0OF PG
UIF GBDUT UIBU MBCFMJOH XJUI VOJUT DMFBST VQ JT UIBU B QBSBNFUFS MJLF β JT B LJOE PG SBUF�DFOUJNFUFST QFS
LJMPHSBN� ćFSF�T BMTP B USBEJUJPO DBMMFE EJNFOTJPOMFTT BOBMZTJT UIBU BEWPDBUFT DPOTUSVDUJOH WBSJBCMFT
TP UIBU UIFZ BSF VOJU�MFTT SBUJPT� *O UIJT DPOUFYU
 GPS FYBNQMF
 XF NJHIU EJWJEF IFJHIU CZ B SFGFSFODF
IFJHIU
 SFNPWJOH JUT VOJUT� .FBTVSFNFOU TDBMFT BSF BSCJUSBSZ IVNBO DPOTUSVDUJPOT
 BOE TPNFUJNFT
UIF VOJU�MFTT BOBMZTJT JT NPSF OBUVSBM BOE HFOFSBM�

�������� 1SJPST� ćFSFNBJOJOH MJOFT JO UIFNPEFM EFĕOF EJTUSJCVUJPOT GPS UIF VOPCTFSWFE
WBSJBCMFT
 DPNNPOMZ LOPXO BT QSJPST� ćFSF BSF UISFF QBSBNFUFST� α
 β
 BOE σ� :PV�WF TFFO
QSJPST GPS α BOE σ CFGPSF
 BMUIPVHI α XBT DBMMFE µ CBDL UIFO�

ćF QSJPS GPS β EFTFSWFT FYQMBOBUJPO� 8IZ IBWF B (BVTTJBO QSJPS XJUI NFBO [FSP ćJT
QSJPS QMBDFT KVTU BT NVDI QSPCBCJMJUZ CFMPX [FSP BT JU EPFT BCPWF [FSP
 BOE XIFO β = �

XFJHIU IBT OP SFMBUJPOTIJQ UP IFJHIU� 5P ĕHVSF PVU XIBU UIJT QSJPS JNQMJFT
 MFU�T TJNVMBUF�
UIF QSJPS QSFEJDUJWF TJNVMBUJPO� ćFSF JT OP PUIFS XBZ UP VOEFSTUBOE�

ćF HPBM JT UP TJNVMBUF PCTFSWFE IFJHIUT GSPN UIF NPEFM� 'JSTU
 MFU�T DPOTJEFS B SBOHF PG
XFJHIU WBMVFT UP TJNVMBUF PWFS� ćF SBOHF PG PCTFSWFE XFJHIUT XJMM EP ĕOF� ćFO XF OFFE UP
TJNVMBUF B CVODI PG MJOFT
 UIF MJOFT JNQMJFE CZ UIF QSJPST GPS α BOE β� )FSF�T IPX UP EP JU

TFUUJOH B TFFE TP ZPV DBO SFQSPEVDF JU FYBDUMZ�

3 DPEF
����. /ǡ.  �ǿǏǖǔǎȀ

� ʚǶ ǎǍǍ ȕ ǎǍǍ '$) .
� ʚǶ -)*-(ǿ � Ǣ ǎǔǕ Ǣ ǏǍ Ȁ
� ʚǶ -)*-(ǿ � Ǣ Ǎ Ǣ ǎǍ Ȁ

/PX XF IBWF ��� QBJST PG α BOE β WBMVFT� /PX UP QMPU UIF MJOFT�
3 DPEF
����+'*/ǿ ��

 Ǣ 3'$(ʙ-�)" ǿ�Ǐɶ2 $"#/Ȁ Ǣ 4'$(ʙ�ǿǶǎǍǍǢǑǍǍȀ Ǣ

3'��ʙǫ2 $"#/ǫ Ǣ 4'��ʙǫ# $"#/ǫ Ȁ
��'$) ǿ #ʙǍ Ǣ '/4ʙǏ Ȁ
��'$) ǿ #ʙǏǔǏ Ǣ '/4ʙǎ Ǣ '2�ʙǍǡǒ Ȁ
(/ 3/ǿ ǫ� ʡ �)*-(ǿǍǢǎǍȀǫ Ȁ
3��- ʚǶ ( �)ǿ�Ǐɶ2 $"#/Ȁ
!*- ǿ $ $) ǎǣ� Ȁ �0-1 ǿ �ȁ$Ȃ ʔ �ȁ$Ȃȉǿ3 Ƕ 3��-Ȁ Ǣ

!-*(ʙ($)ǿ�Ǐɶ2 $"#/Ȁ Ǣ /*ʙ(�3ǿ�Ǐɶ2 $"#/Ȁ Ǣ ���ʙ���� Ǣ
�*'ʙ�*'ǡ�'+#�ǿǫ�'��&ǫǢǍǡǏȀ Ȁ

ćF SFTVMU JT EJTQMBZFE JO 'ĶĴłĿĲ ƌ�ƍ� 'PS SFGFSFODF
 *�WF BEEFE B EBTIFE MJOF BU [FSP�OP
POF JT TIPSUFS UIBO [FSP�BOE UIF i8BEMPXw MJOF BU ���DN GPS UIF XPSME�T UBMMFTU QFSTPO� ćF
QBUUFSO EPFTO�U MPPL MJLF BOZ IVNBO QPQVMBUJPO BU BMM� *U FTTFOUJBMMZ TBZT UIBU UIF SFMBUJPOTIJQ
CFUXFFO XFJHIU BOE IFJHIU DPVME CF BCTVSEMZ QPTJUJWF PS OFHBUJWF� #FGPSF XF�WF FWFO TFFO
UIF EBUB
 UIJT JT B CBE NPEFM� $BO XF EP CFUUFS 

8F DBO EP CFUUFS JNNFEJBUFMZ� 8F LOPX UIBU BWFSBHF IFJHIU JODSFBTFT XJUI BWFSBHF
XFJHIU
 BU MFBTU VQ UP B QPJOU� -FU�T USZ SFTUSJDUJOH JU UP QPTJUJWF WBMVFT� ćF FBTJFTU XBZ UP EP
UIJT JT UP EFĕOF UIF QSJPS BT -PH�/PSNBM JOTUFBE� *G ZPV BSFO�U BDDVTUPNFE UP QMBZJOH XJUI
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GBUIFS CVU iTISVOLw UPXBSET UIF PWFSBMM NFBO� 4VDI QSFEJDUJPOT BSF SPVUJOFMZ CFUUFS� ćJT TBNF SFHSFT�
TJPO�TISJOLBHF QIFOPNFOPO BQQMJFT BU IJHIFS MFWFMT PG BCTUSBDUJPO BOE GPSNT POF CBTJT PG NVMUJMFWFM
NPEFMJOH 	$IBQUFS ��
�

������ ćF MJOFBS NPEFM TUSBUFHZ� ćF TUSBUFHZ JT UP NBLF UIF QBSBNFUFS GPS UIF NFBO PG
B (BVTTJBO EJTUSJCVUJPO
 µ
 JOUP B MJOFBS GVODUJPO PG UIF QSFEJDUPS WBSJBCMF BOE PUIFS
 OFX
QBSBNFUFST UIBU XF JOWFOU� ćJT TUSBUFHZ JT PęFO TJNQMZ DBMMFE UIF ĹĶĻĲĮĿĺļıĲĹ� ćF MJOFBS
NPEFM TUSBUFHZ JOTUSVDUT UIF HPMFN UP BTTVNF UIBU UIF QSFEJDUPS WBSJBCMF IBT B DPOTUBOU BOE
BEEJUJWF SFMBUJPOTIJQ UP UIF NFBO PG UIF PVUDPNF� ćF HPMFN UIFO DPNQVUFT UIF QPTUFSJPS
EJTUSJCVUJPO PG UIJT DPOTUBOU SFMBUJPOTIJQ�

8IBU UIJT NFBOT
 SFDBMM
 JT UIBU UIF NBDIJOF DPOTJEFST FWFSZ QPTTJCMF DPNCJOBUJPO PG UIF
QBSBNFUFS WBMVFT� 8JUI B MJOFBS NPEFM
 TPNF PG UIF QBSBNFUFST OPX TUBOE GPS UIF TUSFOHUI
PG BTTPDJBUJPO CFUXFFO UIF NFBO PG UIF PVUDPNF
 µ
 BOE UIF WBMVF PG TPNF PUIFS WBSJBCMF�
'PS FBDI DPNCJOBUJPO PG WBMVFT
 UIF NBDIJOF DPNQVUFT UIF QPTUFSJPS QSPCBCJMJUZ
 XIJDI JT
B NFBTVSF PG SFMBUJWF QMBVTJCJMJUZ
 HJWFO UIF NPEFM BOE EBUB� 4P UIF QPTUFSJPS EJTUSJCVUJPO
SBOLT UIF JOĕOJUF QPTTJCMF DPNCJOBUJPOT PG QBSBNFUFS WBMVFT CZ UIFJS MPHJDBM QMBVTJCJMJUZ� "T
B SFTVMU
 UIF QPTUFSJPS EJTUSJCVUJPO QSPWJEFT SFMBUJWF QMBVTJCJMJUJFT PG UIF EJČFSFOU QPTTJCMF
TUSFOHUIT PG BTTPDJBUJPO
 HJWFO UIF BTTVNQUJPOT ZPV QSPHSBNNFE JOUP UIF NPEFM� 8F BTL
UIF HPMFN� i$POTJEFS BMM UIF MJOFT UIBU SFMBUF POF WBSJBCMF UP UIF PUIFS� 3BOL BMM PG UIFTF MJOFT
CZ QMBVTJCJMJUZ
 HJWFO UIFTF EBUB�w ćF HPMFN BOTXFST XJUI B QPTUFSJPS EJTUSJCVUJPO�

)FSF�T IPX JU XPSLT
 JO UIF TJNQMFTU DBTF PG POMZ POF QSFEJDUPS WBSJBCMF� 8F�MM XBJU VOUJM
UIF OFYU DIBQUFS UP DPOGSPOU NPSF UIBO POF QSFEJDUPS� 3FDBMM UIF CBTJD (BVTTJBO NPEFM�

IJ ∼ /PSNBM(µ,σ) [likelihood]

µ ∼ /PSNBM(���, ��) [µ prior]

σ ∼ 6OJGPSN(�, ��) [σ prior]

/PX IPX EP XF HFU XFJHIU JOUP B (BVTTJBO NPEFM PG IFJHIU -FU Y CF UIF OBNF GPS UIF
DPMVNO PG XFJHIU NFBTVSFNFOUT
 �Ǐɶ2 $"#/� -FU UIF BWFSBHF PG UIF Y WBMVFT CF Ȳ
 iFY CBSw�
/PXXF IBWF B QSFEJDUPS WBSJBCMF Y
 XIJDI JT B MJTU PG NFBTVSFT PG UIF TBNF MFOHUI BT I� 5P HFU
2 $"#/ JOUP UIF NPEFM
 XF EFĕOF UIF NFBO µ BT B GVODUJPO PG UIF WBMVFT JO Y� ćJT JT XIBU JU
MPPLT MJLF
 XJUI FYQMBOBUJPO UP GPMMPX�

IJ ∼ /PSNBM(µJ,σ) [likelihood]

µJ = α+ β(YJ − Ȳ) [linear model]

α ∼ /PSNBM(���, ��) [α prior]

β ∼ /PSNBM(�, ��) [β prior]

σ ∼ 6OJGPSN(�, ��) [σ prior]

"HBJO
 *�WF MBCFMFE FBDI MJOF PO UIF SJHIU�IBOE TJEF CZ UIF UZQF PG EFĕOJUJPO JU FODPEFT� 8F�MM
EJTDVTT FBDI JO UVSO�

�������� 1SPCBCJMJUZ PG UIF EBUB� -FU�T CFHJO XJUI KVTU UIF QSPCBCJMJUZ PG UIF PCTFSWFE
IFJHIU
 UIF ĕSTU MJOF PG UIF NPEFM� ćJT JT OFBSMZ JEFOUJDBM UP CFGPSF
 FYDFQU OPX UIFSF JT B
MJUUMF JOEFY J PO UIF µ BT XFMM BT UIF I� :PV DBO SFBE IJ BT iFBDI Iw BOE µJ BT iFBDI µ�w ćF
NFBO µ OPX EFQFOET VQPO VOJRVF WBMVFT PO FBDI SPX J� 4P UIF MJUUMF J PO µJ JOEJDBUFT UIBU
UIF NFBO EFQFOET VQPO UIF SPX�
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log(b) ~ dnorm(0,1)

World's tallest person (272cm)

Embryo

'ĶĴłĿĲ ƌ�ƍ� 1SJPS QSFEJDUJWF TJNVMBUJPO GPS UIF IFJHIU BOE XFJHIU NPEFM�
-Fę� 4JNVMBUJPO VTJOH UIFβ ∼ /PSNBM(�, ��) QSJPS� 3JHIU� "NPSF TFOTJCMF
MPH(β) ∼ /PSNBM(�, �) QSJPS�

MPHBSJUINT
 UIBU�T PLBZ� *�MM TIPX FBDI TUFQ
 BOE UIFSF�T TPNF NPSF EFUBJM JO UIF CPY GVSUIFS
EPXO�

  %FĕOJOH β BT -PH�/PSNBM NFBOT UP DMBJN UIBU UIF MPHBSJUIN PG β IBT B OPSNBM EJT�
USJCVUJPO� 1MBJOMZ�

β ∼ -PH�/PSNBM(�, �)
3 QSPWJEFT UIF �')*-( BOE -')*-( EFOTJUJFT GPS XPSLJOH XJUI MPH�OPSNBM EJTUSJCVUJPOT� :PV
DBO TJNVMBUF UIJT SFMBUJPOTIJQ UP TFF XIBU UIJT NFBOT GPS β�

3 DPEF
���� � ʚǶ -')*-(ǿ ǎ Ǒ Ǣ Ǎ Ǣ ǎ Ȁ

� ).ǿ � Ǣ 3'$(ʙ�ǿǍǢǒȀ Ǣ ��%ʙǍǡǎ Ȁ

*G UIF MPHBSJUIN PG β JT OPSNBM
 UIFO β JUTFMG JT TUSJDUMZ QPTJUJWF� ćF SFBTPO JT UIBU FYQ(Y)
JT HSFBUFS UIBO [FSP GPS BOZ SFBM OVNCFS Y� ćJT JT UIF SFBTPO UIBU -PH�/PSNBM QSJPST BSF
DPNNPOQMBDF� ćFZ BSF BO FBTZ XBZ UP FOGPSDF QPTJUJWF SFMBUJPOTIJQT� 4P XIBU EPFT UIJT
FBSO VT %P UIF QSJPS QSFEJDUJWF TJNVMBUJPO BHBJO
 OPX XJUI UIF -PH�/PSNBM QSJPS�

3 DPEF
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Sampling from the posterior

• Want to get uncertainty onto that graph
• Again, sample from posterior

1. Use mean and standard deviation to approximate 
posterior

2. Sample from multivariate normal distribution of 
parameters

3. Use samples to generate predictions that “integrate over” 
the uncertainty
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'ĶĴłĿĲ ƌ�Ǝ� 4BNQMFT GSPN UIF RVBESBUJD BQQSPYJNBUF QPTUFSJPS EJTUSJCV�
UJPO GPS UIF IFJHIU�XFJHIU NPEFM
 (ƿǏƾ
 XJUI JODSFBTJOH BNPVOUT PG EBUB�
*O FBDI QMPU
 �� MJOFT TBNQMFE GSPN UIF QPTUFSJPS EJTUSJCVUJPO
 TIPXJOH UIF
VODFSUBJOUZ JO UIF SFHSFTTJPO SFMBUJPOTIJQ�

3 DPEF
����(0Ǭ�/Ǭǀƻ ʄǤ +*./ɠ� ɾ +*./ɠ� Ƿ ǀƻ

ćF DPEF UP UIF SJHIU PG UIF ʄǤ BCPWF UBLFT JUT GPSN GSPN UIF FRVBUJPO GPS µJ�

µJ = α+ βYJ.

ćF WBMVF PG YJ JO UIJT DBTF JT ��� (P BIFBE BOE UBLF B MPPL JOTJEF UIF SFTVMU
 (0Ǭ�/Ǭǀƻ� *U�T B
WFDUPS PG QSFEJDUFENFBOT
 POF GPS FBDI SBOEPN TBNQMF GSPN UIF QPTUFSJPS� 4JODF KPJOU � BOE
� XFOU JOUP DPNQVUJOH FBDI
 UIF WBSJBUJPO BDSPTT UIPTF NFBOT JODPSQPSBUFT UIF VODFSUBJOUZ
JO BOE DPSSFMBUJPO CFUXFFO CPUI QBSBNFUFST� *U NJHIU CF IFMQGVM BU UIJT QPJOU UP BDUVBMMZ QMPU
UIF EFOTJUZ GPS UIJT WFDUPS PG NFBOT�

Figure 4.7
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ćFO XF DPVME EJTQMBZ UIPTF MJOFT PO UIF QMPU
 UP WJTVBMJ[F UIF VODFSUBJOUZ JO UIF SFHSFTTJPO
SFMBUJPOTIJQ�

5P CFUUFS BQQSFDJBUF IPX UIF QPTUFSJPS EJTUSJCVUJPO DPOUBJOT MJOFT
 XF XPSL XJUI BMM PG
UIF TBNQMFT GSPN UIF NPEFM� -FU�T UBLF B DMPTFS MPPL BU UIF TBNQMFT OPX�
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MJOF� ćF BWFSBHF PG WFSZNBOZ PG UIFTF MJOFT JT UIF QPTUFSJPSNFBO MJOF� #VU UIF TDBUUFS BSPVOE
UIBU BWFSBHF JT NFBOJOHGVM
 CFDBVTF JU BMUFST PVS DPOĕEFODF JO UIF SFMBUJPOTIJQ CFUXFFO UIF
QSFEJDUPS BOE UIF PVUDPNF�

4P OPX MFU�T EJTQMBZ B CVODI PG UIFTF MJOFT
 TP ZPV DBO TFF UIF TDBUUFS� ćJT MFTTPO XJMM CF
FBTJFS UP BQQSFDJBUF
 JG XF VTF POMZ TPNF PG UIF EBUB UP CFHJO� ćFO ZPV DBO TFF IPX BEEJOH
JO NPSF EBUB DIBOHFT UIF TDBUUFS PG UIF MJOFT� 4P XF�MM CFHJO XJUI KVTU UIF ĕSTU �� DBTFT JO �Ǐ�
ćF GPMMPXJOH DPEF FYUSBDUT UIF ĕSTU �� DBTFT BOE SF�FTUJNBUFT UIF NPEFM�

3 DPEF
���� � ʚǶ ǎǍ

�� ʚǶ �Ǐȁ ǎǣ� Ǣ Ȃ
(� ʚǶ ,0�+ǿ

�'$./ǿ
# $"#/ ʡ �)*-(ǿ (0 Ǣ .$"(� Ȁ Ǣ
(0 ʚǶ � ʔ �ȉǿ 2 $"#/ Ƕ ( �)ǿ2 $"#/Ȁ Ȁ Ǣ
� ʡ �)*-(ǿ ǎǔǕ Ǣ ǏǍ Ȁ Ǣ
� ʡ �')*-(ǿ Ǎ Ǣ ǎ Ȁ Ǣ
.$"(� ʡ �0)$!ǿ Ǎ Ǣ ǒǍ Ȁ

Ȁ Ǣ ��/�ʙ�� Ȁ

/PX MFU�T QMPU �� PG UIFTF MJOFT
 UP TFF XIBU UIF VODFSUBJOUZ MPPLT MJLF�
3 DPEF

���� ȕ  3/-��/ ǏǍ .�(+' . !-*( /# +*./ -$*-
+*./ ʚǶ  3/-��/ǡ.�(+' .ǿ (� Ǣ )ʙǏǍ Ȁ

ȕ �$.+'�4 -�2 ��/� �)� .�(+' .$5 
+'*/ǿ ��ɶ2 $"#/ Ǣ ��ɶ# $"#/ Ǣ

3'$(ʙ-�)" ǿ�Ǐɶ2 $"#/Ȁ Ǣ 4'$(ʙ-�)" ǿ�Ǐɶ# $"#/Ȁ Ǣ
�*'ʙ-�)"$Ǐ Ǣ 3'��ʙǫ2 $"#/ǫ Ǣ 4'��ʙǫ# $"#/ǫ Ȁ

(/ 3/ǿ�*)��/ǿǫ� ʙ ǫǢ�ȀȀ

ȕ +'*/ /# '$) .Ǣ 2$/# /-�).+�- )�4
!*- ǿ $ $) ǎǣǏǍ Ȁ

�0-1 ǿ +*./ɶ�ȁ$Ȃ ʔ +*./ɶ�ȁ$Ȃȉǿ3Ƕ( �)ǿ��ɶ2 $"#/ȀȀ Ǣ



Showing Uncertainty

• Want to get uncertainty onto that 
graph

• Again, sample from posterior
1. Use mean and standard deviation to 

approximate posterior
2. Sample from multivariate normal 

distribution of parameters
3. Use samples to generate predictions that 

integrate over the uncertainty

���� "%%*/( " 13&%*$503 ���

30 35 40 45 50 55 60

14
0

15
0

16
0

17
0

18
0

weight

he
ig
ht 'ĶĴłĿĲ ƌ�Ǝ� )FJHIU JO DFOUJNFUFST 	WFSUJDBM


QMPUUFE BHBJOTU XFJHIU JO LJMPHSBNT 	IPSJ[PO�
UBM

 XJUI UIF MJOF BU UIF QPTUFSJPSNFBO QMPUUFE
JO CMBDL�

UIF NPEFM TBZT� #VU GPS FWFO TMJHIUMZ NPSF DPNQMFY NPEFMT
 FTQFDJBMMZ UIPTF UIBU JODMVEF
JOUFSBDUJPO FČFDUT 	$IBQUFS �

 JOUFSQSFUJOH QPTUFSJPS EJTUSJCVUJPOT JT IBSE� $PNCJOF XJUI
UIJT UIF QSPCMFN PG JODPSQPSBUJOH UIF JOGPSNBUJPO JO 1�*1 JOUP ZPVS JOUFSQSFUBUJPOT
 BOE UIF
QMPUT BSF JSSFQMBDFBCMF�

8F�SF HPJOH UP TUBSU XJUI B TJNQMF WFSTJPO PG UIBU UBTL
 TVQFSJNQPTJOH KVTU UIF QPTUFSJPS
NFBO WBMVFT PWFS UIF IFJHIU BOE XFJHIU EBUB� ćFO XF�MM TMPXMZ BEE NPSF BOE NPSF JOGPS�
NBUJPO UP UIF QSFEJDUJPO QMPUT
 VOUJM XF�WF VTFE UIF FOUJSF QPTUFSJPS EJTUSJCVUJPO�

8F�MM TUBSU XJUI KVTU UIF SBX EBUB BOE B TJOHMF MJOF� ćF DPEF CFMPX QMPUT UIF SBX EBUB

DPNQVUFT UIF QPTUFSJPS NFBO WBMVFT GPS � BOE �
 UIFO ESBXT UIF JNQMJFE MJOF�
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:PV DBO TFF UIF SFTVMUJOH QMPU JO 'ĶĴłĿĲ ƌ�Ǝ� &BDI QPJOU JO UIJT QMPU JT B TJOHMF JOEJWJEVBM�
ćF CMBDL MJOF JT EFĕOFE CZ UIF NFBO TMPQF β BOE NFBO JOUFSDFQU α� ćJT JT OPU B CBE MJOF� *U
DFSUBJOMZ MPPLT IJHIMZ QMBVTJCMF� #VU UIFSF BO JOĕOJUF OVNCFS PG PUIFS IJHIMZ QMBVTJCMF MJOFT
OFBS JU� -FU�T ESBX UIPTF UPP�

�������� "EEJOH VODFSUBJOUZ BSPVOE UIF NFBO� ćF QPTUFSJPS NFBO MJOF JT KVTU UIF QPTUF�
SJPS NFBO
 UIF NPTU QMBVTJCMF MJOF JO UIF JOĕOJUF VOJWFSTF PG MJOFT UIF QPTUFSJPS EJTUSJCVUJPO
IBT DPOTJEFSFE� 1MPUT PG UIF BWFSBHF MJOF
 MJLF 'ĶĴłĿĲ ƌ�Ǝ
 BSF VTFGVM GPS HFUUJOH BO JNQSFT�
TJPO PG UIF NBHOJUVEF PG UIF FTUJNBUFE JOĘVFODF PG B WBSJBCMF� #VU UIFZ EP B QPPS KPC PG
DPNNVOJDBUJOH VODFSUBJOUZ� 3FNFNCFS
 UIF QPTUFSJPS EJTUSJCVUJPO DPOTJEFST FWFSZ QPTTJCMF
SFHSFTTJPO MJOF DPOOFDUJOH IFJHIU UP XFJHIU� *U BTTJHOT B SFMBUJWF QMBVTJCJMJUZ UP FBDI� ćJT
NFBOT UIBU FBDI DPNCJOBUJPO PG α BOE β IBT B QPTUFSJPS QSPCBCJMJUZ� *U DPVME CF UIBU UIFSF
BSF NBOZ MJOFT XJUI OFBSMZ UIF TBNF QPTUFSJPS QSPCBCJMJUZ BT UIF BWFSBHF MJOF� 0S JU DPVME CF
JOTUFBE UIBU UIF QPTUFSJPS EJTUSJCVUJPO JT SBUIFS OBSSPX OFBS UIF BWFSBHF MJOF�

4P IPX DBO XF HFU UIBU VODFSUBJOUZ POUP UIF QMPU 5PHFUIFS
 B DPNCJOBUJPO PG α BOE
β EFĕOF B MJOF� "OE TP XF DPVME TBNQMF B CVODI PG MJOFT GSPN UIF QPTUFSJPS EJTUSJCVUJPO�



How link works
• Sample from posterior
• De!ne series of predictor (weight) values
• For each predictor value

• For each sample from posterior
• Compute mu: a + b*(weight – xbar)

• Summarize
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BDDPNQMJTI UIF TBNF UIJOH GPS BOZ NPEFM
 ĕU CZ BOZ NFBOT
 CZ QFSGPSNJOH UIFTF TUFQT ZPVSTFMG� ćJT
JT IPX JU�E MPPL GPS (Ǒǡǐ�
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"OE UIF WBMVFT JO (0ǡ( �) BOE (0ǡ	��
 TIPVME CF WFSZ TJNJMBS 	BMMPXJOH GPS TJNVMBUJPO WBSJBODF
 UP
XIBU ZPV HPU UIF BVUPNBUFE XBZ
 VTJOH '$)&�

,OPXJOH UIJTNBOVBMNFUIPE JT VTFGVM CPUI GPS 	�
 VOEFSTUBOEJOH BOE 	�
 TIFFS QPXFS� 8IBUFWFS
UIF NPEFM ZPV ĕOE ZPVSTFMG XJUI
 UIJT BQQSPBDI DBO CF VTFE UP HFOFSBUF QPTUFSJPS QSFEJDUJPOT GPS BOZ
DPNQPOFOU PG JU� "VUPNBUFE UPPMT MJLF '$)& TBWF FČPSU
 CVU UIFZ BSF OFWFS BT ĘFYJCMF BT UIF DPEF ZPV
DBO XSJUF ZPVSTFMG�

�������� 1SFEJDUJPO JOUFSWBMT� /PX MFU�T XBML UISPVHI HFOFSBUJOH BO ��� QSFEJDUJPO JO�
UFSWBM GPS BDUVBM IFJHIUT
 OPU KVTU UIF BWFSBHF IFJHIU
 µ� ćJT NFBOT XF�MM JODPSQPSBUF UIF
TUBOEBSE EFWJBUJPO σ BOE JUT VODFSUBJOUZ BT XFMM� 3FNFNCFS
 UIF ĕSTU MJOF PG UIF TUBUJTUJDBM
NPEFM IFSF JT�

IJ ∼ /PSNBM(µJ,σ)

8IBU ZPV�WF EPOF TP GBS JT KVTU VTF TBNQMFT GSPN UIF QPTUFSJPS UP WJTVBMJ[F UIF VODFSUBJOUZ
JO µJ
 UIF MJOFBS NPEFM PG UIF NFBO� #VU BDUVBM QSFEJDUJPOT PG IFJHIUT EFQFOE BMTP VQPO UIF
EJTUSJCVUJPO JO UIF ĕSTU MJOF� ćF(BVTTJBO EJTUSJCVUJPO PO UIF ĕSTU MJOF UFMMT VT UIBU UIFNPEFM
FYQFDUT PCTFSWFE IFJHIUT UP CF EJTUSJCVUFE BSPVOE µ
 OPU SJHIU PO UPQ PG JU� "OE UIF TQSFBE
BSPVOE µ JT HPWFSOFE CZ σ� "MM PG UIJT TVHHFTUT XF OFFE UP JODPSQPSBUF σ JO UIF QSFEJDUJPOT
TPNFIPX�

)FSF�T IPX ZPV EP JU� *NBHJOF TJNVMBUJOH IFJHIUT� 'PS BOZ VOJRVF XFJHIU WBMVF
 ZPV TBN�
QMF GSPN B (BVTTJBO EJTUSJCVUJPO XJUI UIF DPSSFDU NFBO µ GPS UIBU XFJHIU
 VTJOH UIF DPSSFDU
WBMVF PG σ TBNQMFE GSPN UIF TBNF QPTUFSJPS EJTUSJCVUJPO� *G ZPV EP UIJT GPS FWFSZ TBNQMF
GSPN UIF QPTUFSJPS
 GPS FWFSZ XFJHIU WBMVF PG JOUFSFTU
 ZPV FOE VQ XJUI B DPMMFDUJPO PG TJNV�
MBUFE IFJHIUT UIBU FNCPEZ UIF VODFSUBJOUZ JO UIF QPTUFSJPS BT XFMM BT UIF VODFSUBJOUZ JO UIF
(BVTTJBO EJTUSJCVUJPO PG IFJHIUT� ćFSF JT B UPPM DBMMFE .$( XIJDI EPFT UIJT�
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 (0
 CVU JU DPOUBJOT TJNVMBUFE IFJHIUT
 OPU EJTUSJCV�
UJPOT PG QMBVTJCMF BWFSBHF IFJHIU
 µ�

8F DBO TVNNBSJ[F UIFTF TJNVMBUFE IFJHIUT JO UIF TBNF XBZ XF TVNNBSJ[FE UIF EJTUSJ�
CVUJPOT PG µ
 CZ VTJOH �++'4�
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Figure 4.10

89% prediction interval

Nothing special about 95%

Try 50%, 80%, 99%

Interested in shape, 
not boundaries
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'ĶĴłĿĲ ƌ�Ɖƈ� ��� QSFEJDUJPO JOUFSWBM GPS
IFJHIU
 BT B GVODUJPO PG XFJHIU� ćF TPMJE MJOF
JT UIF BWFSBHF MJOF GPS UIF NFBO IFJHIU BU FBDI
XFJHIU� ćF UXP TIBEFE SFHJPOT TIPX EJČFS�
FOU ��� QMBVTJCMF SFHJPOT� ćF OBSSPX TIBEFE
JOUFSWBM BSPVOE UIF MJOF JT UIF EJTUSJCVUJPO PGµ�
ćFXJEFS TIBEFE SFHJPO SFQSFTFOUT UIF SFHJPO
XJUIJO XIJDI UIF NPEFM FYQFDUT UP ĕOE ���
PG BDUVBM IFJHIUT JO UIF QPQVMBUJPO
 BU FBDI
XFJHIU�

-FU�T QMPU FWFSZUIJOH XF�WF CVJMU VQ� 	�
 UIF BWFSBHF MJOF
 	�
 UIF TIBEFE SFHJPO PG ���
QMBVTJCMF µ
 BOE 	�
 UIF CPVOEBSJFT PG UIF TJNVMBUFE IFJHIUT UIF NPEFM FYQFDUT�
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ćF DPEF BCPWF VTFT TPNF PCKFDUT DPNQVUFE JO QSFWJPVT TFDUJPOT
 TP HP CBDL BOE FYFDVUF
UIBU DPEF
 JG ZPV OFFE UP�

*O 'ĶĴłĿĲ ƌ�Ɖƈ
 * QMPU UIF SFTVMU� ćF XJEF TIBEFE SFHJPO JO UIF ĕHVSF SFQSFTFOUT UIF
BSFB XJUIJO XIJDI UIF NPEFM FYQFDUT UP ĕOE ��� PG BDUVBM IFJHIUT JO UIF QPQVMBUJPO
 BU FBDI
XFJHIU� ćFSF JT OPUIJOH TQFDJBM BCPVU UIF WBMVF ��� IFSF� :PV DPVME QMPU UIF CPVOEBSZ GPS
PUIFS QFSDFOUT
 TVDI BT ��� BOE ��� 	BMTP CPUI QSJNFT

 BOE BEE UIPTF UP UIF QMPU� %PJOH TP
XPVME IFMQ ZPV TFF NPSF PG UIF TIBQF PG UIF QSFEJDUFE EJTUSJCVUJPO PG IFJHIUT� * MFBWF UIBU BT
BO FYFSDJTF GPS UIF SFBEFS� +VTU HP CBDL UP UIF DPEF BCPWF BOE BEE +-*�ʙǍǡǓǔ
 GPS FYBNQMF

UP UIF DBMM UP �
� ćBU XJMM HJWF ZPV ��� JOUFSWBMT
 JOTUFBE PG ��� POFT�

/PUJDF UIBU UIF PVUMJOF GPS UIFXJEF TIBEFE JOUFSWBM JT B MJUUMF SPVHI� ćJT JT UIF TJNVMBUJPO
WBSJBODF JO UIF UBJMT PG UIF TBNQMFE (BVTTJBO WBMVFT� *G JU SFBMMZ CPUIFST ZPV
 JODSFBTF UIF
OVNCFS PG TBNQMFT ZPV UBLF GSPN UIF QPTUFSJPS EJTUSJCVUJPO� ćF PQUJPOBM ) QBSBNFUFS GPS
.$(ǡ# $"#/ DPOUSPMT IPX NBOZ TBNQMFT BSF VTFE� 5SZ GPS FYBNQMF�
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Curves From Lines

• “Linear” models can make curves

• Polynomial regression
• Common
• Badly behaved

• Splines
• Very "exible
• Highly geocentric



Going Local — B-Splines

• B-Splines are just linear models, but with some 
weird synthetic variables:

• Weights w are like slopes
• Basis functions B are synthetic variables

• In spirit like a squared or cubed terms
• But observed data not used to build B
• B values turn on weights in di#erent regions of x variable
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)FSF�T B MPOHFS FYQMBOBUJPO
 XJUI WJTVBM FYBNQMFT� 0VS HPBM JT UP BQQSPYJNBUF UIF UFN�
QFSBUVSF USFOE XJUI B XJHHMZ GVODUJPO� 8JUI #�TQMJOFT
 KVTU MJLF XJUI QPMZOPNJBM SFHSFTTJPO

XF EP UIJT CZ HFOFSBUJOH OFX QSFEJDUPS WBSJBCMFT BOE VTJOH UIPTF JO UIF MJOFBS NPEFM
 µJ� 6O�
MJLF QPMZOPNJBM SFHSFTTJPO
 #�TQMJOFT EP OPU EJSFDUMZ USBOTGPSN UIF QSFEJDUPS CZ TRVBSJOH PS
DVCJOH JU� *OTUFBE UIFZ JOWFOU B TFSJFT PG FOUJSFMZ OFX
 TZOUIFUJD QSFEJDUPS WBSJBCMFT� &BDI
PG UIFTF WBSJBCMFT TFSWFT UP HSBEVBMMZ UVSO B TQFDJĕD QBSBNFUFS PO BOE PČ XJUIJO B TQFDJĕD
SBOHF PG UIF QSFEJDUPS WBSJBCMFT� &BDI PG UIFTF WBSJBCMFT JT DBMMFE B įĮŀĶŀ ĳłĻİŁĶļĻ� ćF
MJOFBS NPEFM FOET VQ MPPLJOH WFSZ GBNJMJBS�

µJ = α+ X�#J,� + X�#J,� + X�#J,� + ...

XIFSF #J,O JT UIF O�UI CBTJT GVODUJPO�T WBMVF PO SPX J
 BOE UIF X QBSBNFUFST BSF DPSSFTQPOE�
JOH XFJHIUT GPS FBDI� ćF QBSBNFUFST BDU MJLF TMPQFT
 BEKVTUJOH UIF JOĘVFODF PG FBDI CBTJT
GVODUJPO PO UIF NFBO µJ� 4P SFBMMZ UIJT JT KVTU BOPUIFS MJOFBS SFHSFTTJPO
 CVU XJUI TPNF GBODZ

TZOUIFUJD QSFEJDUPS WBSJBCMFT� ćFTF TZOUIFUJD WBSJBCMFT EP TPNF SFBMMZ FMFHBOU EFTDSJQUJWF�
HFPDFOUSJD�XPSL GPS VT�

)PX EP XF DPOTUSVDU UIFTF CBTJT WBSJBCMFT # * EJTQMBZ UIF TJNQMFTU DBTF JO 'ĶĴłĿĲ ƌ�ƉƊ

JO XIJDI * BQQSPYJNBUF UIF UFNQFSBUVSF EBUB XJUI GPVS EJČFSFOU MJOFBS BQQSPYJNBUJPOT� 'JSTU

* EJWJEF UIF GVMM SBOHF PG UIF IPSJ[POUBM BYJT JOUP GPVS QBSUT
 VTJOH QJWPU QPJOUT DBMMFE ĸĻļŁŀ�
ćF LOPUT BSF TIPXO CZ UIF + TZNCPMT JO UIF UPQ QMPU� ćFO ĕWF EJČFSFOU CBTJT GVODUJPOT

PVS # WBSJBCMFT
 BSF VTFE UP HFOUMZ USBOTJUJPO GSPN POF QBSU UP UIF OFYU� &TTFOUJBMMZ
 UIFTF
WBSJBCMFT UFMM ZPV XIJDI LOPU ZPV BSF DMPTF UP� #FHJOOJOH PO UIF MFę PG UIF UPQ QMPU
 CBTJT
GVODUJPO � IBT WBMVF � BOE BMM PG UIF PUIFST BSF TFU UP [FSP� "T XF NPWF SJHIUXBSET UPXBSET
UIF TFDPOE LOPU
 CBTJT � EFDMJOFT BOE CBTJT � JODSFBTFT� "U LOPU �
 CBTJT � IBT WBMVF �
 BOE BMM
PG UIF PUIFST BSF TFU UP [FSP�

ćFOJDF GFBUVSF PG UIFTF CBTJT GVODUJPOT JT UIBU UIFZNBLF UIF UIF JOĘVFODF PG FBDI QBSBN�
FUFS RVJUF MPDBM� "U BOZ QPJOU PO UIF IPSJ[POUBM BYJT JO 'ĶĴłĿĲ ƌ�ƉƊ
 POMZ UXP CBTJT GVODUJPOT
IBWF OPO�[FSP WBMVFT� 'PS FYBNQMF
 UIF EBTIFE CMVF MJOF JO UIF UPQ QMPU TIPXT UIF ZFBS �����
#BTJT GVODUJPOT � BOE � BSF OPO�[FSP GPS UIBU ZFBS� 4P UIF QBSBNFUFST GPS CBTJT GVODUJPOT �
BOE � BSF UIF POMZ QBSBNFUFST JOĘVFODJOH QSFEJDUJPO GPS UIF ZFBS ����� ćJT JT RVJUF VOMJLF
QPMZOPNJBM SFHSFTTJPO
 XIFSF QBSBNFUFST JOĘVFODF UIF FOUJSF TIBQF PG UIF DVSWF�

*O UIF NJEEMF QMPU JO 'ĶĴłĿĲ ƌ�ƉƊ
 * TIPX FBDI CBTJT GVODUJPO NVMUJQMJFE CZ JUT DPSSF�
TQPOEJOH XFJHIU QBSBNFUFS� * HPU UIFTF XFJHIUT CZ ĕUUJOH UIF NPEFM UP UIF EBUB� *�MM TIPX
ZPV IPX UP EP UIBU JO B NPNFOU� #VU GPDVT PO UIF ĕHVSF GPS OPX� 8FJHIU QBSBNFUFST DBO
CF QPTJUJWF PS OFHBUJWF� 4P GPS FYBNQMF CBTJT GVODUJPOT � BOE � FOE VQ CFMPX UIF [FSP MJOF�
ćFZ IBWF OFHBUJWF XFJHIUT� 5P DPOTUSVDU B QSFEJDUJPO GPS BOZ HJWFO ZFBS
 TBZ GPS FYBNQMF
���� BHBJO
 XF KVTU BEE VQ UIFTF XFJHIUFE CBTJT GVODUJPOT BU UIBU ZFBS� *O UIF ZFBS ����
 POMZ
CBTJT GVODUJPOT � BOE � JOĘVFODF QSFEJDUJPO�

'JOBMMZ
 JO UIF CPUUPNQMPU PG 'ĶĴłĿĲ ƌ�ƉƊ
 * EJTQMBZ UIF TQMJOF
 BT B ���QPTUFSJPS JOUFSWBM
GPS µ
 PWFS UIF SBX UFNQFSBUVSF EBUB� ćJT JTO�U ZFU B WFSZ HPPE BQQSPYJNBUJPO� ćFSF BSF
UXP UIJOHT XF DBO EP UP JNQSPWF JU� 'JSTU
 XF DBO VTF NPSF LOPUT� ćF NPSF LOPUT
 UIF
NPSF ĘFYJCMF UIF TQMJOF� 4FDPOE
 JOTUFBE PG MJOFBS BQQSPYJNBUJPOT
 XF DBO VTF IJHIFS EFHSFF
QPMZOPNJBMT�

-FU�T CVJME VQ UIF DPEF UIBU XJMM MFU ZPV SFQSPEVDF UIF QMPUT JO 'ĶĴłĿĲ ƌ�ƉƊ
 CVU BMTP MFU
ZPV DIBOHF UIF LOPUT BOE EFHSFF UP BOZUIJOH ZPV MJLF� 'JSTU
 XF DIPPTF UIF LOPUT� 3FNFN�
CFS
 UIF LOPUT BSF KVTU WBMVFT PG 4 �- UIBU TFSWF BT QJWPUT GPS PVS TQMJOF� 8IFSF TIPVME UIF
LOPUT HP ćFSF BSF EJČFSFOU XBZT UP BOTXFS UIJT RVFTUJPO��� :PV DBO
 JO QSJODJQMF
 QVU UIF
LOPUT XIFSFWFS ZPV MJLF� ćFJS MPDBUJPOT BSF QBSU PG UIF NPEFM
 BOE ZPV BSF SFTQPOTJCMF GPS



http://www.tylervigen.com/spurious-correlations

Correlation is commonplace

http://www.tylervigen.com/spurious-correlations
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Spurious association

• Correlation does not imply 
causation

• Causation does not imply 
correlation

• Causation implies conditional 
correlation

• Need more than just models

• Q: Does marriage cause 
divorce?
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'ĶĴłĿĲ ƍ�Ɗ� %JWPSDF SBUF JT BTTPDJBUFE XJUI CPUI NBSSJBHF SBUF 	MFę
 BOE
NFEJBO BHF BU NBSSJBHF 	SJHIU
� #PUI QSFEJDUPS WBSJBCMFT BSF TUBOEBSEJ[FE
JO UIJT FYBNQMF� ćF BWFSBHFNBSSJBHF SBUF BDSPTT 4UBUFT JT �� QFS ���� BEVMUT

BOE UIF BWFSBHF NFEJBO BHF BU NBSSJBHF JT �� ZFBST�

���� 4QVSJPVT BTTPDJBUJPO
-FU�T MFBWF XBĒFT CFIJOE
 BU MFBTU GPS UIF NPNFOU� "O FYBNQMF UIBU JT FBTJFS UP VOEFS�

TUBOE JT UIF DPSSFMBUJPO CFUXFFO EJWPSDF SBUF BOE NBSSJBHF SBUF 	'ĶĴłĿĲ ƍ�Ɗ
� ćF SBUF BU
XIJDI BEVMUT NBSSZ JT B HSFBU QSFEJDUPS PG EJWPSDF SBUF
 BT TFFO JO UIF MFę�IBOE QMPU JO UIF
ĕHVSF� #VU EPFT NBSSJBHF DBVTF EJWPSDF *O B USJWJBM TFOTF JU PCWJPVTMZ EPFT� 0OF DBOOPU
HFU B EJWPSDF XJUIPVU ĕSTU HFUUJOH NBSSJFE� #VU UIFSF�T OP SFBTPO IJHI NBSSJBHF SBUF NVTU
CF DPSSFMBUFE XJUI EJWPSDF� *U�T FBTZ UP JNBHJOF IJHI NBSSJBHF SBUF JOEJDBUJOH IJHI DVMUVSBM
WBMVBUJPO PG NBSSJBHF BOE UIFSFGPSF CFJOH BTTPDJBUFE XJUI MPX EJWPSDF SBUF� 4P TPNFUIJOH JT
TVTQJDJPVT IFSF�

"OPUIFS QSFEJDUPS BTTPDJBUFE XJUI EJWPSDF JT UIF NFEJBO BHF BU NBSSJBHF
 EJTQMBZFE JO
UIF SJHIU�IBOE QMPU JO 'ĶĴłĿĲ ƍ�Ɗ� "HF BU NBSSJBHF JT BMTP B HPPE QSFEJDUPS PG EJWPSDF SBUF�
IJHIFS BHF BU NBSSJBHF QSFEJDUT MFTT EJWPSDF� -FU�T MPBE UIFTF EBUB BOE TUBOEBSEJ[F UIF WBSJ�
BCMFT PG JOUFSFTU�
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Multiple causes of divorce

• Want to know: what is value of a predictor, once we 
know the other predictors?

• What is value of knowing marriage rate, once we already 
know median age at marriage?

• What is value of knowing median age marriage, once we 
know marriage rate?



!ey’re good DAGs, Brent

• Directed Acyclic Graphs — tools for causal models
• Directed: Arrows
• Acyclic: Arrows don’t make loops
• Graphs: Nodes and edges

• Unlike statistical model, has causal implications
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5P NBLF TFOTF PG UIJT
 XF�SF HPJOH UP IBWF UP UIJOL DBVTBMMZ� "OE UIFO
 POMZ BęFS XF�WF
EPOF TPNF UIJOLJOH
 B CJHHFS SFHSFTTJPO NPEFM UIBU JODMVEFT CPUI BHF BU NBSSJBHF BOE NBS�
SJBHF SBUF XJMM IFMQ VT�

������ ćJOL CFGPSF ZPV SFHSFTT� ćFSF BSF UISFF PCTFSWFE WBSJBCMFT JO QMBZ� EJWPSDF SBUF
	%

 NBSSJBHF SBUF 	.

 BOE UIF NFEJBO BHF BU NBSSJBHF 	"
 JO FBDI 4UBUF� ćF QBUUFSO XF
TFF JO UIF QSFWJPVT UXP NPEFMT BOE JMMVTUSBUFE JO 'ĶĴłĿĲ ƍ�Ɗ JT TZNQUPNBUJD PG B TJUVBUJPO JO
XIJDI POMZ POF PG UIF QSFEJDUPS WBSJBCMFT
 " JO UIJT DBTF
 IBT B DBVTBM JNQBDU PO UIF PVUDPNF

%
 FWFO UIPVHI CPUI QSFEJDUPS WBSJBCMFT BSF TUSPOHMZ BTTPDJBUFE XJUI UIF PVUDPNF�

5P VOEFSTUBOE UIJT CFUUFS
 JU JT IFMQGVM UP JOUSPEVDF B QBSUJDVMBS UZQF PG DBTVBM HSBQI
LOPXO BT B %"(
 TIPSU GPS ıĶĿĲİŁĲı ĮİņİĹĶİ ĴĿĮĽĵ� (SBQI NFBOT JU JT OPEFT BOE DPO�
OFDUJPOT� %JSFDUFE NFBOT UIF DPOOFDUJPOT IBWF BSSPXT UIBU JOEJDBUF EJSFDUJPOT PG DBVTBM JO�
ĘVFODF� "OE BDZDMJD NFBOT UIBU DBVTFT EP OPU FWFOUVBMMZ ĘPX CBDL PO UIFNTFMWFT� " %"(
JT B XBZ PG EFTDSJCJOH RVBMJUBUJWF DBVTBM SFMBUJPOTIJQT BNPOH WBSJBCMFT� *U JTO�U BT EFUBJMFE BT
B GVMM NPEFM EFTDSJQUJPO
 CVU JU DPOUBJOT JOGPSNBUJPO UIBU B QVSFMZ TUBUJTUJDBM NPEFM EPFT OPU�
6OMJLF B TUBUJTUJDBM NPEFM
 B %"(
 JG JU JT DPSSFDU
 XJMM UFMM ZPV UIF DPOTFRVFODFT PG JOUFSWFOJOH
UP DIBOHF B WBSJBCMF�

)FSF JT B %"( GPS PVS EJWPSDF SBUF FYBNQMF�

A

D

M

*G ZPV XBOU UP LOPX IPX UP ESBX UIJT
 TFF UIF 0WFSUIJOLJOH CPY BU UIF FOE PG UIJT TFDUJPO� *U
NBZ OPU MPPL MJLF NVDI
 CVU UIJT UZQF PG EJBHSBN EPFT B MPU PG XPSL� *U SFQSFTFOUT B IFVSJTUJD
DBVTBM NPEFM� -JLF PUIFS NPEFMT
 JU JT BO BOBMZUJDBM BTTVNQUJPO� ćF TZNCPMT "
 .
 BOE %
BSF PVS PCTFSWFE WBSJBCMFT� ćF BSSPXT TIPX EJSFDUJPOT PG JOĘVFODF� 8IBU UIJT %"( TBZT JT�

	�
 " NBZ EJSFDUMZ JOĘVFODF %
	�
 . NBZ EJSFDUMZ JOĘVFODF %
	�
 " NBZ BMTP JOEJSFDUMZ JOĘVFODF % UISPVHI .

*O NPSF IVNBO UFSNT
 BHF PG NBSSJBHF DBO JOĘVFODF EJWPSDF JO UXP XBZT� 'JSTU JU DBO IBWF B
EJSFDU FČFDU
 QFSIBQT CFDBVTF ZPVOHFS QFPQMF DIBOHF GBTUFS UIBO PMEFS QFPQMF BOE BSF UIFSF�
GPSF NPSF MJLFMZ UP HSPX JODPNQBUJCMF XJUI B QBSUOFS� 4FDPOE
 JU DBO IBWF BO JOEJSFDU FČFDU
CZ JOĘVFODJOH UIF NBSSJBHF SBUF� *G QFPQMF HFU NBSSJFE FBSMJFS
 UIFO UIF NBSSJBHF SBUF NBZ
SJTF
 CFDBVTF UIFSF BSF NPSF ZPVOH QFPQMF� $POTJEFS GPS FYBNQMF JG BO FWJM EJDUBUPS GPSDFE
FWFSZPOF UP HFU NBSSJBHF BU BHF ��� 4JODF B TNBMMFS GSBDUJPO PG UIF QPQVMBUJPO MJWFT UP �� UIBO
UP ��
 GPSDJOH EFMBZFE NBSSJBHF XJMM BMTP SFEVDF UIF NBSSJBHF SBUF� *G NBSSJBHF SBUF JUTFMG IBT
BOZ EJSFDU FČFDU PO EJWPSDF
 NBZCF CZ NBLJOH NBSSJBHF NPSF PS MFTT OPSNBUJWF
 UIFO TPNF
PG UIBU EJSFDU FČFDU DPVME CF UIF JOEJSFDU FČFDU PG BHF BU NBSSJBHF�

5P JOGFS UIF TUSFOHUI PG UIFTF EJČFSFOU BSSPXT
 XF OFFE NPSF UIBO POF NPEFM� .PEFM
(ǒǡǎ
 UIF SFHSFTTJPO PG % PO "
 UFMMT VT POMZ UIBU UIF UPUBM BTTPDJBUJPO PG BHF BU NBSSJBHF JT
TUSPOHMZ OFHBUJWF XJUI EJWPSDF SBUF� ćF iUPUBMw IFSF NFBOT XF IBWF UP BDDPVOU GPS FWFSZ QBUI
GSPN" UP%�ćFSF BSF UXP TVDI QBUIT JO UIJT HSBQI� "→ %
 B EJSFDU QBUI
 BOE"→ .→ %

BO JOEJSFDU QBUI� *O HFOFSBM
 JU JT QPTTJCMF UIBU B WBSJBCMF MJLF " IBT OP EJSFDU FČFDU BU BMM PO
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5P NBLF TFOTF PG UIJT
 XF�SF HPJOH UP IBWF UP UIJOL DBVTBMMZ� "OE UIFO
 POMZ BęFS XF�WF
EPOF TPNF UIJOLJOH
 B CJHHFS SFHSFTTJPO NPEFM UIBU JODMVEFT CPUI BHF BU NBSSJBHF BOE NBS�
SJBHF SBUF XJMM IFMQ VT�

������ ćJOL CFGPSF ZPV SFHSFTT� ćFSF BSF UISFF PCTFSWFE WBSJBCMFT JO QMBZ� EJWPSDF SBUF
	%

 NBSSJBHF SBUF 	.

 BOE UIF NFEJBO BHF BU NBSSJBHF 	"
 JO FBDI 4UBUF� ćF QBUUFSO XF
TFF JO UIF QSFWJPVT UXP NPEFMT BOE JMMVTUSBUFE JO 'ĶĴłĿĲ ƍ�Ɗ JT TZNQUPNBUJD PG B TJUVBUJPO JO
XIJDI POMZ POF PG UIF QSFEJDUPS WBSJBCMFT
 " JO UIJT DBTF
 IBT B DBVTBM JNQBDU PO UIF PVUDPNF

%
 FWFO UIPVHI CPUI QSFEJDUPS WBSJBCMFT BSF TUSPOHMZ BTTPDJBUFE XJUI UIF PVUDPNF�

5P VOEFSTUBOE UIJT CFUUFS
 JU JT IFMQGVM UP JOUSPEVDF B QBSUJDVMBS UZQF PG DBTVBM HSBQI
LOPXO BT B %"(
 TIPSU GPS ıĶĿĲİŁĲı ĮİņİĹĶİ ĴĿĮĽĵ� (SBQI NFBOT JU JT OPEFT BOE DPO�
OFDUJPOT� %JSFDUFE NFBOT UIF DPOOFDUJPOT IBWF BSSPXT UIBU JOEJDBUF EJSFDUJPOT PG DBVTBM JO�
ĘVFODF� "OE BDZDMJD NFBOT UIBU DBVTFT EP OPU FWFOUVBMMZ ĘPX CBDL PO UIFNTFMWFT� " %"(
JT B XBZ PG EFTDSJCJOH RVBMJUBUJWF DBVTBM SFMBUJPOTIJQT BNPOH WBSJBCMFT� *U JTO�U BT EFUBJMFE BT
B GVMM NPEFM EFTDSJQUJPO
 CVU JU DPOUBJOT JOGPSNBUJPO UIBU B QVSFMZ TUBUJTUJDBM NPEFM EPFT OPU�
6OMJLF B TUBUJTUJDBM NPEFM
 B %"(
 JG JU JT DPSSFDU
 XJMM UFMM ZPV UIF DPOTFRVFODFT PG JOUFSWFOJOH
UP DIBOHF B WBSJBCMF�

)FSF JT B %"( GPS PVS EJWPSDF SBUF FYBNQMF�

A

D

M

*G ZPV XBOU UP LOPX IPX UP ESBX UIJT
 TFF UIF 0WFSUIJOLJOH CPY BU UIF FOE PG UIJT TFDUJPO� *U
NBZ OPU MPPL MJLF NVDI
 CVU UIJT UZQF PG EJBHSBN EPFT B MPU PG XPSL� *U SFQSFTFOUT B IFVSJTUJD
DBVTBM NPEFM� -JLF PUIFS NPEFMT
 JU JT BO BOBMZUJDBM BTTVNQUJPO� ćF TZNCPMT "
 .
 BOE %
BSF PVS PCTFSWFE WBSJBCMFT� ćF BSSPXT TIPX EJSFDUJPOT PG JOĘVFODF� 8IBU UIJT %"( TBZT JT�

	�
 " NBZ EJSFDUMZ JOĘVFODF %
	�
 . NBZ EJSFDUMZ JOĘVFODF %
	�
 " NBZ BMTP JOEJSFDUMZ JOĘVFODF % UISPVHI .

*O NPSF IVNBO UFSNT
 BHF PG NBSSJBHF DBO JOĘVFODF EJWPSDF JO UXP XBZT� 'JSTU JU DBO IBWF B
EJSFDU FČFDU
 QFSIBQT CFDBVTF ZPVOHFS QFPQMF DIBOHF GBTUFS UIBO PMEFS QFPQMF BOE BSF UIFSF�
GPSF NPSF MJLFMZ UP HSPX JODPNQBUJCMF XJUI B QBSUOFS� 4FDPOE
 JU DBO IBWF BO JOEJSFDU FČFDU
CZ JOĘVFODJOH UIF NBSSJBHF SBUF� *G QFPQMF HFU NBSSJFE FBSMJFS
 UIFO UIF NBSSJBHF SBUF NBZ
SJTF
 CFDBVTF UIFSF BSF NPSF ZPVOH QFPQMF� $POTJEFS GPS FYBNQMF JG BO FWJM EJDUBUPS GPSDFE
FWFSZPOF UP HFU NBSSJBHF BU BHF ��� 4JODF B TNBMMFS GSBDUJPO PG UIF QPQVMBUJPO MJWFT UP �� UIBO
UP ��
 GPSDJOH EFMBZFE NBSSJBHF XJMM BMTP SFEVDF UIF NBSSJBHF SBUF� *G NBSSJBHF SBUF JUTFMG IBT
BOZ EJSFDU FČFDU PO EJWPSDF
 NBZCF CZ NBLJOH NBSSJBHF NPSF PS MFTT OPSNBUJWF
 UIFO TPNF
PG UIBU EJSFDU FČFDU DPVME CF UIF JOEJSFDU FČFDU PG BHF BU NBSSJBHF�

5P JOGFS UIF TUSFOHUI PG UIFTF EJČFSFOU BSSPXT
 XF OFFE NPSF UIBO POF NPEFM� .PEFM
(ǒǡǎ
 UIF SFHSFTTJPO PG % PO "
 UFMMT VT POMZ UIBU UIF UPUBM BTTPDJBUJPO PG BHF BU NBSSJBHF JT
TUSPOHMZ OFHBUJWF XJUI EJWPSDF SBUF� ćF iUPUBMw IFSF NFBOT XF IBWF UP BDDPVOU GPS FWFSZ QBUI
GSPN" UP%�ćFSF BSF UXP TVDI QBUIT JO UIJT HSBQI� "→ %
 B EJSFDU QBUI
 BOE"→ .→ %

BO JOEJSFDU QBUI� *O HFOFSBM
 JU JT QPTTJCMF UIBU B WBSJBCMF MJLF " IBT OP EJSFDU FČFDU BU BMM PO

Median age of marriage Marriage rate

Divorce rate

Implications:
(1) M is a function of A
(2) D is a function of A and M
(3) !e total causal e"ect of A has two paths:
    (a) A –> M –> D
    (b) A –> D



divorce rate

marriage rate

median age marriage

“slope” for marriage rate

“slope” for median age marriage
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ćF Ƕʛ BSSPXT JO UIF %"(EFĕOJUJPO JOEJDBUF EJSFDUJPOT PG JOĘVFODF� ćF �**-�$)�/ . GVODUJPO MFU�T
ZPV MBZPVU UIF QMPU BT ZPV MJLF� :PV DBO BMTP MFU��"$//4EP UIF MBZPVU
 VTJOH+'*/ǿ"-�+#
�4*0/ǿ��"ǒǡǎȀȀ�
ćF - /#$)&$)" QBDLBHF IBT B %"( QMPUUJOH GVODUJPO UIBU BMMPXT B CJU NPSF WJTVBM DPOUSPM� 4FF
Ǩ�-�2��"�

3FUIJOLJOH� i$POUSPMw JT PVU PG DPOUSPM� 7FSZ PęFO
 UIF RVFTUJPO KVTU BCPWF JT TQPLFO PG BT iTUBUJTUJDBM
DPOUSPM
w BT JO DPOUSPMMJOH GPS UIF FČFDU PG POF WBSJBCMF XIJMF FTUJNBUJOH UIF FČFDU PG BOPUIFS� #VU UIJT
JT TMPQQZ MBOHVBHF
 BT JU JNQMJFT UPP NVDI� 4UBUJTUJDBM DPOUSPM JT RVJUF EJČFSFOU GSPN FYQFSJNFOUBM
DPOUSPM� ćF XPSE iDPOUSPMw JNQMJFT B DBVTBM JOUFSQSFUBUJPO 	iFČFDUw

 BOE JU JNQMJFT BO FYQFSJNFOUBM
EJTBTTPDJBUJPO PG UIF QSFEJDUPS WBSJBCMFT 	iDPOUSPMw
� :PV NBZ CF XJMMJOH UP NBLF UIFTF BTTVNQUJPOT

CVU UIFZ BSF OPU QBSU PG UIF NPEFM
 TP CF XBSZ�

ćF QPJOU IFSF JTO�U UP QPMJDF MBOHVBHF� *OTUFBE
 UIF QPJOU JT UP PCTFSWF UIF EJTUJODUJPO CFUXFFO
TNBMM XPSME BOE MBSHF XPSME JOUFSQSFUBUJPOT� 4JODF NPTU QFPQMF XIP VTF TUBUJTUJDT BSF OPU TUBUJTUJDJBOT

TMPQQZ MBOHVBHF MJLF iDPOUSPMw DBO QSPNPUF B TMPQQZ DVMUVSF PG JOUFSQSFUBUJPO� 4VDI DVMUVSFT UFOE UP
PWFSFTUJNBUF UIF QPXFS PG TUBUJTUJDBM NFUIPET
 TP SFTJTUJOH UIFN DBO CF EJďDVMU� %JTDJQMJOJOH ZPVS
PXO MBOHVBHF NBZ CF FOPVHI� %JTDJQMJOJOH BOPUIFS�T MBOHVBHF JT IBSE UP EP
 XJUIPVU TFFNJOH MJLF B
GBTUJEJPVT TDPME
 BT UIJT WFSZ CPY NVTU TFFN�

������ .VMUJQMF SFHSFTTJPO OPUBUJPO� .VMUJQMF SFHSFTTJPO GPSNVMBT MPPL B MPU MJLF UIF QPMZ�
OPNJBM NPEFMT BU UIF FOE PG UIF QSFWJPVT DIBQUFS�UIFZ BEE NPSF QBSBNFUFST BOE WBSJBCMFT
UP UIF EFĕOJUJPO PG µJ� ćF TUSBUFHZ JT TUSBJHIUGPSXBSE�

	�
 /PNJOBUF UIF QSFEJDUPS WBSJBCMFT ZPV XBOU JO UIF MJOFBS NPEFM PG UIF NFBO�
	�
 'PS FBDI QSFEJDUPS
 NBLF B QBSBNFUFS UIBU XJMM NFBTVSF JUT BTTPDJBUJPO XJUI UIF

PVUDPNF�
	�
 .VMUJQMZ UIF QBSBNFUFS CZ UIF WBSJBCMF BOE BEE UIBU UFSN UP UIF MJOFBS NPEFM�

&YBNQMFT BSF BMXBZT OFDFTTBSZ
 TP IFSF JT UIF NPEFM UIBU QSFEJDUT EJWPSDF SBUF
 VTJOH CPUI
NBSSJBHF SBUF BOE BHF BU NBSSJBHF�

%J ∼ /PSNBM(µJ,σ) [probability of data]

µJ = α+ β..J + β""J [linear model]

α ∼ /PSNBM(�, �.�) [prior for α]

β. ∼ /PSNBM(�, �.�) [prior for β.]

β" ∼ /PSNBM(�, �.�) [prior for β"]

σ ∼ &YQPOFOUJBM(�) [prior for σ]

:PV DBO VTF XIBUFWFS TZNCPMT ZPV MJLF GPS UIF QBSBNFUFST BOE WBSJBCMFT
 CVU IFSF *�WF DIPTFO
3 GPS NBSSJBHF SBUF BOE " GPS BHF BU NBSSJBHF
 SFVTJOH UIFTF TZNCPMT BT TVCTDSJQUT GPS UIF
DPSSFTQPOEJOH QBSBNFUFST� #VU GFFM GSFF UP VTF XIJDIFWFS TZNCPMT SFEVDF UIF MPBE PO ZPVS
PXO NFNPSZ�

4P XIBU EPFT JU NFBO UP BTTVNF µJ = α + β..J + β""J *U NFBOT UIBU UIF FYQFDUFE
PVUDPNF GPS BOZ 4UBUFXJUINBSSJBHF SBUF.J BOENFEJBO BHF BUNBSSJBHF"J JT UIF TVNPG UISFF
JOEFQFOEFOU UFSNT� ćF ĕSTU UFSN JT B DPOTUBOU
 α� &WFSZ 4UBUF HFUT UIJT� ćF TFDPOE UFSN JT
UIF QSPEVDU PG UIF NBSSJBHF SBUF
 .J
 BOE UIF DPFďDJFOU
 β.
 UIBU NFBTVSFT UIF BTTPDJBUJPO
CFUXFFO NBSSJBHF SBUF BOE EJWPSDF SBUF� ćF UIJSE UFSN JT TJNJMBS
 CVU GPS UIF BTTPDJBUJPO
XJUI NFEJBO BHF BU NBSSJBHF JOTUFBE�
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CVU UIFZ BSF OPU QBSU PG UIF NPEFM
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ćF QPJOU IFSF JTO�U UP QPMJDF MBOHVBHF� *OTUFBE
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PWFSFTUJNBUF UIF QPXFS PG TUBUJTUJDBM NFUIPET
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PXO MBOHVBHF NBZ CF FOPVHI� %JTDJQMJOJOH BOPUIFS�T MBOHVBHF JT IBSE UP EP
 XJUIPVU TFFNJOH MJLF B
GBTUJEJPVT TDPME
 BT UIJT WFSZ CPY NVTU TFFN�

������ .VMUJQMF SFHSFTTJPO OPUBUJPO� .VMUJQMF SFHSFTTJPO GPSNVMBT MPPL B MPU MJLF UIF QPMZ�
OPNJBM NPEFMT BU UIF FOE PG UIF QSFWJPVT DIBQUFS�UIFZ BEE NPSF QBSBNFUFST BOE WBSJBCMFT
UP UIF EFĕOJUJPO PG µJ� ćF TUSBUFHZ JT TUSBJHIUGPSXBSE�

	�
 /PNJOBUF UIF QSFEJDUPS WBSJBCMFT ZPV XBOU JO UIF MJOFBS NPEFM PG UIF NFBO�
	�
 'PS FBDI QSFEJDUPS
 NBLF B QBSBNFUFS UIBU XJMM NFBTVSF JUT BTTPDJBUJPO XJUI UIF

PVUDPNF�
	�
 .VMUJQMZ UIF QBSBNFUFS CZ UIF WBSJBCMF BOE BEE UIBU UFSN UP UIF MJOFBS NPEFM�

&YBNQMFT BSF BMXBZT OFDFTTBSZ
 TP IFSF JT UIF NPEFM UIBU QSFEJDUT EJWPSDF SBUF
 VTJOH CPUI
NBSSJBHF SBUF BOE BHF BU NBSSJBHF�

%J ∼ /PSNBM(µJ,σ) [probability of data]

µJ = α+ β..J + β""J [linear model]

α ∼ /PSNBM(�, �.�) [prior for α]

β. ∼ /PSNBM(�, �.�) [prior for β.]

β" ∼ /PSNBM(�, �.�) [prior for β"]

σ ∼ &YQPOFOUJBM(�) [prior for σ]

:PV DBO VTF XIBUFWFS TZNCPMT ZPV MJLF GPS UIF QBSBNFUFST BOE WBSJBCMFT
 CVU IFSF *�WF DIPTFO
3 GPS NBSSJBHF SBUF BOE " GPS BHF BU NBSSJBHF
 SFVTJOH UIFTF TZNCPMT BT TVCTDSJQUT GPS UIF
DPSSFTQPOEJOH QBSBNFUFST� #VU GFFM GSFF UP VTF XIJDIFWFS TZNCPMT SFEVDF UIF MPBE PO ZPVS
PXO NFNPSZ�

4P XIBU EPFT JU NFBO UP BTTVNF µJ = α + β..J + β""J *U NFBOT UIBU UIF FYQFDUFE
PVUDPNF GPS BOZ 4UBUFXJUINBSSJBHF SBUF.J BOENFEJBO BHF BUNBSSJBHF"J JT UIF TVNPG UISFF
JOEFQFOEFOU UFSNT� ćF ĕSTU UFSN JT B DPOTUBOU
 α� &WFSZ 4UBUF HFUT UIJT� ćF TFDPOE UFSN JT
UIF QSPEVDU PG UIF NBSSJBHF SBUF
 .J
 BOE UIF DPFďDJFOU
 β.
 UIBU NFBTVSFT UIF BTTPDJBUJPO
CFUXFFO NBSSJBHF SBUF BOE EJWPSDF SBUF� ćF UIJSE UFSN JT TJNJMBS
 CVU GPS UIF BTTPDJBUJPO
XJUI NFEJBO BHF BU NBSSJBHF JOTUFBE�
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( �) .� ǒǡǒʉ ǖǑǡǒʉ
� ǍǡǍǍ ǍǡǎǍ ǶǍǡǎǓ ǍǡǎǓ
�� ǶǍǡǍǔ Ǎǡǎǒ ǶǍǡǐǎ ǍǡǎǕ
�� ǶǍǡǓǎ Ǎǡǎǒ ǶǍǡǕǒ ǶǍǡǐǔ
.$"(� Ǎǡǔǖ ǍǡǍǕ ǍǡǓǓ Ǎǡǖǎ

ćF QPTUFSJPS NFBO GPS NBSSJBHF SBUF
 ��
 JT OPX DMPTF UP [FSP
 XJUI QMFOUZ PG QSPCBCJMJUZ
PG CPUI TJEFT PG [FSP� ćF QPTUFSJPS NFBO GPS BHF BU NBSSJBHF
 ��
 JT FTTFOUJBMMZ VODIBOHFE�
*U XJMM IFMQ UP WJTVBMJ[F UIF QPTUFSJPS EJTUSJCVUJPOT GPS BMM UISFF NPEFMT
 GPDVTJOH KVTU PO UIF
TMPQF QBSBNFUFST β" BOE β.�

3 DPEF
��� +'*/ǿ �* !/��ǿ(ǒǡǎǢ(ǒǡǏǢ(ǒǡǐȀǢ +�-ʙ�ǿǫ��ǫǢǫ��ǫȀ Ȁ

m5.1
m5.2
m5.3

m5.1
m5.2
m5.3

bA

bM

-0.5 0.0 0.5
Estimate

QPTUFSJPS NFBOT TIPXO CZ UIF QPJOUT BOE UIF ��� DPNQBUJCJMJUZ JOUFSWBMT CZ UIF TPMJE IPSJ�
[POUBM MJOFT� /PUJDF IPX �� EPFTO�U NPWF
 POMZ HSPXT B CJU NPSF VODFSUBJO
 XIJMF �� JT POMZ
BTTPDJBUFE XJUI EJWPSDF XIFO BHF BU NBSSJBHF JT NJTTJOH GSPN UIF NPEFM� :PV DBO JOUFSQSFU
UIFTF EJTUSJCVUJPOT BT TBZJOH�

0ODF XF LOPX NFEJBO BHF BU NBSSJBHF GPS B 4UBUF
 UIFSF JT MJUUMF PS OP BEEJ�
UJPOBM QSFEJDUJWF QPXFS JO BMTP LOPXJOH UIF SBUF PG NBSSJBHF JO UIBU 4UBUF�

/PUF UIBU UIJT EPFT OPU NFBO UIBU UIFSF JT OP WBMVF JO LOPXJOH NBSSJBHF SBUF� $POTJTUFOU
XJUI UIF FBSMJFS %"(
 JG ZPV EJEO�U IBWF BDDFTT UP BHF�BU�NBSSJBHF EBUB
 UIFO ZPV�E EFĕOJUFMZ
ĕOE WBMVF JO LOPXJOH UIF NBSSJBHF SBUF� "MM PG UIJT JNQMJFT UIFSF JT OP
 PS BMNPTU OP
 EJSFDU
DBVTBM QBUI GSPN NBSSJBHF SBUF UP EJWPSDF SBUF� ćF BTTPDJBUJPO CFUXFFO NBSSJBHF SBUF BOE
EJWPSDF SBUF JT TQVSJPVT
 DBVTFE CZ UIF JOĘVFODF PG BHF PG NBSSJBHF PO CPUINBSSJBHF SBUF BOE
EJWPSDF SBUF� *�MM MFBWF JU UP UIF SFBEFS UP JOWFTUJHBUF UIF SFMBUJPOTIJQ CFUXFFO BHF BU NBSSJBHF

"
 BOE NBSSJBHF SBUF
 .
 UP DPNQMFUF UIF QJDUVSF�

#VU IPX EJE NPEFM (ǒǡǐ BDIJFWF UIF JOGFSFODF UIBU NBSSJBHF SBUF BEET OP BEEJUJPOBM
JOGPSNBUJPO
 PODF XF LOPX BHF BU NBSSJBHF 5P BOTXFS UIBU RVFTUJPO
 XF�MM ESBX TPNF QJD�
UVSFT�

0WFSUIJOLJOH� 4JNVMBUJOH UIF EJWPSDF FYBNQMF� ćF EJWPSDF EBUB BSF SFBM EBUB� * EPXOMPBEFE UIFN
GSPN UIF JOUFSOFU� 4FF UIF TPVSDFT JO Ǩ��!!' �$1*-� � #VU JU JT VTFGVM UP TJNVMBUF UIF LJOE PG DBVTBM

m5.1: age of marriage only D ~ A
m5.2: marriage rate only D ~ M
m5.3: multiple regression D ~ A + M



Multiple regression

• Once we know median age marriage, little additional 
value in knowing marriage rate.

• Once we know marriage rate, still value in knowing 
median age marriage.

• If we don’t know median age marriage, still useful to 
know marriage rate.
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/PUF UIBU UIJT EPFT OPU NFBO UIBU UIFSF JT OP WBMVF JO LOPXJOH NBSSJBHF SBUF� $POTJTUFOU
XJUI UIF FBSMJFS %"(
 JG ZPV EJEO�U IBWF BDDFTT UP BHF�BU�NBSSJBHF EBUB
 UIFO ZPV�E EFĕOJUFMZ
ĕOE WBMVF JO LOPXJOH UIF NBSSJBHF SBUF� "MM PG UIJT JNQMJFT UIFSF JT OP
 PS BMNPTU OP
 EJSFDU
DBVTBM QBUI GSPN NBSSJBHF SBUF UP EJWPSDF SBUF� ćF BTTPDJBUJPO CFUXFFO NBSSJBHF SBUF BOE
EJWPSDF SBUF JT TQVSJPVT
 DBVTFE CZ UIF JOĘVFODF PG BHF PG NBSSJBHF PO CPUINBSSJBHF SBUF BOE
EJWPSDF SBUF� *�MM MFBWF JU UP UIF SFBEFS UP JOWFTUJHBUF UIF SFMBUJPOTIJQ CFUXFFO BHF BU NBSSJBHF

"
 BOE NBSSJBHF SBUF
 .
 UP DPNQMFUF UIF QJDUVSF�

#VU IPX EJE NPEFM (ǒǡǐ BDIJFWF UIF JOGFSFODF UIBU NBSSJBHF SBUF BEET OP BEEJUJPOBM
JOGPSNBUJPO
 PODF XF LOPX BHF BU NBSSJBHF 5P BOTXFS UIBU RVFTUJPO
 XF�MM ESBX TPNF QJD�
UVSFT�

0WFSUIJOLJOH� 4JNVMBUJOH UIF EJWPSDF FYBNQMF� ćF EJWPSDF EBUB BSF SFBM EBUB� * EPXOMPBEFE UIFN
GSPN UIF JOUFSOFU� 4FF UIF TPVSDFT JO Ǩ��!!' �$1*-� � #VU JU JT VTFGVM UP TJNVMBUF UIF LJOE PG DBVTBM
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BO PVUDPNF MJLF %� *U DPVME TUJMM CF BTTPDJBUFE XJUI % FOUJSFMZ UISPVHI UIF JOEJSFDU QBUI� ćBU
UZQF PG SFMBUJPOTIJQ JT LOPXO BT ĺĲıĶĮŁĶļĻ
 BOE XF�MM IBWF BO FYBNQMF MBUFS�

*O UIJT DBTF IPXFWFS
 UIF JOEJSFDU QBUI BDUVBMMZ EPFT OPXPSL� )PX DBOXF TIPX UIBU 8F
LOPX GSPN (ǒǡǏ UIBU NBSSJBHF SBUF JT QPTJUJWFMZ BTTPDJBUFE XJUI EJWPSDF SBUF� #VU UIBU JTO�U
FOPVHI UP UFMM VT UIBU UIF QBUI . → % JT QPTJUJWF� *U DPVME CF UIBU UIF BTTPDJBUJPO CFUXFFO
. BOE % BSJTFT FOUJSFMZ GSPN "�T JOĘVFODF PO CPUI . BOE %� -JLF UIJT�

A

D

M

ćJT %"( JT BMTP DPOTJTUFOU XJUI UIF JOGFSFODFT GSPN NPEFMT (ǒǡǎ BOE (ǒǡǏ� 4P XIJDI JT JU 
*T UIFSF B EJSFDU FČFDU PG NBSSJBHF SBUF
 PS SBUIFS JT BHF BU NBSSJBHF KVTU ESJWJOH CPUI
 DSFBUJOH
B TQVSJPVT DPSSFMBUJPO CFUXFFO NBSSJBHF SBUF BOE EJWPSDF SBUF 

5PĕOEPVU
 XF OFFE BNPEFM UIBU iDPOUSPMTw GPS"XIJMF BTTFTTJOH UIF BTTPDJBUJPO CFUXFFO
. BOE%� "OE UIBU JT XIBUNVMUJQMF SFHSFTTJPO IFMQT XJUI� ćF RVFTUJPOXFXBOU UP BOTXFSFE�

*T UIFSF BOZ BEEJUJPOBM WBMVF JO LOPXJOH B WBSJBCMF
 PODF * BMSFBEZ LOPX BMM PG
UIF PUIFS QSFEJDUPS WBSJBCMFT 

4P GPS FYBNQMF PODF ZPV ĕU B NVMUJQMF SFHSFTTJPO UP QSFEJDU EJWPSDF VTJOH CPUI NBSSJBHF SBUF
BOE BHF BU NBSSJBHF
 UIF NPEFM BEESFTTFT UIF RVFTUJPOT�

	�
 "ęFS * BMSFBEZ LOPX NBSSJBHF SBUF
 XIBU BEEJUJPOBM WBMVF JT UIFSF JO BMTP LOPXJOH
BHF BU NBSSJBHF 

	�
 "ęFS * BMSFBEZ LOPX BHF BUNBSSJBHF
 XIBU BEEJUJPOBM WBMVF JT UIFSF JO BMTP LOPXJOH
NBSSJBHF SBUF 

ćF QBSBNFUFS FTUJNBUFT DPSSFTQPOEJOH UP FBDI QSFEJDUPS BSF UIF 	PęFO PQBRVF
 BOTXFST UP
UIFTF RVFTUJPOT� /FYU XF�MM EFTJHO UIF NPEFM UIBU BTLT UIFTF RVFTUJPOT� "OE JG ZPV BMTP IBWF
B DBVTBM NPEFM ZPV USVTU
 ZPV DBO VTF UIF BOTXFST UP QSFEJDU UIF FČFDUT PG DIBOHJOH POF PS
NPSF WBSJBCMFT�

0WFSUIJOLJOH� %SBXJOH B %"(� ćFSF BSF TFWFSBM QBDLBHFT
 XIFUIFS GPS 3 PS 1ZUIPO PS BOPUIFS
FOWJSPONFOU
 UIBU BJE XJUI ESBXJOH BOE BOBMZ[JOH EJSFDUFE BDZDMJD HSBQIT� ćF POF * VTF GPS FYBNQMFT
JO UIJT CPPL JT ��"$//4� *U EPFTO�U NBLF UIF QSFUUJFTU QMPUT
 CVU JU IBT UIF BEWBOUBHF PG CFJOH CPUI BO
3 QBDLBHF BOE TPNFUIJOH ZPV DBO VTF JO ZPVS JOUFSOFU CSPXTFS PS PO ZPVS DPNQVUFS EFTLUPQ� 7JTJU
#//+ǣȅȅ222ǡ��"$//4ǡ) /ȅ� 5P ESBX UIF TJNQMF %"( ZPV TBX FBSMJFS JO UIJT TFDUJPO�
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Posterior predictions

• Lots of plotting options now
1. Predictor residual plots
2. Counterfactual plots
3. Posterior prediction plots
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'ĶĴłĿĲ ƍ�Ɗ� %JWPSDF SBUF JT BTTPDJBUFE XJUI CPUI NBSSJBHF SBUF 	MFę
 BOE
NFEJBO BHF BUNBSSJBHF 	SJHIU
� #PUI QSFEJDUPS WBSJBCMFT BSF TUBOEBSEJ[FE JO
UIJT FYBNQMF� ćF BWFSBHF NBSSJBHF SBUF BDSPTT 4UBUFT JT ��
 BOE UIF BWFSBHF
NFEJBO BHF BU NBSSJBHF JT ���

ĕHVSF� #VU EPFT NBSSJBHF DBVTF EJWPSDF *O B USJWJBM TFOTF JU PCWJPVTMZ EPFT� POF DBOOPU
HFU B EJWPSDF XJUIPVU ĕSTU HFUUJOH NBSSJFE� #VU UIFSF�T OP SFBTPO CFZPOE UIBU GPS IJHI NBS�
SJBHF SBUF UP CF DPSSFMBUFE XJUI EJWPSDF�JU�T FBTZ UP JNBHJOF IJHI NBSSJBHF SBUF JOEJDBUJOH
IJHI DVMUVSBM WBMVBUJPO PG NBSSJBHF BOE UIFSFGPSF CFJOH BTTPDJBUFE XJUI MPX EJWPSDF SBUF� 4P
TPNFUIJOH JT TVTQJDJPVT IFSF�

"OPUIFS QSFEJDUPS BTTPDJBUFE XJUI EJWPSDF JT UIF NFEJBO BHF BU NBSSJBHF
 EJTQMBZFE JO
UIF SJHIUIBOE QMPU JO 'ĶĴłĿĲ ƍ�Ɗ� "HF BU NBSSJBHF JT BMTP B HPPE QSFEJDUPS PG EJWPSDF SBUF�
IJHIFS BHF BUNBSSJBHF QSFEJDUT MFTT EJWPSDF� :PV DBO SFQMJDBUF UIF SJHIUIBOE QMPU JO UIF ĕHVSF
CZ ĕUUJOH UIJT MJOFBS SFHSFTTJPO NPEFM�

%J ∼ /PSNBM(µJ,σ)

µJ = α+ βBBJ

α ∼ /PSNBM(��, ��)
βB ∼ /PSNBM(�, �)
σ ∼ 6OJGPSN(�, ��)

%J JT UIF EJWPSDF SBUF GPS 4UBUF J
 BOE BJ JT 4UBUF J�T NFEJBO BHF BU NBSSJBHF� ćFSF BSF OP OFX
DPEF USJDLT PS UFDIOJRVFT IFSF
 CVU *�MM BEE DPNNFOUT UP IFMQ FYQMBJO UIF NBTT PG DPEF� 8F�SF
HPJOH UP TUBOEBSEJ[F UIF QSFEJDUPS IFSF
 CFDBVTF JU�T B HPPE IBCJU UP HFU JOUP�

3 DPEF
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'ĶĴłĿĲ ƍ�Ɗ� %JWPSDF SBUF JT BTTPDJBUFE XJUI CPUI NBSSJBHF SBUF 	MFę
 BOE
NFEJBO BHF BUNBSSJBHF 	SJHIU
� #PUI QSFEJDUPS WBSJBCMFT BSF TUBOEBSEJ[FE JO
UIJT FYBNQMF� ćF BWFSBHF NBSSJBHF SBUF BDSPTT 4UBUFT JT ��
 BOE UIF BWFSBHF
NFEJBO BHF BU NBSSJBHF JT ���

ĕHVSF� #VU EPFT NBSSJBHF DBVTF EJWPSDF *O B USJWJBM TFOTF JU PCWJPVTMZ EPFT� POF DBOOPU
HFU B EJWPSDF XJUIPVU ĕSTU HFUUJOH NBSSJFE� #VU UIFSF�T OP SFBTPO CFZPOE UIBU GPS IJHI NBS�
SJBHF SBUF UP CF DPSSFMBUFE XJUI EJWPSDF�JU�T FBTZ UP JNBHJOF IJHI NBSSJBHF SBUF JOEJDBUJOH
IJHI DVMUVSBM WBMVBUJPO PG NBSSJBHF BOE UIFSFGPSF CFJOH BTTPDJBUFE XJUI MPX EJWPSDF SBUF� 4P
TPNFUIJOH JT TVTQJDJPVT IFSF�

"OPUIFS QSFEJDUPS BTTPDJBUFE XJUI EJWPSDF JT UIF NFEJBO BHF BU NBSSJBHF
 EJTQMBZFE JO
UIF SJHIUIBOE QMPU JO 'ĶĴłĿĲ ƍ�Ɗ� "HF BU NBSSJBHF JT BMTP B HPPE QSFEJDUPS PG EJWPSDF SBUF�
IJHIFS BHF BUNBSSJBHF QSFEJDUT MFTT EJWPSDF� :PV DBO SFQMJDBUF UIF SJHIUIBOE QMPU JO UIF ĕHVSF
CZ ĕUUJOH UIJT MJOFBS SFHSFTTJPO NPEFM�

%J ∼ /PSNBM(µJ,σ)

µJ = α+ βBBJ

α ∼ /PSNBM(��, ��)
βB ∼ /PSNBM(�, �)
σ ∼ 6OJGPSN(�, ��)

%J JT UIF EJWPSDF SBUF GPS 4UBUF J
 BOE BJ JT 4UBUF J�T NFEJBO BHF BU NBSSJBHF� ćFSF BSF OP OFX
DPEF USJDLT PS UFDIOJRVFT IFSF
 CVU *�MM BEE DPNNFOUT UP IFMQ FYQMBJO UIF NBTT PG DPEF� 8F�SF
HPJOH UP TUBOEBSEJ[F UIF QSFEJDUPS IFSF
 CFDBVTF JU�T B HPPE IBCJU UP HFU JOUP�

3 DPEF
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Masked association

• Sometimes association between outcome and 
predictor masked by another variable

• Need both variables to see in#uence of either
• Tends to arise when

• Another predictor associated with outcome in opposite 
direction

• Both predictors associated with one another
• Noise in predictors can also mask association 

(residual confounding)



Categorical variables

• Many predictors are discrete, 
unordered categories

• Gender, region, species
• How to use in regression?
• Two approaches

• Use dummy/indicator variables
• Use index variables

• Most automated so$ware uses 
dummy variables

• Usually easier to think & code with 
index variables



Index variable
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6TJOH UIJT BQQSPBDI NFBOT UIBU βN SFQSFTFOUT UIF FYQFDUFE EJČFSFODF CFUXFFO NBMFT
BOE GFNBMFT JO IFJHIU� ćF QBSBNFUFS α JT VTFE UP QSFEJDU CPUI GFNBMF BOE NBMF IFJHIUT� #VU
NBMF IFJHIU HFUT BO FYUSB βN� ćJT BMTP NFBOT UIBU α JT OP MPOHFS UIF BWFSBHF IFJHIU JO UIF
TBNQMF
 CVU SBUIFS KVTU UIF BWFSBHF GFNBMF IFJHIU� ćJT DBO NBLF BTTJHOJOH TFOTJCMF QSJPST B
MJUUMF IBSEFS� *G ZPV EPO�U IBWF B TFOTF PG UIF FYQFDUFE EJČFSFODF JO IFJHIU�XIBU XPVME CF
SFBTPOBCMF CFGPSF TFFJOH UIF EBUB �UIFO UIJT BQQSPBDI UP JODMVEJOH B DBUFHPSZ DBO CF UPP
NVDI CPUIFS�

'VSUIFSNPSF
 UIJT BQQSPBDI OFDFTTBSJMZ BTTVNFT UIFSF JT NPSF VODFSUBJOUZ BCPVU POF PG
UIF DBUFHPSJFT�iNBMFw JO UIJT DBTF�UIBO UIF PUIFS� 8IZ #FDBVTF B QSFEJDUJPO GPS B NBMF
JODMVEFT UXP QBSBNFUFST BOE UIFSFGPSF UXP QSJPST� 8F DBO TJNVMBUF UIJT EJSFDUMZ GSPN UIF
QSJPST� ćF QSJPS EJTUSJCVUJPOT GPS µ GPS GFNBMFT BOE NBMFT BSF�

3 DPEF
���� (0Ǿ! (�' ʚǶ -)*-(ǿǎ ǑǢǎǔǕǢǏǍȀ
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ćF QSJPS GPS NBMFT JT XJEFS
 CFDBVTF JU VTFT CPUI QBSBNFUFST� 8IJMF JO B SFHSFTTJPO UIJT
TJNQMF
 UIFTF QSJPST XJMM XBTI PVU WFSZ RVJDLMZ
 JO HFOFSBM XF TIPVME CF DBSFGVM� 8F BSFO�U
BDUVBMMZ NPSF VOTVSF BCPVU NBMF IFJHIU UIBO GFNBMF IFJHIU
 B QSJPSJ� *T UIFSF BOPUIFS XBZ 

"OPUIFS BQQSPBDI BWBJMBCMF UP VT
 VTJOH UIF TBNF JOGPSNBUJPO
 JT UP VTF BO ĶĻıĲŅ ŃĮĿĶ�
ĮįĹĲ JOTUFBE� "O JOEFY WBSJBCMF DPOUBJOT JOUFHFST UIBU DPSSFTQPOE UP EJČFSFOU DBUFHPSJFT�
ćF JOUFHFST BSF KVTU OBNFT
 CVU UIFZ BMTP MFU VT SFGFSFODF B MJTU PG DPSSFTQPOEJOH QBSBNFUFST

POF GPS FBDI DBUFHPSZ� *O UIJT DBTF
 XF DBO DPOTUSVDU PVS JOEFY MJLF UIJT�
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/PX i�w NFBOT GFNBMF BOE i�w NFBOT NBMF� /P PSEFS JT JNQMJFE� ćFTF BSF KVTU MBCFMT� "OE
UIF NBUIFNBUJDBM WFSTJPO PG UIF NPEFM CFDPNFT�

IJ ∼ /PSNBM(µJ,σ)

µJ = αŀĲŅ[J]

αK ∼ /PSNBM(���, ��) , GPS K = �..�
σ ∼ 6OJGPSN(�, ��)

8IBU UIJT EPFT JT DSFBUF B MJTU PGα QBSBNFUFST
 POF GPS FBDI VOJRVF WBMVF JO UIF JOEFY WBSJBCMF�
4P JO UIJT DBTF XF FOE VQXJUI UXPα QBSBNFUFST
 OBNFEα� BOEα�� ćF OVNCFST DPSSFTQPOE
UP UIF WBMVFT JO UIF JOEFY WBSJBCMF . 3� * LOPX UIJT TFFNT PWFSMZ DPNQMJDBUFE
 CVU JU TPMWFT
PVS QSPCMFN XJUI UIF QSJPST� /PX UIF TBNF QSJPS DBO CF BTTJHOFE UP FBDI
 DPSSFTQPOEJOH UP
UIF OPUJPO UIBU BMM UIF DBUFHPSJFT BSF UIF TBNF
 QSJPS UP UIF EBUB� /FJUIFS DBUFHPSZ IBT NPSF
QSJPS VODFSUBJOUZ UIBO UIF PUIFS� "OE BT ZPV�MM TFF B CJU MBUFS
 UIJT BQQSPBDI FYUFOET SFBMMZ
OJDFMZ UP DPOUFYUT XJUI NPSF UIBO UXP DBUFHPSJFT�

-FU�T BQQSPYJNBUF UIF QPTUFSJPS GPS UIF BCPWF NPEFM
 UIF POF VTJOH BO JOEFY WBSJBCMF�
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6TJOH UIJT BQQSPBDI NFBOT UIBU βN SFQSFTFOUT UIF FYQFDUFE EJČFSFODF CFUXFFO NBMFT
BOE GFNBMFT JO IFJHIU� ćF QBSBNFUFS α JT VTFE UP QSFEJDU CPUI GFNBMF BOE NBMF IFJHIUT� #VU
NBMF IFJHIU HFUT BO FYUSB βN� ćJT BMTP NFBOT UIBU α JT OP MPOHFS UIF BWFSBHF IFJHIU JO UIF
TBNQMF
 CVU SBUIFS KVTU UIF BWFSBHF GFNBMF IFJHIU� ćJT DBO NBLF BTTJHOJOH TFOTJCMF QSJPST B
MJUUMF IBSEFS� *G ZPV EPO�U IBWF B TFOTF PG UIF FYQFDUFE EJČFSFODF JO IFJHIU�XIBU XPVME CF
SFBTPOBCMF CFGPSF TFFJOH UIF EBUB �UIFO UIJT BQQSPBDI UP JODMVEJOH B DBUFHPSZ DBO CF UPP
NVDI CPUIFS�

'VSUIFSNPSF
 UIJT BQQSPBDI OFDFTTBSJMZ BTTVNFT UIFSF JT NPSF VODFSUBJOUZ BCPVU POF PG
UIF DBUFHPSJFT�iNBMFw JO UIJT DBTF�UIBO UIF PUIFS� 8IZ #FDBVTF B QSFEJDUJPO GPS B NBMF
JODMVEFT UXP QBSBNFUFST BOE UIFSFGPSF UXP QSJPST� 8F DBO TJNVMBUF UIJT EJSFDUMZ GSPN UIF
QSJPST� ćF QSJPS EJTUSJCVUJPOT GPS µ GPS GFNBMFT BOE NBMFT BSF�
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ćF QSJPS GPS NBMFT JT XJEFS
 CFDBVTF JU VTFT CPUI QBSBNFUFST� 8IJMF JO B SFHSFTTJPO UIJT
TJNQMF
 UIFTF QSJPST XJMM XBTI PVU WFSZ RVJDLMZ
 JO HFOFSBM XF TIPVME CF DBSFGVM� 8F BSFO�U
BDUVBMMZ NPSF VOTVSF BCPVU NBMF IFJHIU UIBO GFNBMF IFJHIU
 B QSJPSJ� *T UIFSF BOPUIFS XBZ 

"OPUIFS BQQSPBDI BWBJMBCMF UP VT
 VTJOH UIF TBNF JOGPSNBUJPO
 JT UP VTF BO ĶĻıĲŅ ŃĮĿĶ�
ĮįĹĲ JOTUFBE� "O JOEFY WBSJBCMF DPOUBJOT JOUFHFST UIBU DPSSFTQPOE UP EJČFSFOU DBUFHPSJFT�
ćF JOUFHFST BSF KVTU OBNFT
 CVU UIFZ BMTP MFU VT SFGFSFODF B MJTU PG DPSSFTQPOEJOH QBSBNFUFST

POF GPS FBDI DBUFHPSZ� *O UIJT DBTF
 XF DBO DPOTUSVDU PVS JOEFY MJLF UIJT�
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/PX i�w NFBOT GFNBMF BOE i�w NFBOT NBMF� /P PSEFS JT JNQMJFE� ćFTF BSF KVTU MBCFMT� "OE
UIF NBUIFNBUJDBM WFSTJPO PG UIF NPEFM CFDPNFT�

IJ ∼ /PSNBM(µJ,σ)

µJ = αŀĲŅ[J]

αK ∼ /PSNBM(���, ��) , GPS K = �..�
σ ∼ 6OJGPSN(�, ��)

8IBU UIJT EPFT JT DSFBUF B MJTU PGα QBSBNFUFST
 POF GPS FBDI VOJRVF WBMVF JO UIF JOEFY WBSJBCMF�
4P JO UIJT DBTF XF FOE VQXJUI UXPα QBSBNFUFST
 OBNFEα� BOEα�� ćF OVNCFST DPSSFTQPOE
UP UIF WBMVFT JO UIF JOEFY WBSJBCMF . 3� * LOPX UIJT TFFNT PWFSMZ DPNQMJDBUFE
 CVU JU TPMWFT
PVS QSPCMFN XJUI UIF QSJPST� /PX UIF TBNF QSJPS DBO CF BTTJHOFE UP FBDI
 DPSSFTQPOEJOH UP
UIF OPUJPO UIBU BMM UIF DBUFHPSJFT BSF UIF TBNF
 QSJPS UP UIF EBUB� /FJUIFS DBUFHPSZ IBT NPSF
QSJPS VODFSUBJOUZ UIBO UIF PUIFS� "OE BT ZPV�MM TFF B CJU MBUFS
 UIJT BQQSPBDI FYUFOET SFBMMZ
OJDFMZ UP DPOUFYUT XJUI NPSF UIBO UXP DBUFHPSJFT�

-FU�T BQQSPYJNBUF UIF QPTUFSJPS GPS UIF BCPWF NPEFM
 UIF POF VTJOH BO JOEFY WBSJBCMF�



Di"erence and uncertainty
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'ĶĴłĿĲ Ǝ�Ɖ� 8IZ UIF NPTU OFXTXPSUIZ TUVE�
JFT NJHIU CF UIF MFBTU USVTUXPSUIZ� ��� SF�
TFBSDI QSPQPTBMT BSF SBOLFE CZ DPNCJOFE
USVTUXPSUIJOFTT BOE OFXTXPSUIJOFTT� ćF UPQ
��� BSF TFMFDUFE GPS GVOEJOH� 8IJMF UIFSF JT
OP DPSSFMBUJPO CFGPSF TFMFDUJPO
 UIF UXP DSJUF�
SJB BSF TUSPOHMZ OFHBUJWFMZ DPSSFMBUFE BęFS TF�
MFDUJPO� ćF DPSSFMBUJPO IFSF JT−�.���

PVU TQVSJPVT DPSSFMBUJPOT BOE DMFBS VQ NBTLJOH FČFDUT� ćJT NBZ FODPVSBHF UIF WJFX UIBU

XIFO JO EPVCU
 KVTU BEE FWFSZUIJOH UP UIF NPEFM BOE MFU UIF PSBDMF PG SFHSFTTJPO TPSU JU PVU�

3FHSFTTJPO XJMM OPU TPSU JU PVU� 3FHSFTTJPO JT JOEFFE BO PSBDMF
 CVU B DSVFM POF� *U TQFBLT
JO SJEEMFT BOE EFMJHIUT JO QVOJTIJOH VT GPS BTLJOH CBE RVFTUJPOT� ćF TFMFDUJPO�EJTUPSUJPO
FČFDU DBO IBQQFO JOTJEF PG B NVMUJQMF SFHSFTTJPO
 CFDBVTF UIF BDU PG BEEJOH B QSFEJDUPS JO�
EVDFT TUBUJTUJDBM TFMFDUJPO XJUIJO UIF NPEFM
 B QIFOPNFOPO UIBU HPFT CZ UIF VOIFMQGVM OBNF
İļĹĹĶıĲĿ įĶĮŀ� ćJT DBO NJTMFBE VT JOUP CFMJFWJOH
 GPS FYBNQMF
 UIBU UIFSF JT B OFHBUJWF BT�
TPDJBUJPO CFUXFFO OFXTXPSUIJOFTT BOE USVTUXPSUIJOFTT JO HFOFSBM
 XIFO JO GBDU JU JT KVTU B
DPOTFRVFODF PG DPOEJUJPOJOH PO TPNF WBSJBCMF� ćJT JT CPUI B EFFQMZ DPOGVTJOH GBDU BOE POF
UIBU JT JNQPSUBOU UP VOEFSTUBOE JO PSEFS UP SFHSFTT SFTQPOTJCMZ�

ćJT DIBQUFS BOE UIF OFYU BSF CPUI BCPVU UFSSJCMF UIJOHT UIBU DBO IBQQFO XIFO XF TJNQMZ
BEE WBSJBCMFT UP B SFHSFTTJPO
 XJUIPVU B DMFBS JEFB PG B DBVTBM NPEFM� *O UIJT DIBQUFS
 XF�MM FY�
QMPSF UISFF EJČFSFOU IB[BSET� NVMUJDPMMJOFBSJUZ
 QPTU�USFBUNFOU CJBT
 BOE DPMMJEFS CJBT� #Z UIF
FOE
 * IPQF ZPV�MM VOEFSTUBOE FBDI XFMM FOPVHI UP EFTJHO CFUUFS TDJFODF� ćF DIBQUFS UIFO
QSPDFFET UP JOTUSVNFOUBM WBSJBCMFT
 B UFDIOJRVF UIBU
 BU UIF FYQFOTF PG TUSPOH BTTVNQUJPOT

DBO IFMQ VT NBLF SFMJBCMF JOGFSFODFT FWFO XIFO XF IBWFO�U NFBTVSFE JNQPSUBOU DPOGPVOET�
8F�MM FOE CZ UZJOH BMM PG UIFTF FYBNQMFT UPHFUIFS JO B GSBNFXPSL UIBU DBO UFMM VT XIJDI WBSJ�
BCMFT XF NVTU BOE NVTU OPU BEE UP B NPEFM JO PSEFS UP BSSJWF BU WBMJE JOGFSFODFT�

3FUIJOLJOH� 4UBOEBSEJ[FE TFMFDUJPO CMJOEOFTT� 4FMFDUJPO�EJTUPSUJPO JT DPNNPO BOE PWFSMPPLFE� "
QSPNJOFOU FYBNQMF XJUIJO /PSUI "NFSJDBO VOJWFSTJUJFT JT EFCBUFT PWFS UIF VTF PG TUBOEBSEJ[FE UFTUT
GPS DPMMFHF BOE HSBEVBUF TDIPPM BENJTTJPOT� "MNPTU FWFSZ ZFBS
 B OFX QBQFS JT QVCMJTIFE UIBU ĕOET OP
TJ[BCMF DPSSFMBUJPO CFUXFFO UFTU TDPSFT BOE QFSGPSNBODF JO DPMMFHF��� ćFTF SFTVMUT BSF OPU TVSQSJTJOH

OPS EP UIFZ QSPWJEF BOZ JOGPSNBUJPO BCPVU UIF VTFGVMOFTT PG TUBOEBSEJ[FE UFTUT� "ęFS TFMFDUJPO
 UIF
DPSSFMBUJPO CFUXFFO UFTU TDPSFT BOE GVUVSF TVDDFTT XJMM IBWF UP CF MPXFS UIBO JU XPVME CF JO UIF QSF�
TFMFDUJPO QPQVMBUJPO
 B GBDU UIBU IBT CFFO LOPXO GPS EFDBEFT��� ćFSF NBZ CF HPPE SFBTPOT GPS /PSUI
"NFSJDBO TDIPPMT UP BCBOEPO TUBOEBSEJ[FE UFTUT
 CVU UFTU WBMJEJUZ JT OPU POF PG UIFN��� .PTU QFPQMF
DBSF OPU BU BMM BCPVU UIF TUBOEBSEJ[FE UFTU EFCBUF
 ZPVS BVUIPS JODMVEFE� #VU UIF GBDU UIBU UIJT EFCBUF
IBT ZFU UP BEWBODFE CFZPOE UIF ĕSTU TUBHF PG JOGFSFOUJBM DPOGVTJPO TVHHFTUT UIBU CMJOEOFTT UP TFMFDUJPO�
EJTUPSUJPO FČFDUT JT XJEFTQSFBE BNPOH TDJFOUJTUT� 8F TIPVME XPSSZ XIFSF FMTF TFMFDUJPO�EJTUPSUJPO JT
CFJOH NJTTFE�

Selection-distortion e!ect

reviewer

reviewer
when a sample is selected on a combination of 2 (or more) variables, 
the relationship between those 2 variables is different after selection 
than it was before, and not just because of restriction of range



Why not just add everything?

• Could just add all available predictors to model
• “We controlled for...”

• Almost always a bad idea
• Adding variables creates confounds
• Residual confounding
• Over!tting



X Z Y

!e Pipe
X Z Y

!e Fork

X Z Y

!e Collider
X Z Y

!e Descendant

A

Open unless you 
condition on Z

Open unless you 
condition on Z

Closed until you 
condition on Z

Conditioning on A is 
like conditioning on Z



Shutting the back door

• What ties these examples together:
• "e back-door criterion: Confounding 

caused by existence of open back door 
paths from X to Y

• If you know your elements, you know 
how to open/close each of them
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#VU XIBU FYBDUMZ JT DPOGPVOEJOH "OE XIJDI QSJODJQMFT FYQMBJO XIZ TPNFUJNFT MFBWJOH
PVU WBSJBCMFT BOE TPNFUJNFT BEEJOH UIFN DBO QSPEVDF UIF TBNF QIFOPNFOPO "SF UIFSF
PUIFS DBVTBM NPOTUFST MVSLJOH PVU UIFSF
 IBVOUJOH PVS HSBQIT 8F SFRVJSF TPNF DPIFSFODF�

$POGPVOEJOH JT BOZ DPOUFYU JO XIJDI UIF BTTPDJBUJPO CFUXFFO BO PVUDPNF : BOE B QSF�
EJDUPS PG JOUFSFTU 9 JT OPU UIF TBNF BT JU XPVME CF
 JG XF IBE FYQFSJNFOUBMMZ EFUFSNJOFE UIF
WBMVFT PG 9��� 'PS FYBNQMF
 JO UIF QSFWJPVT FYBNQMF
 UIF BTTPDJBUJPO CFUXFFO FEVDBUJPO BOE
XBHFT JT DPOGPVOEFE CZ UIF VOPCTFSWFE WBSJBCMF 6� *G XF IBE BTTJHOFE FEVDBUJPO MFWFMT UP
QFPQMF
 XF�E HFU B EJČFSFOU FTUJNBUF GPS UIF BTTPDJBUJPO� %JSFDUMZ NBOJQVMBUJOH FEVDBUJPO
UVSOT UIF HSBQI PO UIF MFę JOUP UIF HSBQI PO UIF SJHIU�

E

U

W E

U

W

)PX EPFT JU EP UIJT *O UIF HSBQI PO UIF MFę
 UIFSF BSF UXP QBUIT DPOOFDUJOH & BOE 8�
	�
 & → 8 BOE 	�
 & ← 6 → 8� " iQBUIw IFSF KVTU NFBOT BOZ TFSJFT PG WBSJBCMFT ZPV
DPVME XBML UISPVHI UP HFU GSPN POF WBSJBCMF UP BOPUIFS
 JHOPSJOH UIF EJSFDUJPOT PG UIF BSSPXT�
.BOJQVMBUJPO SFNPWFT UIF JOĘVFODF PG 6 PO &� ćJT UIFO TUPQT JOGPSNBUJPO GSPN ĘPXJOH
CFUXFFO & BOE 8 UISPVHI 6� *U CMPDLT UIF TFDPOE QBUI� 0ODF UIF QBUI JT CMPDLFE
 UIFSF JT
POMZ POF XBZ GPS JOGPSNBUJPO UP HP CFUXFFO & BOE 8
 BOE UIFO NFBTVSJOH UIF BTTPDJBUJPO
CFUXFFO & BOE 8 DPVME ZJFME B VTFGVM NFBTVSF PG DBVTBM JOĘVFODF� .BOJQVMBUJPO SFNPWFT
UIF DPOGPVOEJOH
 CFDBVTF JU CMPDLT UIF PUIFS QBUI CFUXFFO & BOE 8�

/PX DPOTJEFS UIBU UIFSF BSF TUBUJTUJDBM XBZT UP BDIJFWF UIF TBNF SFTVMU
 XJUIPVU BDUVBMMZ
NBOJQVMBUJOH &� )PX ćF NPTU PCWJPVT JT UP BEE 6 UP UIF NPEFM
 UP DPOEJUJPO PO 6� 8IZ
EPFT UIJT BMTP SFNPWF UIF DPOGPVOEJOH #FDBVTF JU BMTP CMPDLT UIF ĘPX PG JOGPSNBUJPO CF�
UXFFO & BOE 8 UISPVHI 6� *U CMPDLT UIF TFDPOE QBUI�

5P VOEFSTUBOEXIZ DPOEJUJPOJOH PO6 CMPDLT UIF QBUI&← 6→8
 UIJOL PG UIJT QBUI JO
JTPMBUJPO
 BT B DPNQMFUF NPEFM� 0ODF ZPV MFBSO 6
 BMTP MFBSOJOH & XJMM HJWF ZPV OP BEEJUJPOBM
JOGPSNBUJPO BCPVU 8� 4VQQPTF GPS FYBNQMF UIBU 6 JT UIF BWFSBHF XFBMUI JO B SFHJPO� 3FHJPOT
XJUI IJHI XFBMUI IBWF CFUUFS TDIPPMT
 SFTVMUJOH JO NPSF FEVDBUJPO &
 BT XFMM BT CFUUFS QBZJOH
KPCT
 SFTVMUJOH JO IJHIFS XBHFT 8� *G ZPV EPO�U LOPX UIF SFHJPO B QFSTPO MJWFT JO
 MFBSOJOH
UIF QFSTPO�T FEVDBUJPO & XJMM QSPWJEF JOGPSNBUJPO BCPVU UIFJS XBHFT 8
 CFDBVTF & BOE 8 BSF
DPSSFMBUFE BDSPTT SFHJPOT� #VU BęFS ZPV MFBSO XIJDI SFHJPO B QFSTPO MJWFT JO
 BTTVNJOH UIFSF
JT OP PUIFS QBUI CFUXFFO & BOE 8
 UIFO MFBSOJOH & UFMMT ZPV OPUIJOH BCPVU 8� ćJT JT UIF
TFOTF JO XIJDI DPOEJUJPO PO 6 CMPDLT UIF QBUI�JU NBLFT & BOE 8 JOEFQFOEFOU
 DPOEJUJPOBM
PO 6�

������ 4IVUUJOH UIF CBDLEPPS� #MPDLJOH BMM DPOGPVOEJOH QBUIT CFUXFFO TPNF QSFEJDUPS 9
BOE TPNF PVUDPNF : JT LOPXO BT TIVUUJOH UIF įĮİĸıļļĿ� ćF NFUBQIPS JO QMBZ JT UIBU XF
EPO�U XBOU BOZ TQVSJPVT DPSSFMBUJPO TOFBLJOH JO UISPVHI UIF CBDL� /PX GPS TPNF HPPE OFXT�
(JWFO B DBVTBM %"(
 JU JT BMXBZT QPTTJCMF UP TBZ XIJDI
 JG BOZ
 WBSJBCMFT POF NVTU DPOUSPM GPS
JO PSEFS UP TIVU BMM UIF CBDLEPPS QBUIT� *U BMTP QPTTJCMF UP TBZ XIJDI WBSJBCMFT POF NVTU OPU
DPOUSPM GPS
 JO PSEFS UP MFBWF UIF QBUI PG JOUFSFTU PQFO�

"OE�TPNF NPSF HPPE OFXT�UIFSF BSF POMZ GPVS UZQFT PG %"( SFMBUJPOT UIBU DPNCJOF
UP GPSN BMM QPTTJCMF QBUIT� 4P ZPV SFBMMZ POMZ OFFE UP VOEFSTUBOE GPVS UIJOHT BOE IPX JOGPS�
NBUJPO ĘPXT JO FBDI PG UIFN� *�MM EFĕOF UIF GPVS UZQFT PG SFMBUJPOT� ćFO XF�MM XPSL UISPVHI
TPNF FYBNQMFT�



Something more interesting
• Which variables, if any, should you condition on to 

infer X → Y?
• Condition on A or C. Do not condition on B.
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	�
 ćF ĕSTU UZQF PG SFMBUJPO JT UIF POF XFXPSLFEXJUI KVTU BCPWF
 B ĳļĿĸ� 9← ;→ :�
ćJT JT UIF DMBTTJD DPOGPVOE� *O B GPSL
 TPNF WBSJBCMF ; JT B DPNNPO DBVTF PG 9 BOE
:
 HFOFSBUJOH B DPSSFMBUJPO CFUXFFO UIFN� *G XF DPOEJUJPO PO ;
 UIFO MFBSOJOH 9
UFMMT VT OPUIJOH BCPVU :� 9 BOE : BSF JOEFQFOEFOU
 DPOEJUJPOBM PO ;�

	�
 ćF TFDPOE UZQF PG SFMBUJPO JT B ĽĶĽĲ� 9→ ;→ :� 8F TBX UIJT XIFO XF EJTDVTTFE
UIF QMBOU HSPXUI FYBNQMF BOE QPTU�USFBUNFOU CJBT� ćF USFBUNFOU 9 JOĘVFODFT GVO�
HVT ; XIJDI JOĘVFODFT HSPXUI :� *G XF DPOEJUJPO PO ; OPX
 XF BMTP CMPDL UIF QBUI
GSPN 9 UP :� 4P JO CPUI B GPSL BOE B QJQF
 DPOEJUJPOJOH PG UIF NJEEMF WBSJBCMF
CMPDLT UIF QBUI� *NQPSUBOUMZ
 PęFO XF EP OPU XBOU UP CMPDL UIF QBUI
 CFDBVTF XF
XBOU UP MFBSO BCPVU UIF BTTPDJBUJPO CFUXFFO 9 BOE :�

	�
 ćF UIJSE UZQF PG SFMBUJPO JT B İļĹĹĶıĲĿ� 9 → ; ← :� :PV NFU DPMMJEFST FBSMJFS
JO UIJT DIBQUFS� 6OMJLF UIF PUIFS UXP UZQFT PG SFMBUJPOT
 JO B DPMMJEFS UIFSF JT OP
BTTPDJBUJPO CFUXFFO 9 BOE : VOMFTT ZPV DPOEJUJPO PO ;� $POEJUJPOJOH PO ;
 UIF
DPMMJEFS WBSJBCMF
 PQFOT UIF QBUI� 0ODF UIF QBUI JT PQFO
 JOGPSNBUJPO ĘPXT CFUXFFO
9 BOE :�

	�
 ćF GPVSUI CJU PG LOPXMFEHF ZPV OFFE JT UIBU DPOEJUJPOJOH PO B ıĲŀİĲĻıĲĻŁ WBSJ�
BCMF JT MJLF DPOEJUJPOJOH PO UIF WBSJBCMF JUTFMG
 CVU XFBLFS� 'PS FYBNQMF
 JO UIF
GPMMPXJOH %"(
 , JT B EFTDFOEFOU PG ;�

K

X YZ

/PX DPOUSPMMJOH GPS , XJMM BMTP DPOUSPM
 UP B MFTTFS FYUFOU
 GPS ;� ćJT XJMM 	QBSUJBMMZ

CMPDL UIF QBUI GSPN 9 UP :� ćF TBNF IPMET GPS DPMMJEFST� *G ZPV DPOEJUJPO PO B
EFTDFOEFOU PG B DPMMJEFS
 JU�MM TUJMM CF MJLF 	XFBLMZ
 DPOEJUJPOJOH PO B DPMMJEFS�

/P NBUUFS IPX DPNQMJDBUFE B DBVTBM %"( BQQFBST
 JU JT BMXBZT CVJMU PVU PG UIFTF GPVS
UZQFT PG SFMBUJPOT� "OE TJODF ZPV LOPX IPX UP PQFO BOE DMPTF FBDI
 ZPV 	PS ZPVS DPNQVUFS

DBO ĕHVSF PVU XIJDI WBSJBCMFT ZPV OFFE UP DPOUSPM�PS OPU�JO PSEFS UP TIVU UIF CBDLEPPS�
-FU�T DPOTJEFS TPNF FYBNQMFT�

������ 5XP SPBET� ćF%"(CFMPX DPOUBJOT BO FYQPTVSF PG JOUFSFTU9
 BO PVUDPNFPG JOUFSFTU
:
 BO VOPCTFSWFE WBSJBCMF 6
 BOE UISFF PCTFSWFE DPWBSJBUFT 	"
 #
 BOE $
�

A

B

CU

X Y

8F BSF JOUFSFTUFE JO UIF CMVF QBUI
 UIF DBVTBM FČFDU PG 9 PO :� 8IJDI PG UIF PCTFSWFE DPWBSJ�
BUFT EP XF OFFE UP BEE UP UIF NPEFM
 JO PSEFS UP DPSSFDUMZ JOGFS JU 5P ĕHVSF UIJT PVU
 MPPL GPS
CBDLEPPS QBUIT� "TJEF GSPN UIF EJSFDU QBUI
 UIFSF BSF UXP QBUIT GSPN 9 UP :�

	�
 9← 6← "→ $→ :
	�
 9← 6→ #← $→ :
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JO UIJT DIBQUFS� 6OMJLF UIF PUIFS UXP UZQFT PG SFMBUJPOT
 JO B DPMMJEFS UIFSF JT OP
BTTPDJBUJPO CFUXFFO 9 BOE : VOMFTT ZPV DPOEJUJPO PO ;� $POEJUJPOJOH PO ;
 UIF
DPMMJEFS WBSJBCMF
 PQFOT UIF QBUI� 0ODF UIF QBUI JT PQFO
 JOGPSNBUJPO ĘPXT CFUXFFO
9 BOE :�

	�
 ćF GPVSUI CJU PG LOPXMFEHF ZPV OFFE JT UIBU DPOEJUJPOJOH PO B ıĲŀİĲĻıĲĻŁ WBSJ�
BCMF JT MJLF DPOEJUJPOJOH PO UIF WBSJBCMF JUTFMG
 CVU XFBLFS� 'PS FYBNQMF
 JO UIF
GPMMPXJOH %"(
 , JT B EFTDFOEFOU PG ;�

K

X YZ

/PX DPOUSPMMJOH GPS , XJMM BMTP DPOUSPM
 UP B MFTTFS FYUFOU
 GPS ;� ćJT XJMM 	QBSUJBMMZ

CMPDL UIF QBUI GSPN 9 UP :� ćF TBNF IPMET GPS DPMMJEFST� *G ZPV DPOEJUJPO PO B
EFTDFOEFOU PG B DPMMJEFS
 JU�MM TUJMM CF MJLF 	XFBLMZ
 DPOEJUJPOJOH PO B DPMMJEFS�

/P NBUUFS IPX DPNQMJDBUFE B DBVTBM %"( BQQFBST
 JU JT BMXBZT CVJMU PVU PG UIFTF GPVS
UZQFT PG SFMBUJPOT� "OE TJODF ZPV LOPX IPX UP PQFO BOE DMPTF FBDI
 ZPV 	PS ZPVS DPNQVUFS

DBO ĕHVSF PVU XIJDI WBSJBCMFT ZPV OFFE UP DPOUSPM�PS OPU�JO PSEFS UP TIVU UIF CBDLEPPS�
-FU�T DPOTJEFS TPNF FYBNQMFT�

������ 5XP SPBET� ćF%"(CFMPX DPOUBJOT BO FYQPTVSF PG JOUFSFTU9
 BO PVUDPNFPG JOUFSFTU
:
 BO VOPCTFSWFE WBSJBCMF 6
 BOE UISFF PCTFSWFE DPWBSJBUFT 	"
 #
 BOE $
�

A

B

CU

X Y

8F BSF JOUFSFTUFE JO UIF CMVF QBUI
 UIF DBVTBM FČFDU PG 9 PO :� 8IJDI PG UIF PCTFSWFE DPWBSJ�
BUFT EP XF OFFE UP BEE UP UIF NPEFM
 JO PSEFS UP DPSSFDUMZ JOGFS JU 5P ĕHVSF UIJT PVU
 MPPL GPS
CBDLEPPS QBUIT� "TJEF GSPN UIF EJSFDU QBUI
 UIFSF BSF UXP QBUIT GSPN 9 UP :�

	�
 9← 6← "→ $→ :
	�
 9← 6→ #← $→ :

!is path is open.

!is path is closed.



Implied conditional independence
• Given DAG, can test some implications
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(1) A and W independent, 
conditioning on S

(2) D and S independent, 
conditioning on A, M, & W

(3) M and W independent, 
conditioning on S



Causal inference hard but possible

• Demonstrate capable of inferring cause
• Experiments not required!
• Experiments not always practical & ethical

• Disease, evolution, development, dynamics of popular 
music, global climate, war

• Experiments must choose an intervention
• Interventions in#uence many variables at once
• Experimentally manipulate obesity?


