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'ĶĴłĿĲ Ə�Ɖ� ŁļĽ� %PSTBM TDBST GPS � BEVMU 'MPSJEB NBOBUFFT� 3PXT PG
TIPSU TDBST GPS FYBNQMF PO UIF JOEJWJEVBMT "GSJDB BOE 'MBTI BSF JOEJDBUJWF
PG QSPQFMMFS MBDFSBUJPO� įļŁŁļĺ� ćSFF FYFNQMBST PG EBNBHF PO "�8���
CPNCFST SFUVSOJOH GSPN NJTTJPOT�

"OE B MBSHF QBSU PG UIF QPXFS PG TUBUJTUJDBM NPEFMJOH DPNFT GSPN DSFBUJOH EFWJDFT
UIBU BMMPX QSPCBCJMJUZ UP CF DPOEJUJPOBM PG BTQFDUT PG FBDI DBTF� ćF MJOFBS NPEFMT ZPV�WF
HSPXO UP MPWF BSF KVTU DSVEF EFWJDFT UIBU BMMPX FBDI PVUDPNF ZJ UP CF DPOEJUJPOBM PO B TFU
PG QSFEJDUPST GPS FBDI DBTF J� -JLF UIF FQJDZDMFT PG UIF 1UPMFNBJD BOE $PQFSOJDBO NPEFMT
	$IBQUFST � BOE �
 MJOFBS NPEFMT HJWF VT B XBZ UP EFTDSJCF DPOEJUJPOBMJUZ�

4JNQMF MJOFBS NPEFMT GSFRVFOUMZ GBJM UP QSPWJEF FOPVHI DPOEJUJPOJOH IPXFWFS� &WFSZ
NPEFM TP GBS JO UIJT CPPL IBT BTTVNFE UIBU FBDI QSFEJDUPS IBT BO JOEFQFOEFOU BTTPDJBUJPO
XJUI UIFNFBO PG UIF PVUDPNF� 8IBU JG XF XBOU UP BMMPX UIF BTTPDJBUJPO UP CF DPOEJUJPOBM 
'PS FYBNQMF JO UIF QSJNBUFNJML EBUB GSPN UIF QSFWJPVT DIBQUFST TVQQPTF UIF SFMBUJPOTIJQ
CFUXFFO NJML FOFSHZ BOE CSBJO TJ[F WBSJFT CZ UBYPOPNJD HSPVQ 	BQF NPOLFZ QSPTJNJBO
�
ćJT JT UIF TBNF BT TVHHFTUJOH UIBU UIF JOĘVFODF PG CSBJO TJ[F PONJML FOFSHZ JT DPOEJUJPOBM
PO UBYPOPNJD HSPVQ� ćF MJOFBSNPEFMT PG QSFWJPVT DIBQUFST DBOOPU BEESFTT UIJT RVFTUJPO�

5P NPEFM EFFQFS DPOEJUJPOBMJUZ�XIFSF UIF JNQPSUBODF PG POF QSFEJDUPS EFQFOET
VQPO BOPUIFS QSFEJDUPS�XF OFFE ĶĻŁĲĿĮİŁĶļĻ� *OUFSBDUJPO JT B LJOE PG DPOEJUJPOJOH
B XBZ PG BMMPXJOH QBSBNFUFST 	SFBMMZ UIFJS QPTUFSJPS EJTUSJCVUJPOT
 UP CF DPOEJUJPOBM PO
GVSUIFS BTQFDUT PG UIF EBUB� ćF TJNQMFTU LJOE PG JOUFSBDUJPO B MJOFBS JOUFSBDUJPO JT CVJMU
CZ FYUFOEJOH UIF MJOFBS NPEFMJOH TUSBUFHZ UP QBSBNFUFST XJUIJO UIF MJOFBS NPEFM� 4P JU
JT BLJO UP QMBDJOH FQJDZDMFT PO FQJDZDMFT JO UIF 1UPMFNBJD BOE $PQFSOJDBO NPEFMT� *U JT
EFTDSJQUJWF CVU WFSZ QPXFSGVM�

.PSF HFOFSBMMZ JOUFSBDUJPOT BSF DFOUSBM UP NPTU TUBUJTUJDBM NPEFMT CFZPOE UIF DP[Z
XPSME PG (BVTTJBO PVUDPNFT BOE MJOFBS NPEFMT PG UIF NFBO� *O HFOFSBMJ[FE MJOFBS NPEFMT
	(-.T $IBQUFS � BOE POXBSET
 FWFO XIFO POF EPFT OPU FYQMJDJUMZ EFĕOF WBSJBCMFT BT
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Interaction e!ects

• Interactions: In!uence of predictor conditional on 
other predictor(s)

• In!uence of sugar in co!ee depends on stirring
• In!uence of gene on phenotype depends on environment
• In!uence of skin color on cancer depends on latitude

• Generalized linear models (GLMs): All predictors 
interact to some degree

• Multilevel models: Massive interaction engines



Interaction e!ects in DAGs

• In DAG, interaction doesn’t look special:

• "is just means:

• We have to #gure out the function f.

co!ee sweetsugar stirred

co!ee sweet = f (sugar, stirred)
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JO NBUI GPSN JT�

µJ = αİĶı[J] + β(SJ − S̄)

"OE OPX XF�MM EPVCMF�EPXO PO PVS JOEFYJOH UP NBLF UIF TMPQF DPOEJUJPOBM BT XFMM�

µJ = αİĶı[J] + βİĶı[J](SJ − S̄)

"OE BHBJO UIFSF JT B DPOWFOUJPOBM BQQSPBDI UP TQFDJGZJOH BO JOUFSBDUJPO UIBU VTFT BO JOEJDB�
UPS WBSJBCMF BOE B OFX JOUFSBDUJPO QBSBNFUFS� *U XPVME MPPL MJLF UIJT�

µJ = αİĶı[J] + (β + γ"J)(SJ − S̄)

XIFSF "J JT B ��� JOEJDBUPS GPS "GSJDBO OBUJPOT� ćJT JT FRVJWBMFOU UP PVS JOEFY BQQSPBDI
CVU JU JT NVDI IBSEFS UP TUBUF TFOTJCMF QSJPST� "OZ QSJPS XF QVU PO γ NBLFT UIF TMPQF JOTJEF
"GSJDB NPSF VODFSUBJO UIBO UIF TMPQF PVUTJEF "GSJDB� "OE BHBJO UIBU NBLFT OP TFOTF� #VU
JO UIF JOEFYJOH BQQSPBDI XF DBO FBTJMZ BTTJHO UIF TBNF QSJPS UP UIF TMPQF OP NBUUFS XIJDI
DPOUJOFOU�

*O B DBVTBM HSBQI MJLF B %"( BO JOUFSBDUJPO JT KVTU UXP BSSPXT FOUFSJOH B WBSJBCMF� *O
UIJT DBTF�

3→ (← $

XIFSF 3 JT SVHHFEOFTT ( JT (%1 BOE $ JT DPOUJOFOU� %"(T BSF IFVSJTUJD� ćFZ KVTU TBZ UIBU
TPNF WBSJBCMF JT B GVODUJPO PG TPNF PUIFST ( = G(3,$)� ćFZ EPO�U TBZ XIBU UIBU GVODUJPO
JT� 4P XIFO XF TUBSU CVJMEJOH JOUFSBDUJPO NPEFMT XF BSF HPJOH CFZPOE UIF JOGPSNBUJPO JO
UIF %"(� /FJUIFS TUBUJTUJDBM NPEFMT OPS %"(T BSF DPNQMFUF SFQSFTFOUBUJPOT� 8F OFFE CPUI�

5P BQQSPYJNBUF UIF QPTUFSJPS PG UIJT OFX NPEFM ZPV DBO KVTU VTF ,0�+ BT CFGPSF� )FSF�T
UIF DPEF UIBU JODMVEFT BO JOUFSBDUJPO CFUXFFO SVHHFEOFTT BOE CFJOH JO "GSJDB�
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Interpreting interactions

• Is hard
• Add interaction => other parameters change meaning
• In!uence of predictor depends upon multiple parameters 

and their covariation

��� �� $0/%*5*0/"- ."/"5&&4

JO NBUI GPSN JT�

µJ = αİĶı[J] + β(SJ − S̄)

"OE OPX XF�MM EPVCMF�EPXO PO PVS JOEFYJOH UP NBLF UIF TMPQF DPOEJUJPOBM BT XFMM�

µJ = αİĶı[J] + βİĶı[J](SJ − S̄)

"OE BHBJO UIFSF JT B DPOWFOUJPOBM BQQSPBDI UP TQFDJGZJOH BO JOUFSBDUJPO UIBU VTFT BO JOEJDB�
UPS WBSJBCMF BOE B OFX JOUFSBDUJPO QBSBNFUFS� *U XPVME MPPL MJLF UIJT�

µJ = αİĶı[J] + (β + γ"J)(SJ − S̄)

XIFSF "J JT B ��� JOEJDBUPS GPS "GSJDBO OBUJPOT� ćJT JT FRVJWBMFOU UP PVS JOEFY BQQSPBDI
CVU JU JT NVDI IBSEFS UP TUBUF TFOTJCMF QSJPST� "OZ QSJPS XF QVU PO γ NBLFT UIF TMPQF JOTJEF
"GSJDB NPSF VODFSUBJO UIBO UIF TMPQF PVUTJEF "GSJDB� "OE BHBJO UIBU NBLFT OP TFOTF� #VU
JO UIF JOEFYJOH BQQSPBDI XF DBO FBTJMZ BTTJHO UIF TBNF QSJPS UP UIF TMPQF OP NBUUFS XIJDI
DPOUJOFOU�

*O B DBVTBM HSBQI MJLF B %"( BO JOUFSBDUJPO JT KVTU UXP BSSPXT FOUFSJOH B WBSJBCMF� *O
UIJT DBTF�

3→ (← $

XIFSF 3 JT SVHHFEOFTT ( JT (%1 BOE $ JT DPOUJOFOU� %"(T BSF IFVSJTUJD� ćFZ KVTU TBZ UIBU
TPNF WBSJBCMF JT B GVODUJPO PG TPNF PUIFST ( = G(3,$)� ćFZ EPO�U TBZ XIBU UIBU GVODUJPO
JT� 4P XIFO XF TUBSU CVJMEJOH JOUFSBDUJPO NPEFMT XF BSF HPJOH CFZPOE UIF JOGPSNBUJPO JO
UIF %"(� /FJUIFS TUBUJTUJDBM NPEFMT OPS %"(T BSF DPNQMFUF SFQSFTFOUBUJPOT� 8F OFFE CPUI�

5P BQQSPYJNBUF UIF QPTUFSJPS PG UIJT OFX NPEFM ZPV DBO KVTU VTF ,0�+ BT CFGPSF� )FSF�T
UIF DPEF UIBU JODMVEFT BO JOUFSBDUJPO CFUXFFO SVHHFEOFTT BOE CFJOH JO "GSJDB�

3 DPEF
���� (Ǖǡǒ ʚǶ ,0�+ǿ

�'$./ǿ
'*"Ǿ"�+Ǿ./� ʡ �)*-(ǿ (0 Ǣ .$"(� Ȁ Ǣ
(0 ʚǶ �ȁ�$�Ȃ ʔ �ȁ�$�Ȃȉǿ -0"" �Ǿ./� Ƕ ǍǡǏǎǒ Ȁ Ǣ
�ȁ�$�Ȃ ʡ �)*-(ǿ ǎ Ǣ Ǎǡǎ Ȁ Ǣ
�ȁ�$�Ȃ ʡ �)*-(ǿ Ǎ Ǣ Ǎǡǐ Ȁ Ǣ
.$"(� ʡ � 3+ǿ ǎ Ȁ

Ȁ Ǣ
��/�ʙ�� Ȁ

-FU�T JOTQFDU UIF NBSHJOBM QPTUFSJPS EJTUSJCVUJPOT�
3 DPEF

���� +- �$.ǿ (Ǖǡǒ Ǣ � +/#ʙǏ Ȁ

( �) .� ǒǡǒʉ ǖǑǡǒʉ
�ȁǎȂ ǍǡǕǖ ǍǡǍǏ ǍǡǕǓ Ǎǡǖǎ
�ȁǏȂ ǎǡǍǒ ǍǡǍǎ ǎǡǍǐ ǎǡǍǔ
�ȁǎȂ Ǎǡǎǐ ǍǡǍǔ ǍǡǍǎ ǍǡǏǒ
�ȁǏȂ ǶǍǡǎǑ ǍǡǍǒ ǶǍǡǏǐ ǶǍǡǍǓ
.$"(� Ǎǡǎǎ ǍǡǍǎ ǍǡǎǍ ǍǡǎǏ

ćF TMPQF JT FTTFOUJBMMZ SFWFSTFE JOTJEF "GSJDB ���� JOTUFBE PG−�.���

reviewer
Additionally, you need a sample that’s 4x larger to measure the same size of 
an effect as for a beta parameter!



Tulip model – interaction
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POFT� 8JUI DPOUJOVPVT JOUFSBDUJPOT UIF QSPCMFN JTO�U TP NVDI UIF JOĕOJUF QBSU CVU SBUIFS
UIF PSEFSFE QBSU� &WFO JG XF POMZ DBSFE BCPVU UIF UISFF PCTFSWFE WBMVFT XF�E TUJMM OFFE UP
QSFTFSWF UIF PSEFSJOH XIJDI JT CJHHFS UIBO XIJDI� 4P XIBU UP EP 

ćF DPOWFOUJPOBM BOTXFS JT UP SFBQQMZ UIF PSJHJOBM HFPDFOUSJTN UIBU KVTUJĕFT B MJOFBS SF�
HSFTTJPO� 8IFO XF IBWF UXP WBSJBCMF BO PVUDPNF BOE B QSFEJDUPS BOE XF XJTI UP NPEFM
UIF NFBO PG UIF PVUDPNF TVDI UIBU JU JT DPOEJUJPOBM PO UIF WBMVF PG B DPOUJOVPVT QSFEJDUPS Y
XF DBO VTF B MJOFBS NPEFM� µJ = α+ βYJ� /PX JO PSEFS UP NBLF UIF TMPQF β DPOEJUJPOBM PO
ZFU BOPUIFS WBSJBCMF XF DBO KVTU SFDVSTJWFMZ BQQMZ UIF TBNF USJDL�

'PS CSFWJUZ MFU 8J = XJ− X̄ BOE 4J = TJ− T̄� ćFO JG XF EFĕOF UIF TMPQF βX XJUI JUT PXO
MJOFBS NPEFM γX�

µJ = α+ γX,J8J + βT4J

γX,J = βX + βXT4J

/PX γX,J JT UIF TMPQF EFĕOJOH IPX RVJDLMZ CMPPNT DIBOHF XJUI XBUFS MFWFM� ćF QBSBNFUFS
βX JT UIF SBUF PG DIBOHF XIFO TIBEF JT BU JUT NFBO WBMVF� "OE βXT JT UIF SBUF DIBOHF JO γX,J BT
TIBEF DIBOHFT�UIF TMPQF GPS TIBEF PO UIF TMPQF PG XBUFS� 3FNFNCFS JU�T UVSUMFT BMM UIF XBZ
EPXO� /PUF UIF J JO γX,J�JU EFQFOET VQPO UIF SPX J CFDBVTF JU IBT 4J JO JU�

8F BMTP XBOU UP BMMPX UIF BTTPDJBUJPO XJUI TIBEF βT UP EFQFOE VQPO XBUFS� -VDLJMZ
CFDBVTF PG UIF TZNNFUSZ PG TJNQMF JOUFSBDUJPOT XF HFU UIJT GPS GSFF� ćFSF JT KVTU OP XBZ
UP TQFDJGZ B TJNQMF MJOFBS JOUFSBDUJPO JO XIJDI ZPV DBO TBZ UIF FČFDU PG TPNF WBSJBCMF Y
EFQFOET VQPO [ CVU UIF FČFDU PG [ EPFT OPU EFQFOE VQPO Y� * FYQMBJO UIJT JO NPSF EFUBJM JO
UIF 0WFSUIJOLJOH CPY BU UIF FOE PG UIJT TFDUJPO� ćF JNQBDU PG UIJT JT UIBU JU JT DPOWFOUJPOBM
UP TVCTUJUVUF γX,J JOUP UIF FRVBUJPO GPS µJ BOE KVTU TUBUF�

µJ = α+ (βX + βXT4J)︸ ︷︷ ︸
γX,J

8J + βT4J = α+ βX8J + βT4J + βXT4J8J

"OE UIBU�T UIF DPOWFOUJPOBM GPSN PG B DPOUJOVPVT JOUFSBDUJPO XJUI UIF FYUSB UFSN PO UIF GBS
SJHIU FOE IPMEJOH UIF QSPEVDU PG UIF UXP WBSJBCMFT�

-FU�T QVU UIJT UP XPSL PO UIF UVMJQT� ćF JOUFSBDUJPO NPEFM JT�
CJ ∼ /PSNBM(µJ,σ)

µJ = α+ βX(XJ − X̄) + βT(TJ − T̄) + βXT(XJ − X̄)(TJ − T̄)
ćF MBTU UIJOH XF OFFE JT B QSJPS GPS UIJT OFX JOUFSBDUJPO QBSBNFUFS βXT� ćJT JT IBSE� #VU MFU�T
USZ� 4VQQPTF UIF TUSPOHFTU QMBVTJCMF JOUFSBDUJPO JT POF JO XIJDI IJHI FOPVHI TIBEF NBLFT
XBUFS IBWF [FSP FČFDU� ćBU JNQMJFT�

γX,J = βX + βXT4J = �
*G XF TFU 4J = � 	UIF NBYJNVN JO UIF TBNQMF
 UIFO UIJT NFBOT UIF JOUFSBDUJPO OFFET UP CF
UIF TBNF NBHOJUVEF BT UIF NBJO FČFDU CVU SFWFSTFE� βXT = −βX� ćBU JT MBSHFTU DPODFJWBCMF
JOUFSBDUJPO� 4P JG XF TFU UIF QSJPS GPS βXT UP IBWF UIF TBNF TUBOEBSE EFWJBUJPO BT βX NBZCF
UIBU JTO�U SJEJDVMPVT� "MM UPHFUIFS OPX JO DPEF GPSN�
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4P NVDI GPS UIF TUSVDUVSF PG B TJNQMF DPOUJOVPVT JOUFSBDUJPO� /FYU MFU�T ĕHVSF PVU IPX UP
QMPU UIFTF DSFBUVSFT�

0WFSUIJOLJOH� )PX JT JOUFSBDUJPO GPSNFE "T JO UIF NBJO UFYU JG ZPV TVCTUJUVUF γX,J JOUP µJ BCPWF
BOE FYQBOE�

µJ = α+ (βX + βXT4J)8J + βT4J = α+ βX8J + βT4J + βXT4J8J

/PX JU�T QPTTJCMF UP SFGBDUPS UIJT UP DPOTUSVDU B γT,J UIBU NBLFT UIF BTTPDJBUJPO PG TIBEF XJUI CMPPNT
EFQFOE VQPO XBUFS�

µJ = α+ βX8J + γT,J4J

γT,J = βT + βXT8J

4P CPUI JOUFSQSFUBUJPOT BSF TJNVMUBOFPVTMZ USVF� :PV DPVME FWFO QVU CPUI γ EFĕOJUJPOT JOUP µ BU UIF
TBNF UJNF�

µJ = α+ γX,J8J + γT,J4J

γX,J = βX + βXT4J

γT,J = βT + βTX8J

/PUF UIBU * EFĕOFE UXP EJČFSFOU JOUFSBDUJPO QBSBNFUFST� βXT BOE βTX� /PX MFU�T TVCTUJUVUF UIF γ
EFĕOJUJPOT JOUP µ BOE TUBSU GBDUPSJOH�

µJ = α+ (βX + βXT4J)8J + (βT + βTX8J)4J

= α+ βX8J + βT4J + (βXT + βTX)8J4J

ćF POMZ UIJOH XF DBO JEFOUJGZ JO TVDI B NPEFM JT UIF TVN βXT + βTX TP SFBMMZ UIF TVN JT B TJOHMF
QBSBNFUFS 	EJNFOTJPO JO UIF QPTUFSJPS
� *U�T UIF TBNF JOUFSBDUJPONPEFM BMM PWFS BHBJO� 8F KVTU DBOOPU
UFMM UIF EJČFSFODF CFUXFFO XBUFS EFQFOEJOH VQPO TIBEF BOE TIBEF EFQFOEJOH VQPO XBUFS�

������ 1MPUUJOH QPTUFSJPS QSFEJDUJPOT� (PMFNT 	NPEFMT
 IBWF BXFTPNF QPXFST PG SFBTPO
CVU UFSSJCMF QFPQMF TLJMMT� ćF HPMFN QSPWJEFT B QPTUFSJPS EJTUSJCVUJPO PG QMBVTJCJMJUZ GPS DPN�
CJOBUJPOT PG QBSBNFUFS WBMVFT� #VU GPS VT IVNBOT UP VOEFSTUBOE JUT JNQMJDBUJPOT XF OFFE UP
EFDPEF UIF QPTUFSJPS JOUP TPNFUIJOH FMTF� $FOUFSFE QSFEJDUPST PS OPU QMPUUJOH QPTUFSJPS QSF�
EJDUJPOT BMXBZT UFMMT ZPV XIBU UIF HPMFN JT UIJOLJOH PO UIF TDBMF PG UIF PVUDPNF� ćBU�T XIZ
XF�WF FNQIBTJ[FE QMPUUJOH TP NVDI� #VU JO QSFWJPVT DIBQUFST UIFSF XFSF OP JOUFSBDUJPOT� "T
B SFTVMU XIFO QMPUUJOH NPEFM QSFEJDUJPOT BT B GVODUJPO PG BOZ POF QSFEJDUPS ZPV DPVME IPME
UIF PUIFS QSFEJDUPST DPOTUBOU BU BOZ WBMVF ZPV MJLFE� 4P UIF DIPJDF PG XIJDI WBMVFT UP TFU UIF
VO�WJFXFE QSFEJDUPS WBSJBCMFT UP IBSEMZ NBUUFSFE�

/PX UIBU�MM CF EJČFSFOU� 0ODF UIFSF BSF JOUFSBDUJPOT JO B NPEFM UIF FČFDU PG DIBOHJOH
B QSFEJDUPS EFQFOET VQPO UIF WBMVFT PG UIF PUIFS QSFEJDUPST� .BZCF UIF TJNQMFTU XBZ UP HP
BCPVU QMPUUJOH TVDI JOUFSEFQFOEFODZ JT UP NBLF B GSBNF PG NVMUJQMF CJWBSJBUF QMPUT� *O FBDI
QMPU ZPV DIPPTF EJČFSFOU WBMVFT GPS UIF VO�WJFXFE WBSJBCMFT� ćFO CZ DPNQBSJOH UIF QMPUT
UP POF BOPUIFS ZPV DBO TFF IPX CJH PG B EJČFSFODF UIF DIBOHFT NBLF�

Interpreting parameters very hard! Plot.



Posterior predictions
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'ĶĴłĿĲ Ɛ�Ə� 5SJQUZDI QMPUT PG QPTUFSJPS QSFEJDUFE CMPPNT BDSPTT XBUFS BOE
TIBEF USFBUNFOUT� 5PQ SPX� 8JUIPVU BO JOUFSBDUJPO CFUXFFO XBUFS BOE
TIBEF� #PUUPN SPX� 8JUI BO JOUFSBDUJPO CFUXFFO XBUFS BOE TIBEF� &BDI
QMPU TIPXT �� QPTUFSJPS MJOFT GPS FBDI MFWFM PG TIBEF�

ćBU�T XIBU XF EJE GPS UIF UFSSBJO SVHHFEOFTT FYBNQMF� #VU UIFSF XF OFFEFE POMZ UXP
QMPUT POF GPS "GSJDB BOE POF GPS FWFSZQMBDF FMTF� /PX XF�MM OFFE NPSF� )FSF�T IPX ZPV
NJHIU BDDPNQMJTI UIJT WJTVBMJ[BUJPO GPS UIF UVMJQ EBUB� *�N HPJOH UP NBLF UISFF QMPUT JO B
TJOHMF QBOFM� 4VDI B QBOFM PG UISFF QMPUT UIBU BSF NFBOU UP CF WJFXFE UPHFUIFS JT B ŁĿĶĽŁņİĵ
BOE USJQUZDI QMPUT BSF WFSZ IBOEZ GPS VOEFSTUBOEJOH UIF JNQBDU PG JOUFSBDUJPOT� )FSF�T UIF
TUSBUFHZ� 8F XBOU FBDI QMPU UP TIPX UIF CJWBSJBUF SFMBUJPOTIJQ CFUXFFO XBUFS BOE CMPPNT
BT QSFEJDUFE CZ UIF NPEFM� &BDI QMPU XJMM QMPU QSFEJDUJPOT GPS B EJČFSFOU WBMVF PG TIBEF� 'PS
UIJT FYBNQMF JU JT FBTZ UP QJDL XIJDI UISFF WBMVFT PG TIBEF UP VTF CFDBVTF UIFSF BSF POMZ
UISFF WBMVFT� −� � BOE �� #VU NPSF HFOFSBMMZ ZPV NJHIU VTF B SFQSFTFOUBUJWF MPX WBMVF UIF
NFEJBO BOE B SFQSFTFOUBUJWF IJHI WBMVF� ćF ĕSTU QMPU XJMM TIPX UIF QSFEJDUFE SFMBUJPOTIJQ
CFUXFFO CMPPNT BOEXBUFS IPMEJOH TIBEF DPOTUBOU BU−�� ćF TFDPOEQMPUXJMM TIPX UIF TBNF
SFMBUJPOTIJQ CVU OPX IPMEJOH TIBEF DPOTUBOU BU �� ćF UIJSE QMPU XJMM IPME TIBEF DPOTUBOU BU
��

)FSF�T UIF DPEF UP ESBX QPTUFSJPS QSFEJDUJPOT GPS (ǕǡǓ UIF OPO�JOUFSBDUJPO NPEFM� ćJT
XJMM MPPQ PWFS UISFF WBMVFT GPS TIBEF DPNQVUF QPTUFSJPS QSFEJDUJPOT UIFO ESBX �� MJOFT GSPN
UIF QPTUFSJPS�
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Figure 8.7



Causal thinking

• Tulip experiment:

• Tulip reality:

S W

B

S W

B



Interactions not always linear

• Suppose all tulip data collected 
under “cool” temperatures

• Under “hot” temperature, tulips 
do not bloom

• Interaction, but not a linear one
• blooms goes to zero at threshold



Markov chain Monte Carlo

• Markov chain Monte Carlo (MCMC)
• Understand the approach
• Meet di!erent algorithms

• Interfaces to MCMC: Stan & ulam
• How to sample responsibly
• How to recognize and "x problems



Why MCMC?
• Sometimes can’t write an integrated posterior
• Even when can, o#en cannot use it
• Many problems are like this: Multilevel models, 

networks, phylogenies, spatial models
• Optimization not a good strategy in high 

dimensions — must have full distribution
• MCMC is not fancy. It is old and essential.



Hamiltonian Monte Carlo

• Problem with Gibbs sampling (GS)
• High dimension spaces are concentrated
• GS gets stuck, degenerates towards 

random walk
• Ine$cient because re-explores

• Hamiltonian dynamics to the rescue
• represent parameter state as particle
• %ick it around frictionless log-posterior
• record positions
• no more “guess and check”
• all proposals are good proposals

William Rowan Hamilton
(1805–1865)

Commemorated on Irish 
Euro coin



https://chi-feng.github.io/mcmc-demo/



Hamiltonian Flows
• What happens when you use ulam?

• Translates formula into raw Stan model code
• Stan then builds a custom NUTS sampler
• Sampler runs
• Samples fed back to R
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ćFTF FTUJNBUFT BSF WFSZ TJNJMBS UP UIF RVBESBUJD BQQSPYJNBUJPO� #VU OPUF UIBU UIFSF BSF UXP
OFX DPMVNOT )Ǿ !! BOE �#�/� ćFTF DPMVNOT QSPWJEF .$.$ EJBHOPTUJD DSJUFSJB UP IFMQ
ZPV UFMM IPX XFMM UIF TBNQMJOH XPSLFE� 8F�MM EJTDVTT UIFN JO EFUBJM MBUFS JO UIF DIBQUFS� 'PS
OPX JU�T FOPVHI UP LOPX UIBU )Ǿ !! JT B DSVEF FTUJNBUF PG UIF OVNCFS PG JOEFQFOEFOU TBN�
QMFT ZPV NBOBHFE UP HFU� �#�/ JT B DPNQMJDBUFE FTUJNBUF PG UIF DPOWFSHFODF PG UIF .BSLPW
DIBJOT UP UIF UBSHFU EJTUSJCVUJPO� *U TIPVME BQQSPBDI ���� GSPN BCPWF XIFO BMM JT XFMM�

������ 4BNQMJOH BHBJO JO QBSBMMFM� ćFFYBNQMF TP GBS JT B WFSZ FBTZ QSPCMFN GPS.$.$� 4P
FWFO UIF EFGBVMU ���� TBNQMFT JT FOPVHI GPS BDDVSBUF JOGFSFODF� *O GBDU BT GFX BT ��� FČFDUJWF
TBNQMFT JT VTVBMMZ QMFOUZ GPS B HPPE BQQSPYJNBUJPO PG UIF QPTUFSJPS� #VU XF BMTP XBOU UP SVO
NVMUJQMF DIBJOT GPS SFBTPOT XF�MM EJTDVTT JO NPSF EFQUI JO UIF OFYU TFDUJPOT� ćFSF XJMM CF
TQFDJĕD BEWJDF JO 4FDUJPO ��� 	QBHF ���
�

'PS OPX JU�T XPSUI OPUJOH UIBU ZPV DBO FBTJMZ QBSBMMFMJ[F UIPTF DIBJOT BT XFMM� ćFZ
DBO BMM SVO BU UIF TBNF UJNF JOTUFBE PG JO TFRVFODF� 4P BT MPOH BT ZPVS DPNQVUFS IBT GPVS
DPSFT 	JU QSPCBCMZ EPFT
 JU XPO�U UBLF MPOHFS UP SVO GPVS DIBJOT UIBO POF DIBJO� 5P SVO GPVS
JOEFQFOEFOU.BSLPW DIBJOT GPS UIFNPEFM BCPWF BOE UP EJTUSJCVUF UIFNBDSPTT TFQBSBUF DPSFT
JO ZPVS DPNQVUFS KVTU JODSFBTF UIF OVNCFS PG �#�$). BOE BEE B �*- . BSHVNFOU�
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ćFSF BSF B CVODI PG PQUJPOBM BSHVNFOUT UIBU BMMPX VT UP UVOF BOE DVTUPNJ[F UIF QSPDFTT�
8F�MM CSJOH UIFN VQ BT UIFZ BSF OFFEFE� 'PS OPX LFFQ JO NJOE UIBU .#*2 XJMM SFNJOE ZPV PG
UIF NPEFM GPSNVMB BOE BMTP IPX MPOH FBDI DIBJO UPPL UP SVO�
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Hamiltonian Flows

• n_e!: number of e!ective samples
• can be larger than actual samples!

• Rhat: Convergence diagnostic — “1” is good
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ćFSFXFSF ���� TBNQMFT GSPN BMM � DIBJOT CFDBVTF FBDI ���� TBNQMF DIBJO VTFT CZ EFBVMU UIF
ĕTU IBMG PG UIF TBNQMFT UP BEBQU� 4PNFUIJOH DVSJPVT IBQQFOT XIFO XF MPPL BU UIF TVNNBSZ�
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*G UIFSF XFSF POMZ ���� TBNQMFT JO UPUBM IPX XF DBO IBWF NPSF UIBO ���� FČFDUJWF TBNQMFT
GPS FBDI QBSBNFUFS *U�T OP NJTUBLF� ćF BEBQUJWF /654 TBNQMFS UIBU 4UBO VTFT JT TP HPPE
JU DBO BDUVBMMZ QSPEVDF TFRVFOUJBM TBNQMFT UIBU BSF CFUUFS UIBO VODPSSFMBUFE� ćJT NFBOT JU
DBO FYQMPSF UIF QPTUFSJPS EJTUSJCVUJPO TP FďDJFOUMZ UIBU JU DBO CFBU SBOEPN� *U�T +BZOFT� SVMF
JO BDUJPO�

������ 7JTVBMJ[BUJPO� #Z QMPUUJOH UIF TBNQMFT ZPV DBO HFU B EJSFDU BQQSFDJBUJPO GPS IPX
(BVTTJBO 	RVBESBUJD
 UIF BDUVBM QPTUFSJPS EFOTJUZ IBT UVSOFE PVU UP CF� 6TF +�$-. EJSFDUMZ PO
UIF NPEFM PCKFDU TP UIBU 3 LOPXT UP EJTQMBZ QBSBNFUFS OBNFT BOE QBSBNFUFS DPSSFMBUJPOT�

3 DPEF
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'ĶĴłĿĲ Ƒ�Ə TIPXT UIF SFTVMUJOH QMPU� ćJT JT B QBJST QMPU TP JU�T TUJMM BNBUSJY PG CJWBSJBUF TDBUUFS
QMPUT� #VU OPX BMPOH UIF EJBHPOBM UIF TNPPUIFE IJTUPHSBNPG FBDI QBSBNFUFS JT TIPXO BMPOH
XJUI JUT OBNF� "OE JO UIF MPXFS USJBOHMF PG UIF NBUSJY CFMPX UIF EJBHPOBM UIF DPSSFMBUJPO
CFUXFFO FBDI QBJS PG QBSBNFUFST JT TIPXO XJUI TUSPOHFS DPSSFMBUJPOT JOEJDBUFE CZ SFMBUJWF
TJ[F�

'PS UIJT NPEFM BOE UIFTF EBUB UIF SFTVMUJOH QPTUFSJPS EJTUSJCVUJPO JT RVJUF OFBSMZ NVMUJ�
WBSJBUF (BVTTJBO� ćF EFOTJUZ GPS .$"(� JT DFSUBJOMZ TLFXFE JO UIF FYQFDUFE EJSFDUJPO� #VU
PUIFSXJTF UIF RVBESBUJD BQQSPYJNBUJPO EPFT BMNPTU BT XFMM BT )BNJMUPOJBO .POUF $BSMP�
ćJT JT B WFSZ TJNQMF LJOE PG NPEFM TUSVDUVSF PG DPVSTF XJUI (BVTTJBO QSJPST TP BO BQQSPYJ�
NBUFMZ RVBESBUJD QPTUFSJPS TIPVME CF OP TVSQSJTF� -BUFS XF�MM TFF TPNFNPSF FYPUJD QPTUFSJPS
EJTUSJCVUJPOT�

0WFSUIJOLJOH� 4UBO NFTTBHFT� 8IFO ZPV ĕU B NPEFM VTJOH (�+Ǐ./�) 3 XJMM ĕSTU USBOTMBUF ZPVS
NPEFM GPSNVMB JOUP B 4UBO MBOHVBHF NPEFM� ćFO JU TFOET UIBU NPEFM UP 4UBO� ćF NFTTBHFT ZPV
TFF JO ZPVS 3 DPOTPMF BSF TUBUVT VQEBUFT GSPN 4UBO� 4UBO ĕSTU BHBJO USBOTMBUFT UIF NPEFM UIJT UJNF
JOUP $�� DPEF� ćBU DPEF JT UIFO TFOU UP B $�� DPNQJMFS UP CVJME BO FYFDVUBCMF ĕMF JT B TQFDJBMJ[FE
TBNQMJOH FOHJOF GPS ZPVS NPEFM� ćFO 4UBO GFFET UIF EBUB BOE TUBSUJOH WBMVFT UP UIBU FYFDVUBCMF ĕMF
BOE JG BMM HPFT XFMM TBNQMJOH CFHJOT� :PVXJMM TFF 4UBO DPVOU UISPVHI UIF JUFSBUJPOT� %VSJOH TBNQMJOH
ZPV NJHIU PDDBTJPOBMMZ TFF B TDBSZ MPPLJOH XBSOJOH TPNFUIJOH MJLF UIJT�
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Figure 9.7 
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'ĶĴłĿĲ Ƒ�Ə� 1BJST QMPU PG UIF TBNQMFT QSPEVDFE CZ 4UBO� ćF EJBHPOBM TIPXT
B EFOTJUZ FTUJNBUF GPS FBDI QBSBNFUFS� #FMPX UIF EJBHPOBM DPSSFMBUJPOT CF�
UXFFO QBSBNFUFST BSF TIPXO�
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4FWFSFMZ JMM�DPOEJUJPOFE PS NJTTQFDJĕFE ćBU DFSUBJOMZ TPVOET CBE� #VU SBSFMZ EPFT UIJT NFTTBHF
JOEJDBUF B TFSJPVT QSPCMFN� "T MPOH BT JU IBQQFOT POMZ B IBOEGVM PG UJNFT BOE FTQFDJBMMZ JG JU POMZ
IBQQFOT EVSJOH XBSNVQ UIFO PEET BSF WFSZ HPPE UIF DIBJO JT ĕOF� :PV TIPVME TUJMM BMXBZT DIFDL UIF
DIBJO GPS QSPCMFNT PG DPVSTF� +VTU EPO�U QBOJD XIFO ZPV TFF UIJT NFTTBHF� ,FFQ DBMN BOE TBNQMF PO�

������ $IFDLJOH UIF DIBJO� 1SPWJEFE UIF .BSLPW DIBJO JT EFĕOFE DPSSFDUMZ UIFO JU JT HVBS�
BOUFFE UP DPOWFSHF JO UIF MPOH SVO UP UIF BOTXFS XF XBOU UIF QPTUFSJPS EJTUSJCVUJPO� #VU
TPNF QPTUFSJPS EJTUSJCVUJPOT BSF IBSE UP FYQMPSF�UIFSF XJMM CF FYBNQMFT�BOE UIF UJNF JU
XPVME UBLF GPS UIFN UP QSPWJEF BO VOCJBTFE BQQSPYJNBUJPO JT WFSZ MPOH JOEFFE� 4VDI QSPC�
MFNT BSF SBSFS GPS ).$ UIBO PUIFS BMHPSJUINT CVU UIFZ TUJMM FYJTU� *O GBDU POF PG UIF WJSUVFT
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�ȁǏȂ ǎǡǍǒ ǍǡǍǎ ǎǡǍǐ ǎǡǍǔ ǐǏǑǐ ǎ
*G UIFSF XFSF POMZ ���� TBNQMFT JO UPUBM IPX XF DBO IBWF NPSF UIBO ���� FČFDUJWF TBNQMFT
GPS FBDI QBSBNFUFS *U�T OP NJTUBLF� ćF BEBQUJWF /654 TBNQMFS UIBU 4UBO VTFT JT TP HPPE
JU DBO BDUVBMMZ QSPEVDF TFRVFOUJBM TBNQMFT UIBU BSF CFUUFS UIBO VODPSSFMBUFE� ćJT NFBOT JU
DBO FYQMPSF UIF QPTUFSJPS EJTUSJCVUJPO TP FďDJFOUMZ UIBU JU DBO CFBU SBOEPN� *U�T +BZOFT� SVMF
JO BDUJPO�

������ 7JTVBMJ[BUJPO� #Z QMPUUJOH UIF TBNQMFT ZPV DBO HFU B EJSFDU BQQSFDJBUJPO GPS IPX
(BVTTJBO 	RVBESBUJD
 UIF BDUVBM QPTUFSJPS EFOTJUZ IBT UVSOFE PVU UP CF� 6TF +�$-. EJSFDUMZ PO
UIF NPEFM PCKFDU TP UIBU 3 LOPXT UP EJTQMBZ QBSBNFUFS OBNFT BOE QBSBNFUFS DPSSFMBUJPOT�

3 DPEF
���� +�$-.ǿ (ǖǡǎ Ȁ

'ĶĴłĿĲ Ƒ�Ə TIPXT UIF SFTVMUJOH QMPU� ćJT JT B QBJST QMPU TP JU�T TUJMM BNBUSJY PG CJWBSJBUF TDBUUFS
QMPUT� #VU OPX BMPOH UIF EJBHPOBM UIF TNPPUIFE IJTUPHSBNPG FBDI QBSBNFUFS JT TIPXO BMPOH
XJUI JUT OBNF� "OE JO UIF MPXFS USJBOHMF PG UIF NBUSJY CFMPX UIF EJBHPOBM UIF DPSSFMBUJPO
CFUXFFO FBDI QBJS PG QBSBNFUFST JT TIPXO XJUI TUSPOHFS DPSSFMBUJPOT JOEJDBUFE CZ SFMBUJWF
TJ[F�

'PS UIJT NPEFM BOE UIFTF EBUB UIF SFTVMUJOH QPTUFSJPS EJTUSJCVUJPO JT RVJUF OFBSMZ NVMUJ�
WBSJBUF (BVTTJBO� ćF EFOTJUZ GPS .$"(� JT DFSUBJOMZ TLFXFE JO UIF FYQFDUFE EJSFDUJPO� #VU
PUIFSXJTF UIF RVBESBUJD BQQSPYJNBUJPO EPFT BMNPTU BT XFMM BT )BNJMUPOJBO .POUF $BSMP�
ćJT JT B WFSZ TJNQMF LJOE PG NPEFM TUSVDUVSF PG DPVSTF XJUI (BVTTJBO QSJPST TP BO BQQSPYJ�
NBUFMZ RVBESBUJD QPTUFSJPS TIPVME CF OP TVSQSJTF� -BUFS XF�MM TFF TPNFNPSF FYPUJD QPTUFSJPS
EJTUSJCVUJPOT�

0WFSUIJOLJOH� 4UBO NFTTBHFT� 8IFO ZPV ĕU B NPEFM VTJOH (�+Ǐ./�) 3 XJMM ĕSTU USBOTMBUF ZPVS
NPEFM GPSNVMB JOUP B 4UBO MBOHVBHF NPEFM� ćFO JU TFOET UIBU NPEFM UP 4UBO� ćF NFTTBHFT ZPV
TFF JO ZPVS 3 DPOTPMF BSF TUBUVT VQEBUFT GSPN 4UBO� 4UBO ĕSTU BHBJO USBOTMBUFT UIF NPEFM UIJT UJNF
JOUP $�� DPEF� ćBU DPEF JT UIFO TFOU UP B $�� DPNQJMFS UP CVJME BO FYFDVUBCMF ĕMF JT B TQFDJBMJ[FE
TBNQMJOH FOHJOF GPS ZPVS NPEFM� ćFO 4UBO GFFET UIF EBUB BOE TUBSUJOH WBMVFT UP UIBU FYFDVUBCMF ĕMF
BOE JG BMM HPFT XFMM TBNQMJOH CFHJOT� :PVXJMM TFF 4UBO DPVOU UISPVHI UIF JUFSBUJPOT� %VSJOH TBNQMJOH
ZPV NJHIU PDDBTJPOBMMZ TFF B TDBSZ MPPLJOH XBSOJOH TPNFUIJOH MJLF UIJT�
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'ĶĴłĿĲ Ƒ�Ɛ� 5SBDF QMPU PG UIF .BSLPW DIBJO GSPN UIF SVHHFEOFTT NPEFM
(Ǖǡǎ./�)� ćJT JT B DMFBO IFBMUIZ .BSLPW DIBJO CPUI TUBUJPOBSZ BOE XFMM�
NJYJOH� ćF HSBZ SFHJPO JT XBSNVQ EVSJOH XIJDI UIF .BSLPW DIBJO XBT
BEBQUJOH UP JNQSPWF TBNQMJOH FďDJFODZ� ćFXIJUF SFHJPO DPOUBJOT UIF TBN�
QMFT VTFE GPS JOGFSFODF�

PG ).$ JT UIBU JU UFMMT VT XIFO UIJOHT BSF HPJOH XSPOH� 0UIFS BMHPSJUINT MJLF .FUSPQPMJT�
)BTUJOHT DBO SFNBJO TJMFOU BCPVU NBKPS QSPCMFNT� *O UIF OFYU NBKPS TFDUJPO XF�MM EXFMM PO
DBVTFT PG BOE TPMVUJPOT UP NBMGVODUJPO�

'PS OPX MFU�T NFFU UIF NPTU CSPBEMZ VTFGVM UPPM GPS EJBHOPTJOH NBMGVODUJPO B ŁĿĮİĲ
ĽĹļŁ� " USBDF QMPU NFSFMZ QMPUT UIF TBNQMFT JO TFRVFOUJBM PSEFS KPJOFE CZ B MJOF� *U�T ,JOH
.BSLPW�T QBUI UISPVHI UIF JTMBOET JO UIFNFUBQIPS BU UIF TUBSU PG UIF DIBQUFS� -PPLJOH BU UIF
USBDF QMPU PG FBDI QBSBNFUFS JT PęFO UIF CFTU UIJOH GPS EJBHOPTJOH DPNNPO QSPCMFNT� "OE
PODF ZPV DPNF UP SFDPHOJ[F B IFBMUIZ GVODUJPOJOH .BSLPW DIBJO RVJDL DIFDLT PG USBDF QMPUT
QSPWJEF B MPU PG QFBDF PG NJOE� " USBDF QMPU JTO�U UIF MBTU UIJOH BOBMZTUT EP UP JOTQFDU .$.$
PVUQVU� #VU JU�T OFBSMZ BMXBZT UIF ĕSTU�

*O UIF UFSSBJO SVHHFEOFTT FYBNQMF UIF USBDF QMPU TIPXT B WFSZ IFBMUIZ DIBJO� 7JFX JU
XJUI�

3 DPEF
���� /-�� +'*/ǿ (ǖǡǎ Ȁ

ćF SFTVMU JT TIPXO JO 'ĶĴłĿĲ Ƒ�Ɛ� "DUVBMMZ UIF ĕHVSF TIPXT UIF USBDF PG KVTU UIF ĕSTU DIBJO�
:PV DBO HFU UIJT CZ BEEJOH �#�$).ʙǎ UP UIF DBMM� :PV DBO UIJOL PG UIF [JH�[BHHJOH USBDF PG
FBDI QBSBNFUFS BT UIF QBUI UIF DIBJO UPPL UISPVHI FBDI EJNFOTJPO PG QBSBNFUFS TQBDF�

“Hairy caterpillar 
ocular inspection test”
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ćFSFXFSF ���� TBNQMFT GSPN BMM � DIBJOT CFDBVTF FBDI ���� TBNQMF DIBJO VTFT CZ EFBVMU UIF
ĕTU IBMG PG UIF TBNQMFT UP BEBQU� 4PNFUIJOH DVSJPVT IBQQFOT XIFO XF MPPL BU UIF TVNNBSZ�

3 DPEF
���� +- �$.ǿ (ǖǡǎ Ǣ Ǐ Ȁ

( �) .� ǒǡǒʉ ǖǑǡǒʉ )Ǿ !! �#�/
.$"(� Ǎǡǎǎ ǍǡǍǎ ǍǡǎǍ ǍǡǎǏ ǏǓǑǎ ǎ
�ȁǎȂ Ǎǡǎǐ ǍǡǍǔ ǍǡǍǏ ǍǡǏǓ ǏǑǕǑ ǎ
�ȁǏȂ ǶǍǡǎǑ ǍǡǍǒ ǶǍǡǏǐ ǶǍǡǍǓ ǏǒǑǓ ǎ
�ȁǎȂ ǍǡǕǖ ǍǡǍǏ ǍǡǕǓ Ǎǡǖǎ ǐǐǐǎ ǎ
�ȁǏȂ ǎǡǍǒ ǍǡǍǎ ǎǡǍǐ ǎǡǍǔ ǐǏǑǐ ǎ
*G UIFSF XFSF POMZ ���� TBNQMFT JO UPUBM IPX XF DBO IBWF NPSF UIBO ���� FČFDUJWF TBNQMFT
GPS FBDI QBSBNFUFS *U�T OP NJTUBLF� ćF BEBQUJWF /654 TBNQMFS UIBU 4UBO VTFT JT TP HPPE
JU DBO BDUVBMMZ QSPEVDF TFRVFOUJBM TBNQMFT UIBU BSF CFUUFS UIBO VODPSSFMBUFE� ćJT NFBOT JU
DBO FYQMPSF UIF QPTUFSJPS EJTUSJCVUJPO TP FďDJFOUMZ UIBU JU DBO CFBU SBOEPN� *U�T +BZOFT� SVMF
JO BDUJPO�

������ 7JTVBMJ[BUJPO� #Z QMPUUJOH UIF TBNQMFT ZPV DBO HFU B EJSFDU BQQSFDJBUJPO GPS IPX
(BVTTJBO 	RVBESBUJD
 UIF BDUVBM QPTUFSJPS EFOTJUZ IBT UVSOFE PVU UP CF� 6TF +�$-. EJSFDUMZ PO
UIF NPEFM PCKFDU TP UIBU 3 LOPXT UP EJTQMBZ QBSBNFUFS OBNFT BOE QBSBNFUFS DPSSFMBUJPOT�

3 DPEF
���� +�$-.ǿ (ǖǡǎ Ȁ

'ĶĴłĿĲ Ƒ�Ə TIPXT UIF SFTVMUJOH QMPU� ćJT JT B QBJST QMPU TP JU�T TUJMM BNBUSJY PG CJWBSJBUF TDBUUFS
QMPUT� #VU OPX BMPOH UIF EJBHPOBM UIF TNPPUIFE IJTUPHSBNPG FBDI QBSBNFUFS JT TIPXO BMPOH
XJUI JUT OBNF� "OE JO UIF MPXFS USJBOHMF PG UIF NBUSJY CFMPX UIF EJBHPOBM UIF DPSSFMBUJPO
CFUXFFO FBDI QBJS PG QBSBNFUFST JT TIPXO XJUI TUSPOHFS DPSSFMBUJPOT JOEJDBUFE CZ SFMBUJWF
TJ[F�

'PS UIJT NPEFM BOE UIFTF EBUB UIF SFTVMUJOH QPTUFSJPS EJTUSJCVUJPO JT RVJUF OFBSMZ NVMUJ�
WBSJBUF (BVTTJBO� ćF EFOTJUZ GPS .$"(� JT DFSUBJOMZ TLFXFE JO UIF FYQFDUFE EJSFDUJPO� #VU
PUIFSXJTF UIF RVBESBUJD BQQSPYJNBUJPO EPFT BMNPTU BT XFMM BT )BNJMUPOJBO .POUF $BSMP�
ćJT JT B WFSZ TJNQMF LJOE PG NPEFM TUSVDUVSF PG DPVSTF XJUI (BVTTJBO QSJPST TP BO BQQSPYJ�
NBUFMZ RVBESBUJD QPTUFSJPS TIPVME CF OP TVSQSJTF� -BUFS XF�MM TFF TPNFNPSF FYPUJD QPTUFSJPS
EJTUSJCVUJPOT�

0WFSUIJOLJOH� 4UBO NFTTBHFT� 8IFO ZPV ĕU B NPEFM VTJOH (�+Ǐ./�) 3 XJMM ĕSTU USBOTMBUF ZPVS
NPEFM GPSNVMB JOUP B 4UBO MBOHVBHF NPEFM� ćFO JU TFOET UIBU NPEFM UP 4UBO� ćF NFTTBHFT ZPV
TFF JO ZPVS 3 DPOTPMF BSF TUBUVT VQEBUFT GSPN 4UBO� 4UBO ĕSTU BHBJO USBOTMBUFT UIF NPEFM UIJT UJNF
JOUP $�� DPEF� ćBU DPEF JT UIFO TFOU UP B $�� DPNQJMFS UP CVJME BO FYFDVUBCMF ĕMF JT B TQFDJBMJ[FE
TBNQMJOH FOHJOF GPS ZPVS NPEFM� ćFO 4UBO GFFET UIF EBUB BOE TUBSUJOH WBMVFT UP UIBU FYFDVUBCMF ĕMF
BOE JG BMM HPFT XFMM TBNQMJOH CFHJOT� :PVXJMM TFF 4UBO DPVOU UISPVHI UIF JUFSBUJPOT� %VSJOH TBNQMJOH
ZPV NJHIU PDDBTJPOBMMZ TFF B TDBSZ MPPLJOH XBSOJOH TPNFUIJOH MJLF UIJT�
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Convergence diagnostics
• n_e!: “e!ective” number of samples

• n_e!/n < 0.1, be alarmed
• R-hat

• R-hat: crudely, ratio of variance between chains to 
variance within chains

• Should approach 1
• Both may mislead



!e Folk !eorem of 
Statistical Computing
“When you have computational 
problems, o!en there’s a problem 
with your model.”

–Andrew Gelman


