
Multilevel should be default

• Defaults are powerful things
• Single-level regression is default

• People justify multilevel models
• !is is backwards

• Multilevel estimates usually better
• Should have to justify not using 

multilevel model



Goals

• Introduce multilevel models
• How shrinkage and pooling work
• Why they produce better estimates
• How to program with ulam
• Methods of plotting and comparing
• Open up more options



Multilevel models

• Usual use is to model clustering
• Classrooms within schools
• Students within classrooms
• Grades within students
• Questions within exams

• Repeat measures of units
• Imbalance in sampling
• “pseudoreplication”



• Examples from earlier:
• !Kung individuals in families
• Species in clades
• Nations in continents
• Applicants in departments

Multilevel models
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PG B DMVTUFS WBSJBCMF� .VMUJQMF PCTFSWBUJPOT
 UIF UBEQPMFT JO UIJT DBTF
 BSF NBEF XJUIJO FBDI
DMVTUFS�

4P XF IBWF SFQFBU NFBTVSFT BOE IFUFSPHFOFJUZ BDSPTT DMVTUFST� *G XF JHOPSF UIF DMVTUFST

BTTJHOJOH UIF TBNF JOUFSDFQU UP FBDI PG UIFN
 UIFO XF SJTL JHOPSJOH JNQPSUBOU WBSJBUJPO JO
CBTFMJOF TVSWJWBM� ćJT WBSJBUJPO DPVME NBTL BTTPDJBUJPO XJUI PUIFS WBSJBCMFT� *G XF JOTUFBE
FTUJNBUF B VOJRVF JOUFSDFQU GPS FBDI DMVTUFS
 VTJOH B EVNNZ WBSJBCMF GPS FBDI UBOL
 XF JO�
TUFBE QSBDUJDF BOUFSPHSBEF BNOFTJB� "ęFS BMM
 UBOLT BSF EJČFSFOU CVU FBDI UBOL EPFT IFMQ VT
FTUJNBUF TVSWJWBM JO UIF PUIFS UBOLT� 4P JU EPFTO�U NBLF TFOTF UP GPSHFU FOUJSFMZ
 NPWJOH GSPN
POF UBOL UP BOPUIFS�

"NVMUJMFWFM NPEFM
 JO XIJDI XF TJNVMUBOFPVTMZ FTUJNBUF CPUI BO JOUFSDFQU GPS FBDI UBOL
BOE UIF WBSJBUJPO BNPOH UBOLT
 JT XIBU XF XBOU� ćJT XJMM CF B ŃĮĿņĶĻĴ ĶĻŁĲĿİĲĽŁŀNPEFM�
7BSZJOH JOUFSDFQUT BSF UIF TJNQMFTU LJOE PGŃĮĿņĶĻĴ ĲĳĳĲİŁŀ���� 'PS FBDI DMVTUFS JO UIF EBUB

XF VTF B VOJRVF JOUFSDFQU QBSBNFUFS� ćJT JT OP EJČFSFOU UIBO UIF DBUFHPSJDBM WBSJBCMF FYBN�
QMFT GSPN QSFWJPVT DIBQUFST
 FYDFQU OPX XF BMTP BEBQUJWFMZ MFBSO UIF QSJPS UIBU JT DPNNPO
UP BMM PG UIFTF JOUFSDFQUT� ćJT BEBQUJWF MFBSOJOH JT UIF BCTFODF PG BNOFTJB EJTDVTTFE BU UIF
TUBSU PG UIF DIBQUFS� 8IFO XIBU XF MFBSO BCPVU FBDI DMVTUFS JOGPSNT BMM UIF PUIFS DMVTUFST

XF MFBSO UIF QSJPS TJNVMUBOFPVT UP MFBSOJOH UIF JOUFSDFQUT�

)FSF JT B NPEFM GPS QSFEJDUJOH UBEQPMF NPSUBMJUZ JO FBDI UBOL
 VTJOH UIF SFHVMBSJ[JOH
QSJPST PG FBSMJFS DIBQUFST�

4J ∼ #JOPNJBM(/J, QJ)

MPHJU(QJ) = αŁĮĻĸ[J] [unique log-odds for each tank]

αK ∼ /PSNBM(�, �.�) 
 GPS K = �..��

"OE ZPV DBO BQQSPYJNBUF UIJT QPTUFSJPS VTJOH 0'�( BT JO QSFWJPVT DIBQUFST�
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*G ZPV JOTQFDU UIF QPTUFSJPS
 +- �$.ǿ(ǎǐǡǎǢ� +/#ʙǏȀ
 ZPV�MM TFF �� EJČFSFOU JOUFSDFQUT
 POF
GPS FBDI UBOL� 5P HFU FBDI UBOL�T FYQFDUFE TVSWJWBM QSPCBCJMJUZ
 KVTU UBLF POF PG UIF � WBMVFT
BOE UIFO VTF UIF MPHJTUJD USBOTGPSN� 4P GBS UIFSF JT OPUIJOH OFX IFSF�

/PX MFU�T EP UIF NVMUJMFWFM NPEFM
 XIJDI BEBQUJWFMZ QPPMT JOGPSNBUJPO BDSPTT UBOLT� "MM
UIBU JT SFRVJSFE UP FOBCMF BEBQUJWF QPPMJOH JT UP NBLF UIF QSJPS GPS UIF � QBSBNFUFST B GVOD�
UJPO PG TPNF OFX QBSBNFUFST� )FSF JT UIF NVMUJMFWFM NPEFM
 JO NBUIFNBUJDBM GPSN
 XJUI UIF

Regularized intercepts
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PG B DMVTUFS WBSJBCMF� .VMUJQMF PCTFSWBUJPOT
 UIF UBEQPMFT JO UIJT DBTF
 BSF NBEF XJUIJO FBDI
DMVTUFS�

4P XF IBWF SFQFBU NFBTVSFT BOE IFUFSPHFOFJUZ BDSPTT DMVTUFST� *G XF JHOPSF UIF DMVTUFST

BTTJHOJOH UIF TBNF JOUFSDFQU UP FBDI PG UIFN
 UIFO XF SJTL JHOPSJOH JNQPSUBOU WBSJBUJPO JO
CBTFMJOF TVSWJWBM� ćJT WBSJBUJPO DPVME NBTL BTTPDJBUJPO XJUI PUIFS WBSJBCMFT� *G XF JOTUFBE
FTUJNBUF B VOJRVF JOUFSDFQU GPS FBDI DMVTUFS
 VTJOH B EVNNZ WBSJBCMF GPS FBDI UBOL
 XF JO�
TUFBE QSBDUJDF BOUFSPHSBEF BNOFTJB� "ęFS BMM
 UBOLT BSF EJČFSFOU CVU FBDI UBOL EPFT IFMQ VT
FTUJNBUF TVSWJWBM JO UIF PUIFS UBOLT� 4P JU EPFTO�U NBLF TFOTF UP GPSHFU FOUJSFMZ
 NPWJOH GSPN
POF UBOL UP BOPUIFS�

"NVMUJMFWFM NPEFM
 JO XIJDI XF TJNVMUBOFPVTMZ FTUJNBUF CPUI BO JOUFSDFQU GPS FBDI UBOL
BOE UIF WBSJBUJPO BNPOH UBOLT
 JT XIBU XF XBOU� ćJT XJMM CF B ŃĮĿņĶĻĴ ĶĻŁĲĿİĲĽŁŀNPEFM�
7BSZJOH JOUFSDFQUT BSF UIF TJNQMFTU LJOE PGŃĮĿņĶĻĴ ĲĳĳĲİŁŀ���� 'PS FBDI DMVTUFS JO UIF EBUB

XF VTF B VOJRVF JOUFSDFQU QBSBNFUFS� ćJT JT OP EJČFSFOU UIBO UIF DBUFHPSJDBM WBSJBCMF FYBN�
QMFT GSPN QSFWJPVT DIBQUFST
 FYDFQU OPX XF BMTP BEBQUJWFMZ MFBSO UIF QSJPS UIBU JT DPNNPO
UP BMM PG UIFTF JOUFSDFQUT� ćJT BEBQUJWF MFBSOJOH JT UIF BCTFODF PG BNOFTJB EJTDVTTFE BU UIF
TUBSU PG UIF DIBQUFS� 8IFO XIBU XF MFBSO BCPVU FBDI DMVTUFS JOGPSNT BMM UIF PUIFS DMVTUFST

XF MFBSO UIF QSJPS TJNVMUBOFPVT UP MFBSOJOH UIF JOUFSDFQUT�

)FSF JT B NPEFM GPS QSFEJDUJOH UBEQPMF NPSUBMJUZ JO FBDI UBOL
 VTJOH UIF SFHVMBSJ[JOH
QSJPST PG FBSMJFS DIBQUFST�

4J ∼ #JOPNJBM(/J, QJ)

MPHJU(QJ) = αŁĮĻĸ[J] [unique log-odds for each tank]

αK ∼ /PSNBM(�, �.�) 
 GPS K = �..��

"OE ZPV DBO BQQSPYJNBUF UIJT QPTUFSJPS VTJOH 0'�( BT JO QSFWJPVT DIBQUFST�
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*G ZPV JOTQFDU UIF QPTUFSJPS
 +- �$.ǿ(ǎǐǡǎǢ� +/#ʙǏȀ
 ZPV�MM TFF �� EJČFSFOU JOUFSDFQUT
 POF
GPS FBDI UBOL� 5P HFU FBDI UBOL�T FYQFDUFE TVSWJWBM QSPCBCJMJUZ
 KVTU UBLF POF PG UIF � WBMVFT
BOE UIFO VTF UIF MPHJTUJD USBOTGPSN� 4P GBS UIFSF JT OPUIJOH OFX IFSF�

/PX MFU�T EP UIF NVMUJMFWFM NPEFM
 XIJDI BEBQUJWFMZ QPPMT JOGPSNBUJPO BDSPTT UBOLT� "MM
UIBU JT SFRVJSFE UP FOBCMF BEBQUJWF QPPMJOH JT UP NBLF UIF QSJPS GPS UIF � QBSBNFUFST B GVOD�
UJPO PG TPNF OFX QBSBNFUFST� )FSF JT UIF NVMUJMFWFM NPEFM
 JO NBUIFNBUJDBM GPSN
 XJUI UIF



Terminology

• Varying intercepts also called random 
intercepts

• Neither of these terms makes much 
sense

• “random”? Sometimes associated with 
research design, but design irrelevant

• Ordinary dummy variables also “vary” 
across clusters

• Distinctive because individual 
intercepts learn from one another

• mnestic: opposite of amnestic
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DIBOHFT GSPN UIF QSFWJPVT NPEFM IJHIMJHIUFE JO CMVF�
4J ∼ #JOPNJBM(/J, QJ)

MPHJU(QJ) = αŁĮĻĸ[J]

αK ∼ /PSNBM(ᾱ,σ) [adaptive prior]

ᾱ ∼ /PSNBM(�, �.�) [prior for average tank]

σ ∼ &YQPOFOUJBM(�) [prior for standard deviation of tanks]

/PUJDF UIBU UIF QSJPS GPS UIF UBOL JOUFSDFQUT JT OPX B GVODUJPO PG UXP QBSBNFUFST
 ᾱ BOE
σ� :PV DBO TBZ ᾱ MJLF iCBS BMQIB�w ćF CBS NFBOT BWFSBHF� ćFTF UXP QBSBNFUFST JOTJEF UIF
QSJPS JT XIFSF UIF iNVMUJw JONVMUJMFWFM BSJTFT���� ćF(BVTTJBO EJTUSJCVUJPO XJUINFBO ᾱ BOE
TUBOEBSE EFWJBUJPO σ JT UIF QSJPS GPS FBDI UBOL�T JOUFSDFQU� #VU UIBU QSJPS JUTFMG IBT QSJPST GPS ᾱ
BOE σ� 4P UIFSF BSF UXP MFWFMT JO UIFNPEFM
 FBDI SFTFNCMJOH B TJNQMFSNPEFM� *O UIF UPQ MFWFM

UIF PVUDPNF JT 4
 UIF QBSBNFUFST BSF UIF WFDUPSα
 BOE UIF QSJPS JTαK ∼ /PSNBM(ᾱ,σ)� *O UIF
TFDPOE MFWFM
 UIF iPVUDPNFw WBSJBCMF JT UIF WFDUPS PG JOUFSDFQU QBSBNFUFST
 α� ćF QBSBNFUFST
BSF ᾱ BOE σ
 BOE UIFJS QSJPST BSF ᾱ ∼ /PSNBM(�, �.�) BOE σ ∼ &YQPOFOUJBM(�)�

ćFTF UXP QBSBNFUFST
 ᾱ BOE σ
 BSF PęFO SFGFSSFE UP BT ĵņĽĲĿĽĮĿĮĺĲŁĲĿŀ� ćFZ BSF
QBSBNFUFST GPS QBSBNFUFST� "OE UIFJS QSJPST BSF PęFO DBMMFE ĵņĽĲĿĽĿĶļĿŀ� *O QSJODJQMF

UIFSF JT OP MJNJU UP IPXNBOZ iIZQFSw MFWFMT ZPV DBO JOTUBMM JO BNPEFM� 'PS FYBNQMF
 EJČFSFOU
QPQVMBUJPOT PG UBOLT DPVME CF FNCFEEFE XJUIJO EJČFSFOU SFHJPOT PG IBCJUBU� #VU JO QSBDUJDF
UIFSF BSF MJNJUT
 CPUI CFDBVTF PG DPNQVUBUJPO BOE PVS BCJMJUZ UP VOEFSTUBOE UIF NPEFM�

3FUIJOLJOH� 8IZ (BVTTJBO UBOLT *O UIF NVMUJMFWFM UBEQPMF NPEFM
 UIF QPQVMBUJPO PG UBOLT JT BT�
TVNFE UP CF (BVTTJBO� 8IZ ćF MFBTU TBUJTGZJOH BOTXFS JT iDPOWFOUJPO�w ćF (BVTTJBO BTTVNQUJPO
JT FYUSFNFMZ DPNNPO� " NPSF TBUJTGZJOH BOTXFS JT iQSBHNBUJTN�w ćF (BVTTJBO BTTVNQUJPO JT FBTZ
UP XPSL XJUI
 BOE JU HFOFSBMJ[FT FBTJMZ UP NPSF UIBO POF EJNFOTJPO� ćJT HFOFSBMJ[BUJPO XJMM CF JNQPS�
UBOU GPS IBOEMJOH WBSZJOH TMPQFT JO UIF OFYU DIBQUFS� #VU NZ QSFGFSSFE BOTXFS JT JOTUFBE iFOUSPQZ�w *G
BMM XF BSF XJMMJOH UP TBZ BCPVU B EJTUSJCVUJPO JT UIF NFBO BOE WBSJBODF
 UIFO UIF (BVTTJBO JT UIF NPTU
DPOTFSWBUJWF BTTVNQUJPO 	$IBQUFS ��
� 6TJOH B (BVTTJBO IFSF EPFT OPU GPSDF UIF SFTVMUJOH QPTUFSJPS
EJTUSJCVUJPO PG α QBSBNFUFST UP CF TZNNFUSJD PS IBWF B (BVTTJBO TIBQF� ćF POMZ JOGPSNBUJPO JO B
(BVTTJBO QSJPS 	PS MJLFMJIPPE
 JT ĕOJUF WBSJBODF� ćF EJTUSJCVUJPO MPPLT TZNNFUSJD
 CFDBVTF JG ZPV
EPO�U TBZ IPX JU JT TLFXFE
 UIFO TZNNFUSJD JT UIF NBYJNVN FOUSPQZ TIBQF� "CPWF BMM
 UIFSF JT OP SVMF
SFRVJSJOH UIF (BVTTJBO EJTUSJCVUJPO PG WBSZJOH FČFDUT� 4P JG ZPV IBWF B HPPE SFBTPO UP VTF BOPUIFS
EJTUSJCVUJPO
 UIFO EP TP� ćF QSBDUJDF QSPCMFNT BU UIF FOE PG UIF DIBQUFS QSPWJEF BO FYBNQMF�

$PNQVUJOH UIF QPTUFSJPS DPNQVUFT CPUI MFWFMT TJNVMUBOFPVTMZ
 JO UIF TBNF XBZ UIBU PVS
SPCPU BU UIF TUBSU PG UIF DIBQUFS MFBSOFE CPUI BCPVU FBDI DBGÏ BOE UIF WBSJBUJPO BNPOH DBGÏT�
#VU ZPV DBOOPU ĕU UIJT NPEFM XJUI ,0�+� 8IZ #FDBVTF UIF QSPCBCJMJUZ PG UIF EBUBNVTU OPX
BWFSBHF PWFS UIF MFWFM � QBSBNFUFST ᾱ BOE σ� #VU ,0�+ KVTU IJMM DMJNCT
 VTJOH TUBUJD WBMVFT GPS
BMM PG UIF QBSBNFUFST� *U DBO�U TFF UIF MFWFMT� 'PS NPSF FYQMBOBUJPO
 TFF UIF 0WFSUIJOLJOH CPY
GVSUIFS EPXO� :PV DBO IPXFWFS ĕU UIJT NPEFM XJUI 0'�(�
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Adaptive regularization

varying intercepts

Survival across tanks has a distribution.
!is distribution is the prior for each tank.
Distribution needs its own prior.
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ćJT NPEFM QSPWJEFT QPTUFSJPS EJTUSJCVUJPOT GPS �� QBSBNFUFST� POF PWFSBMM TBNQMF JOUFSDFQU
ᾱ
 UIF TUBOEBSE EFWJBUJPO BNPOH UBOLT σ
 BOE UIFO �� QFS�UBOL JOUFSDFQUT� -FU�T DIFDL8"*$
UIPVHI UP TFF UIF FČFDUJWF OVNCFS PG QBSBNFUFST� 8F�MM DPNQBSF UIF FBSMJFS NPEFM
 (ǎǐǡǎ

XJUI UIF OFX NVMUJMFWFM NPEFM�
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ćFSF BSF UXP GBDUT UP OPUF IFSF� 'JSTU
 UIF NVMUJMFWFM NPEFM IBT POMZ �� FČFDUJWF QBSBNFUFST�
ćFSF BSF �� GFXFS FČFDUJWF QBSBNFUFST UIBO BDUVBM QBSBNFUFST
 CFDBVTF UIF QSJPS BTTJHOFE
UP FBDI JOUFSDFQU TISJOLT UIFN BMM UPXBSET UIF NFBO ᾱ� *O UIJT DBTF
 UIF QSJPS JT SFBTPO�
BCMZ TUSPOH� $IFDL UIF NFBO PG .$"(� XJUI +- �$. BOE ZPV�MM TFF JU�T BSPVOE ���� ćJT JT B
ĿĲĴłĹĮĿĶŇĶĻĴ ĽĿĶļĿ
 MJLF ZPV�WF VTFE JO QSFWJPVT DIBQUFST
 CVU OPX UIF BNPVOU PG SFHV�
MBSJ[BUJPO IBT CFFO MFBSOFE GSPN UIF EBUB JUTFMG���� 4FDPOE
 OPUJDF UIBU UIF NVMUJMFWFM NPEFM
(ǎǐǡǏ IBT GFXFS FČFDUJWF QBSBNFUFST UIBO UIF PSEJOBSZ ĕYFE NPEFM (ǎǐǡǎ� ćJT JT EFTQJUF
UIF GBDU UIBU UIF PSEJOBSZ NPEFM IBT GFXFS BDUVBM QBSBNFUFST
 POMZ �� JOTUFBE PG ��� ćF FY�
USB UXP QBSBNFUFST JO UIF NVMUJMFWFM NPEFM BMMPXFE JU UP MFBSO B NPSF BHHSFTTJWF SFHVMBSJ[JOH
QSJPS
 UP BEBQUJWFMZ SFHVMBSJ[F� ćJT SFTVMUFE JO B MFTT ĘFYJCMF QPTUFSJPS BOE UIFSFGPSF GFXFS
FČFDUJWF QBSBNFUFST�

0WFSUIJOLJOH� 26"1 GBJMT
 .$.$ TVDDFFET� 8IZ EPFTO�U TJNQMF RVBESBUJD BQQSPYJNBUJPO
 VTJOH
GPS FYBNQMF ,0�+
 XPSL XJUINVMUJMFWFM NPEFMT 8IFO B QSJPS JT JUTFMG B GVODUJPO PG QBSBNFUFST
 UIFSF
BSF UXP MFWFMT PG VODFSUBJOUZ� ćJT NFBOT UIBU UIF QSPCBCJMJUZ PG UIF EBUB
 DPOEJUJPOBM PO UIF QBSBN�
FUFST
 NVTU BWFSBHF PWFS FBDI MFWFM� 0SEJOBSZ RVBESBUJD BQQSPYJNBUJPO DBOOPU IBOEMF UIF BWFSBHJOH
JO UIF MJLFMJIPPE
 CFDBVTF JO HFOFSBM JU�T OPU QPTTJCMF UP EFSJWF BO BOBMZUJDBM TPMVUJPO� ćBU NFBOT
UIFSF JT OP VOJĕFE GVODUJPO GPS DBMDVMBUJOH UIF MPH�QPTUFSJPS� 4P ZPVS DPNQVUFS DBOOPU EJSFDUMZ ĕOE
JUT NJOJNVN 	UIF NBYJNVN PG UIF QPTUFSJPS
�

4PNF PUIFS DPNQVUBUJPOBM BQQSPBDI JT OFFEFE� *U JT QPTTJCMF UP FYUFOE UIF NPEF�ĕOEJOH PQUJ�
NJ[BUJPO TUSBUFHZ UP UIFTF NPEFMT
 CVU XF EPO�U XBOU UP CF TUVDL XJUI PQUJNJ[BUJPO JO HFOFSBM� 0OF
SFBTPO JT UIBU UIF QPTUFSJPS PG UIFTF NPEFMT JT SPVUJOFMZ OPO�(BVTTJBO� .PSF HFOFSBMMZ
 BT NPEFMT CF�
DPNFNPSF DPNQMFY
 B QIFOPNFOPO LOPXO BT DPODFOUSBUJPO PG NFBTVSF HVBSBOUFFT UIBU UIF QPTUFSJPS
NPEF XJMM CF GBS GSPN UIF QPTUFSJPS NFEJBO� 4P XF SFBMMZ OFFE UP HJWF VQ PQUJNJ[BUJPO BT B TUSBUFHZ�
0OF SPCVTU TPMVUJPO JT .$.$�

5P BQQSFDJBUF UIF JNQBDU PG UIJT BEBQUJWF SFHVMBSJ[BUJPO
 MFU�T QMPU BOE DPNQBSF UIF QPT�
UFSJPS NFBOT GSPN NPEFMT (ǎǐǡǎ BOE (ǎǐǡǏ� ćF DPEF UIBU GPMMPXT JT MPOH
 POMZ CFDBVTF JU
EFDPSBUFT UIF QMPU XJUI JOGPSNBUJWF MBCFMT� ćF CBTJD DPEF JT KVTU UIF ĕSTU QBSU
 XIJDI FYUSBDUT
TBNQMFT BOE DPNQVUFT NFBOT�
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• m13.1: 48 parameters vs 25 e"ective
• m13.2: 50 parameters vs 22 e"ective
• Model with more parameters has fewer 

e"ective parameters
• Why? Ended up with stronger prior.



Don’t expect predictions to match observations exactly.
Instead expect shrinkage.

Fixed estimate Multilevel estimate
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'ĶĴłĿĲ ƉƋ�Ɖ� &NQJSJDBM QSPQPSUJPOT PG TVSWJWPST JO FBDI UBEQPMF UBOL

TIPXO CZ UIF ĕMMFE CMVF QPJOUT
 QMPUUFE XJUI UIF �� QFS�UBOL QBSBNFUFST
GSPN UIF NVMUJMFWFM NPEFM
 TIPXO CZ UIF CMBDL DJSDMFT� ćF EBTIFE MJOF MP�
DBUFT UIF BWFSBHF QSPQPSUJPO PG TVSWJWPST BDSPTT BMM UBOLT� ćF WFSUJDBM MJOFT
EJWJEF UBOLT XJUI EJČFSFOU JOJUJBM EFOTJUJFT PG UBEQPMFT� TNBMM UBOLT 	�� UBE�
QPMFT

 NFEJVN UBOLT 	��

 BOE MBSHF UBOLT 	��
� *O FWFSZ UBOL
 UIF QPTUFSJPS
NFBO GSPN UIF NVMUJMFWFM NPEFM JT DMPTFS UP UIF EBTIFE MJOF UIBO UIF FNQJS�
JDBM QSPQPSUJPO JT� ćJT SFĘFDUT UIF QPPMJOH PG JOGPSNBUJPO BDSPTT UBOLT
 UP
IFMQ XJUI JOGFSFODF BCPVU FBDI UBOL�

DBTF� 0ODF XF IBWF B EJTUSJCVUJPOBM BTTVNQUJPO
 XF DBO VTF #BZFT� UIFPSFN UP PQUJNBMMZ 	JO
UIF TNBMM XPSME POMZ
 TIBSF JOGPSNBUJPO BNPOH UIF DMVTUFST�

8IBU EPFT UIF JOGFSSFE QPQVMBUJPO EJTUSJCVUJPO PG TVSWJWBM MPPL MJLF 8F DBO WJTVBMJ[F
JU CZ TBNQMJOH GSPN UIF QPTUFSJPS EJTUSJCVUJPO
 BT VTVBM� 'JSTU XF�MM QMPU ��� (BVTTJBO EJT�
USJCVUJPOT
 POF GPS FBDI PG UIF ĕSTU ��� TBNQMFT GSPN UIF QPTUFSJPS EJTUSJCVUJPO PG CPUI α
BOE σ� ćFO XF�MM TBNQMF ���� OFX MPH�PEET PG TVSWJWBM GPS JOEJWJEVBM UBOLT� ćF SFTVMU XJMM
CF B QPTUFSJPS EJTUSJCVUJPO PG WBSJBUJPO JO TVSWJWBM JO UIF QPQVMBUJPO PG UBOLT� #FGPSF XF EP
UIF TBNQMJOH UIPVHI
 SFNFNCFS UIBU iTBNQMJOHw GSPN B QPTUFSJPS EJTUSJCVUJPO JT OPU B TJN�
VMBUJPO PG FNQJSJDBM TBNQMJOH� *U�T KVTU B DPOWFOJFOU XBZ UP DIBSBDUFSJ[F BOE XPSL XJUI UIF
VODFSUBJOUZ JO UIF EJTUSJCVUJPO� /PX UIF TBNQMJOH�

3 DPEF
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Shrinkage

• Varying e"ect estimates 
shrink towards mean (a_bar)

• Further from mean, 
more shrinkage

• Fewer data in cluster, 
more shrinkage

• Same as regression to the 
mean, really

• Shrinkage results from 
pooling of information
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'JHVSF ����� &NQJSJDBM QSPQPSUJPOT PG TVSWJWPST JO FBDI
UBEQPMF UBOL
 TIPXO CZ UIF GJMMFE CMVF QPJOUT
 QMPUUFE
XJUI UIF �� QFS�UBOL FTUJNBUFT GSPN UIF NVMUJMFWFM NPEFM

TIPXO CZ UIF CMBDL DJSDMFT� 5IF EBTIFE MJOF MPDBUFT
UIF PWFSBMM BWFSBHF QSPQPSUJPO PG TVSWJWPST BDSPTT BMM
UBOLT� 5IF WFSUJDBM MJOFT EJWJEF UBOLT XJUI EJGGFSFOU JOJ�
UJBM DPVOUT PG UBEQPMFT
 �� 	MFGU
 BOE �� 	NJEEMF
 BOE ��
	SJHIU
� &BDI WBMVF PO UIF IPSJ[POUBM BYJT JT UIF JOEFY PG
B UBOL 	SPX
 JO UIF EBUB� *O FWFSZ UBOL
 UIF FTUJNBUF GSPN
UIF NVMUJMFWFM NPEFM JT DMPTFS UP UIF EBTIFE MJOF UIBO UIF
FNQJSJDBM QSPQPSUJPO JT� 5IJT SFGMFDUT UIF QPPMJOH PG JO�
GPSNBUJPO BDSPTT UBOLT
 UP IFMQ XJUI JOGFSFODF BCPVU FBDI
UBOL�

������� 1PPMJOH� "MM UISFF PG UIFTF QIFOPNFOB BSJTF GSPN B DPNNPO
DBVTF� QPPMJOH JOGPSNBUJPO BDSPTT DMVTUFST 	UBOLT
 UP JNQSPWF FTUJNBUFT�
8IBU QPPMJOH NFBOT IFSF JT UIBU FBDI UBOL QSPWJEFT JOGPSNBUJPO UIBU DBO
CF VTFE UP JNQSPWF UIF FTUJNBUFT GPS BMM PG UIF PUIFS UBOLT� &BDI UBOL
IFMQT JO UIJT XBZ
 CFDBVTF XF NBEF BO BTTVNQUJPO BCPVU IPX UIF WBSZ�
JOH MPH�PEET JO FBDI UBOL
 αJ
 SFMBUFE UP BMM PG UIF PUIFST� 8F BTTVNFE B
EJTUSJCVUJPO
 UIF OPSNBM EJTUSJCVUJPO JO UIJT DBTF� 0ODF XF IBWF B EJT�
USJCVUJPOBM BTTVNQUJPO
 XF DBO VTF #BZFTÔ UIFPSFN UP PQUJNBMMZ TIBSF
JOGPSNBUJPO BNPOH UIF DMVTUFST�



Ulysses’ Compass again

• Why are varying e!ects (partial 
pooling) more accurate than "xed 
e!ects (no pooling)?

• Grand mean: maximum under#tting
• Fixed e"ects: maximum over#tting
• Varying e"ects: adaptive regularization



varying intercepts on actor
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����� .PSF UIBO POF UZQF PG DMVTUFS
8F DBO VTF BOE PęFO TIPVME VTF NPSF UIBO POF UZQF PG DMVTUFS JO UIF TBNF NPEFM� 'PS

FYBNQMF
 UIF PCTFSWBUJPOT JO ��/�ǿ�#$(+�)5  .Ȁ
 XIJDI ZPV NFU CBDL JO $IBQUFS ��
 BSF
MFWFS QVMMT� &BDI QVMM JT XJUIJO B DMVTUFS PG QVMMT CFMPOHJOH UP BO JOEJWJEVBM DIJNQBO[FF� #VU
FBDI QVMM JT BMTP XJUIJO BO FYQFSJNFOUBM CMPDL
 XIJDI SFQSFTFOUT B DPMMFDUJPO PG PCTFSWBUJPOT
UIBU IBQQFOFE PO UIF TBNF EBZ� 4P FBDI PCTFSWFE QVMM CFMPOHT UP CPUI BO ��/*- 	� UP �
 BOE
B �'*�& 	� UP �
� ćFSF NBZ CF VOJRVF JOUFSDFQUT GPS FBDI BDUPS BT XFMM BT GPS FBDI CMPDL�

4P JO UIJT TFDUJPO XF�MM SFDPOTJEFS UIF DIJNQBO[FFT EBUB
 VTJOH CPUI UZQFT PG DMVTUFST
TJNVMUBOFPVTMZ� ćJT XJMM BMMPX VT UP VTF QBSUJBM QPPMJOH PO CPUI DBUFHPSJDBM WBSJBCMFT
 ��/*-
BOE �'*�&
 BU UIF TBNF UJNF� 8F�MM BMTP HFU FTUJNBUFT PG UIF WBSJBUJPO BNPOH BDUPST BOE
BNPOH CMPDLT�

3FUIJOLJOH� $SPTT�DMBTTJĕDBUJPO BOE IJFSBSDIZ� ćF LJOE PG EBUB TUSVDUVSF JO ��/�ǿ�#$(+�)5  .Ȁ
JT VTVBMMZ DBMMFE B İĿļŀŀ�İĹĮŀŀĶĳĶĲı NVMUJMFWFM NPEFM� *U JT DSPTT�DMBTTJĕFE
 CFDBVTF BDUPST BSF OPU
OFTUFE XJUIJO VOJRVF CMPDLT� *G FBDI DIJNQBO[FF IBE JOTUFBE EPOF BMM PG IJT PS IFS QVMMT PO B TJOHMF
EBZ
 XJUIJO B TJOHMF CMPDL
 UIFO UIF EBUB TUSVDUVSF XPVME JOTUFBE CF IJFSBSDIJDBM� )PXFWFS
 UIF NPEFM
TQFDJĕDBUJPO XPVME UZQJDBMMZ CF UIF TBNF� 4P UIFNPEFM TUSVDUVSF BOE DPEF ZPV�MM TFF CFMPX XJMM BQQMZ
CPUI UP DSPTT�DMBTTJĕFE EFTJHOT BOE IJFSBSDIJDBM EFTJHOT� 0UIFS TPęXBSF TPNFUJNFT GPSDFT ZPV UP USFBU
UIFTF EJČFSFOUMZ
 PO BDDPVOU PG VTJOH B DPOEJUJPOJOH FOHJOF TVCTUBOUJBMMZ MFTT DBQBCMF UIBO .$.$�
ćFSF BSF PUIFS UZQFT PG iIJFSBSDIJDBMw NVMUJMFWFM NPEFMT
 UZQFT UIBU NBLF BEBQUJWF QSJPST GPS BEBQUJWF
QSJPST� *U�T UVSUMFT BMM UIF XBZ EPXO
 SFDBMM 	QBHF ��
� :PV�MM TFF BO FYBNQMF JO UIF OFYU DIBQUFS� #VU
GPS UIF NPTU QBSU
 QFPQMF 	PS UIFJS TPęXBSF
 OFBSMZ BMXBZT VTF UIF TBNF LJOE PG NPEFM JO CPUI DBTFT�

������� .VMUJMFWFM DIJNQBO[FFT� -FU�T QSPDFFE CZ UBLJOH UIF DIJNQBO[FFTNPEFM GSPN$IBQ�
UFS �� 	(ǎǎǡǑ
 QBHF ���
 BOE BEE WBSZJOH JOUFSDFQUT� 5P BEE WBSZJOH JOUFSDFQUT UP UIJT NPEFM

XF KVTU SFQMBDF UIF ĕYFE SFHVMBSJ[JOH QSJPS XJUI BO BEBQUJWF QSJPS� 8F�MM BMTP BEE B TFDPOE
DMVTUFS UZQF� 5P BEE UIF TFDPOE DMVTUFS UZQF
 �'*�&
 XF NFSFMZ SFQMJDBUF UIF TUSVDUVSF GPS UIF
��/*- DMVTUFS� ćJT NFBOT UIF MJOFBS NPEFM HFUT ZFU BOPUIFS WBSZJOH JOUFSDFQU
 αįĹļİĸ[J]
 BOE
UIF NPEFM HFUT BOPUIFS BEBQUJWF QSJPS BOE ZFU BOPUIFS TUBOEBSE EFWJBUJPO QBSBNFUFS�

)FSF JT UIF NBUIFNBUJDBM GPSN PG UIF NPEFM
 XJUI UIF OFX QJFDFT PG UIF NBDIJOF IJHI�
MJHIUFE JO CMVF�

-J ∼ #JOPNJBM(�, QJ)

MPHJU(QJ) = αĮİŁļĿ[J] + γįĹļİĸ[J] + βŁĿĲĮŁĺĲĻŁ[J]

βK ∼ /PSNBM(�, �.�) 
 GPS K = �..�
αK ∼ /PSNBM(ᾱ,σα) 
 GPS K = �..�
γK ∼ /PSNBM(�,σγ) 
 GPS K = �..�
ᾱ ∼ /PSNBM(�, �.�)
σα ∼ &YQPOFOUJBM(�)
σγ ∼ &YQPOFOUJBM(�)

&BDI DMVTUFS HFUT JUT PXO WFDUPS PG QBSBNFUFST� 'PS BDUPST
 UIF WFDUPS JT α
 BOE JU IBT MFOHUI �

CFDBVTF UIFSF BSF � DIJNQBO[FFT JO UIF TBNQMF� 'PS CMPDLT
 UIF WFDUPS JT γ
 BOE JU IBT MFOHUI �

CFDBVTF UIFSF BSF � CMPDLT� &BDI DMVTUFS WBSJBCMF OFFET JUT PXO TUBOEBSE EFWJBUJPO QBSBNFUFS

Multilevel chimpanzees

varying intercepts on block



Multilevel chimpanzees
m13.4 <- ulam( 
    alist(
        pulled_left ~ dbinom( 1 , p ) ,
        logit(p) <- a[actor] + g[block_id] + b[treatment] ,
        b[treatment] ~ dnorm( 0 , 0.5 ),

        # adaptive priors
        a[actor] ~ dnorm( a_bar , sigma_a ),
        g[block_id] ~ dnorm( 0 , sigma_g ),

        # hyper-priors
        a_bar ~ dnorm( 0 , 1.5 ),
        sigma_a ~ dexp(1),
        sigma_g ~ dexp(1)
    ) , data=dat_list , chains=4 , cores=4 , log_lik=TRUE )



Cross-classi!ed chimpanzees
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'ĶĴłĿĲ ƉƋ�ƌ� -Fę� 1PTUFSJPS NFBOT BOE ��� DPNQBUJCJMJUZ JOUFSWBMT GPS
(ǎǐǡǑ� ćF HSFBUFS WBSJBUJPO BDSPTT BDUPST UIBO CMPDLT DBO CF TFFO JNNF�
EJBUFMZ JO UIF � BOE " EJTUSJCVUJPOT� 3JHIU� 1PTUFSJPS EJTUSJCVUJPOT PG UIF
TUBOEBSE EFWJBUJPOT PG WBSZJOH JOUFSDFQUT CZ BDUPS 	CMBDL
 BOE CMPDL 	CMVF
�
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-PPL BU UIF +��
� DPMVNO
 XIJDI SFQPSUT UIF iFČFDUJWF OVNCFS PG QBSBNFUFST�w 8IJMF (ǎǐǡǑ
IBT � NPSF QBSBNFUFST UIBO (ǎǐǡǒ EPFT
 JU IBT POMZ BCPVU ��� NPSF FČFDUJWF QBSBNFUFST�
8IZ #FDBVTF UIF QPTUFSJPS EJTUSJCVUJPO GPS .$"(�Ǿ" FOEFE VQ DMPTF UP [FSP� ćJT NFBOT
FBDI PG UIF � " QBSBNFUFST JT TUSPOHMZ TISVOL UPXBSET [FSP�UIFZ BSF SFMBUJWFMZ JOĘFYJCMF� *O
DPOUSBTU
 UIF � QBSBNFUFST BSF TISVOL UPXBSET [FSP NVDI MFTT
 CFDBVTF UIF FTUJNBUFE WBSJB�
UJPO BDSPTT BDUPST JT NVDI MBSHFS
 SFTVMUJOH JO MFTT TISJOLBHF� #VU BT B DPOTFRVFODF
 FBDI PG
UIF � QBSBNFUFST DPOUSJCVUFT NVDI NPSF UP UIF +��
� WBMVF�

:PV NJHIU BMTP OPUJDF UIBU UIF EJČFSFODF JO 8"*$ CFUXFFO UIFTF NPEFMT JT TNBMM
 POMZ
�� ćJT JT FTQFDJBMMZ TNBMM DPNQBSFE UIF TUBOEBSE EFWJBUJPO PG UIF EJČFSFODF
 ���� ćFTF UXP
NPEFMT JNQMZ OFBSMZ JEFOUJDBM QSFEJDUJPOT
 BOE TP UIFJS FYQFDUFE PVU�PG�TBNQMF BDDVSBDZ JT
OFBSMZ JEFOUJDBM� ćF CMPDL QBSBNFUFST IBWF CFFO TISVOL TP NVDI UPXBSET [FSP UIBU UIFZ EP
WFSZ MJUUMF XPSL JO UIF NPEFM�

*G ZPV BSF GFFMJOH UIF VSHF UP iTFMFDUw (ǎǐǡǑ BT UIF CFTU NPEFM
 QBVTF GPS B NPNFOU�
ćFSF JT OPUIJOH UP HBJO IFSF CZ TFMFDUJOH FJUIFS NPEFM� ćF DPNQBSJTPO PG UIF UXP NPEFMT
UFMMT B SJDIFS TUPSZ�XIFUIFS XF JODMVEF CMPDL PS OPU IBSEMZ NBUUFST
 BOE UIF " BOE .$"(�Ǿ"



Cross-classi!ed chimpanzees
• Incorporating block: no bene!ts; little cost
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(ǎǐǡǑ� ćF HSFBUFS WBSJBUJPO BDSPTT BDUPST UIBO CMPDLT DBO CF TFFO JNNF�
EJBUFMZ JO UIF � BOE " EJTUSJCVUJPOT� 3JHIU� 1PTUFSJPS EJTUSJCVUJPOT PG UIF
TUBOEBSE EFWJBUJPOT PG WBSZJOH JOUFSDFQUT CZ BDUPS 	CMBDL
 BOE CMPDL 	CMVF
�
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-PPL BU UIF +��
� DPMVNO
 XIJDI SFQPSUT UIF iFČFDUJWF OVNCFS PG QBSBNFUFST�w 8IJMF (ǎǐǡǑ
IBT � NPSF QBSBNFUFST UIBO (ǎǐǡǒ EPFT
 JU IBT POMZ BCPVU ��� NPSF FČFDUJWF QBSBNFUFST�
8IZ #FDBVTF UIF QPTUFSJPS EJTUSJCVUJPO GPS .$"(�Ǿ" FOEFE VQ DMPTF UP [FSP� ćJT NFBOT
FBDI PG UIF � " QBSBNFUFST JT TUSPOHMZ TISVOL UPXBSET [FSP�UIFZ BSF SFMBUJWFMZ JOĘFYJCMF� *O
DPOUSBTU
 UIF � QBSBNFUFST BSF TISVOL UPXBSET [FSP NVDI MFTT
 CFDBVTF UIF FTUJNBUFE WBSJB�
UJPO BDSPTT BDUPST JT NVDI MBSHFS
 SFTVMUJOH JO MFTT TISJOLBHF� #VU BT B DPOTFRVFODF
 FBDI PG
UIF � QBSBNFUFST DPOUSJCVUFT NVDI NPSF UP UIF +��
� WBMVF�

:PV NJHIU BMTP OPUJDF UIBU UIF EJČFSFODF JO 8"*$ CFUXFFO UIFTF NPEFMT JT TNBMM
 POMZ
�� ćJT JT FTQFDJBMMZ TNBMM DPNQBSFE UIF TUBOEBSE EFWJBUJPO PG UIF EJČFSFODF
 ���� ćFTF UXP
NPEFMT JNQMZ OFBSMZ JEFOUJDBM QSFEJDUJPOT
 BOE TP UIFJS FYQFDUFE PVU�PG�TBNQMF BDDVSBDZ JT
OFBSMZ JEFOUJDBM� ćF CMPDL QBSBNFUFST IBWF CFFO TISVOL TP NVDI UPXBSET [FSP UIBU UIFZ EP
WFSZ MJUUMF XPSL JO UIF NPEFM�

*G ZPV BSF GFFMJOH UIF VSHF UP iTFMFDUw (ǎǐǡǑ BT UIF CFTU NPEFM
 QBVTF GPS B NPNFOU�
ćFSF JT OPUIJOH UP HBJO IFSF CZ TFMFDUJOH FJUIFS NPEFM� ćF DPNQBSJTPO PG UIF UXP NPEFMT
UFMMT B SJDIFS TUPSZ�XIFUIFS XF JODMVEF CMPDL PS OPU IBSEMZ NBUUFST
 BOE UIF " BOE .$"(�Ǿ"
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ćF +- �$. QMPU JT TIPXO JO UIF MFę�IBOE QBSU PG 'ĶĴłĿĲ ƉƋ�ƌ�
'JSTU
 OPUJDF UIBU UIF OVNCFS PG FČFDUJWF TBNQMFT
 )Ǿ !!
 WBSJFT RVJUF B MPU BDSPTT QBSBN�

FUFST� ćJT JT DPNNPO JO DPNQMFY NPEFMT� 8IZ ćFSF BSF NBOZ SFBTPOT GPS UIJT� #VU JO
UIJT TPSU PG NPEFM UIF NPTU DPNNPO SFBTPO JT UIBU TPNF QBSBNFUFS TQFOET B MPU PG UJNF OFBS
B CPVOEBSZ� )FSF
 UIBU QBSBNFUFS JT .$"(�Ǿ�'*�&� *U TQFOET B MPU PG UJNF OFBS JUT NJOJNVN
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OPX� "MM PG UIJT JT KVTU B TJHO PG JOFďDJFOU TBNQMJOH
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4FDPOE
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Everything is random
• “Random e"ects” have many de!nitions
• One common & bad de!nition:

• Random e"ects are not !xed by the experiment
• Does not matter—we want pooling for estimation 

bene!ts
• Consider e.g. treatments
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FTUJNBUFT UFMM VT XIZ� #Z SFUBJOJOH BOE SFQPSUJOH CPUINPEFMT
 XF BOE PVS SFBEFST MFBSONPSF
BCPVU UIF FYQFSJNFOU� .PEFM DPNQBSJTPO JT PG WBMVF� .PEFM TFMFDUJPO
 BU MFBTU XIFO XF BSF
QVSTVJOH TDJFOUJĕD JOGFSFODF
 JT VTVBMMZ OPU�

������� &WFO NPSF DMVTUFST� :PV NJHIU OPUJDF UIBU UIF USFBUNFOU FČFDUT
 UIF � QBSBNFUFST

MPPL B MPU MJLF UIF � BOE " QBSBNFUFST� $PVME XF BMTP VTF QBSUJBM QPPMJOH PO UIF USFBUNFOU
FČFDUT :FT
 XF DPVME� 4PNF QFPQMF XJMM TDSFBN i/P�w BU UIJT TVHHFTUJPO
 CFDBVTF UIFZ IBWF
CFFO UBVHIU UIBU WBSZJOH FČFDUT BSF POMZ GPS WBSJBCMFT UIBUXFSF OPU FYQFSJNFOUBMMZ DPOUSPMMFE�
4JODF USFBUNFOU XBT iĕYFEw CZ UIF FYQFSJNFOU
 UIF UIJOLJOH HPFT
 XF TIPVME VTF VO�QPPMFE
iĕYFEw FČFDUT�
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�ȁǑȂ Ǎǡǐǎ ǍǡǏǒ

* DVU PČ UIF SFTU PG UIF �* !/�� PVUQVU� 8F�SF POMZ JOUFSFTUFE JO UIF � QBSBNFUFST SJHIU OPX�
ćFTF BSF OPU JEFOUJDBM
 CVU UIFZ BSF WFSZ DMPTF� *G ZPV MPPL BU .$"(�Ǿ�
 ZPV�MM UIBU JU JT TNBMM�
ćF USFBUNFOUT EPO�U WBSZ B MPU
 PO UIF MPHJU TDBMF
 CFDBVTF UIFZ EPO�U NBLF NVDI EJČFSFODF
JO UIF ĕSTU QMBDF� "OE UIFSF JT B MPU PG EBUB JO FBDI USFBUNFOU
 TP UIFZ EPO�U HFU QPPMFE NVDI
JO BOZ FWFOU�

8IBU ZPV EP HFU GSPN (ǎǐǡǓ JT FWFO NPSF ıĶŃĲĿĴĲĻŁ ŁĿĮĻŀĶŁĶļĻŀ� 4P MFU�T ĕOBMMZ
EFBM XJUI UIPTF�





Divergent transitions

• Two basic strategies:
• (1) Increase Stan’s adapt_delta 

control parameter => better step 
size adaptation + slower 
exploration

• (2) Re-parameterize!
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Re-parameterize!

• Most any statistical model can be expressed in 
several mathematically identical ways
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4P UIBU EJE IFMQ� #VU TPNFUJNFT UIJT XPO�U CF FOPVHI� "OE UIF DIBJO TUJMM JTO�U WFSZ FďDJFOU�
MPPL BU UIF +- �$. PVUQVU BOE OPUJDF UIBU NBOZ PG UIF )Ǿ !! WBMVFT BSF TUJMM GBS CFMPX UIF
USVF OVNCFS PG TBNQMFT 	���� JO UIJT DBTF� � DIBJOT
 ��� GSPN FBDI
�

������� 3FQBSBNFUFSJ[BUJPO� " NPSF FČFDUJWF TUSBUFHZ JT UP ĿĲĽĮĿĮĺĲŁĲĿĶŇĲ UIF NPEFM�
'PS BOZ HJWFO TUBUJTUJDBM NPEFM
 JU DBO CF XSJUUFO JO TFWFSBM GPSNT UIBU BSF NBUIFNBUJDBMMZ
JEFOUJDBM CVU OVNFSJDBMMZ NPSF PS MFTT FďDJFOU� 4XJUDIJOH BNPEFM GSPN POF GPSN UP BOPUIFS
JT DBMMFE SFQBSBNFUFSJ[BUJPO� * LOPX UIJT TPVOET DSB[Z� "OE SFBMMZ * UPP XPVME SBUIFS OPU
IBWF UP CPUIFS XJUI KVOL MJLF UIJT� #VU SFQBSBNFUFSJ[JOH B NPEFM JT JODSFEJCMZ VTFGVM XIFO
XPSLJOH XJUI NVMUJMFWFM NPEFMT� :PV SFBMMZ DBO�U JHOPSF JU� ćBOLGVMMZ
 JU�T OPU BDUVBMMZ IBSE�

5P VOEFSTUBOE XIZ B TJOHMF NPEFM DBO IBWF NVMUJQMF GPSNT
 DPOTJEFS UIF FYBNQMF PG
B TJOHMF QBSBNFUFS XJUI B (BVTTJBO QSJPS UIBU JUTFMG DPOUBJOT QBSBNFUFST GPS JUT NFBO BOE
TUBOEBSE EFWJBUJPO�

α ∼ /PSNBM(µ,σ)
ćF QBSBNFUFST µ BOE σ IBWF UIFJS PXO QSJPST
 CVU XF DBO JHOPSF UIPTF GPS OPX� ćF ĕSTU
UIJOH XF DBO EP UP DSFBUF B EJČFOU
 CVU FRVJWBMFOU
 GPSN JT UP TVCUSBDU PVU UIF NFBO µ GSPN
UIF QSJPS�

α = µ+ β

β ∼ /PSNBM(�,σ)
/PX α JT B EFUFSNJOJTUJD GVODUJPO PG µ BOE B OFX QBSBNFUFS β� #VU JU IBT UIF TBNF EJTUSJCV�
UJPO BT CFGPSF
 CFDBVTF UIF NFBO PG β JT [FSP� 4P BEEJOH µ ZJFMET B NFBO PG µ� ćJT JT SFBMMZ
KVTU MJLF DFOUFSJOH B WBSJBCMF CZ TVCUSBDUJOH JUT NFBO GSPN FWFSZ WBMVF� 6OGPSUVOBUFMZ
 JO UIF
#BZFTJBO TUBUJTUJDT MJUFSBUVSF
 UIJT GPSNXJUI [FSP JO UIF QSJPS JT LOPXO BT UIF ĻļĻ�İĲĻŁĲĿĲı
ĽĮĿĮĺĲŁĲĿĶŇĮŁĶļĻ� +BSHPO JT OFWFS LJOE�

8F�SF OPU EPOF ZFU� 8F DBO NBLF BOPUIFS GPSN PG UIJT EFĕOJUJPO CZ BMTP TNVHHMJOH PVU
UIF TDBMF QBSBNFUFS
 σ� -JLF UIJT�

α = µ+ [σ
[ ∼ /PSNBM(�, �)

/PX OP QBSBNFUFST BSF MFę JOTJEF UIF QSJPS� #VU UIJT JT FYBDUMZ UIF TBNF EFĕOJUJPO PG α BT
XF TUBSUFE XJUI� ćF [ QBSBNFUFS IBT B TUBOEBSE OPSNBM EJTUSJCVUJPO� .VMUJQMZJOH JU CZ σ
TDBMFT JU DPSSFDUMZ
 BOE UIFO BEEJOH µ HJWFT JU UIF SJHIU NFBO� ćJT JT KVTU MJLF TUBOEBSEJ[JOH
B WBSJBCMF CZ TVCUSBDUJOH UIF NFBO BOE UIFO EJWJEJOH FBDI WBMVF CZ UIF TUBOEBSE EFWJBUJPO�
/P JOGPSNBUJPO JT MPTU
 CFDBVTF XF DBO BMXBZT NVMUJQMZ BHBJO CZ UIF TUBOEBSE EFWJBUJPO BOE
BEE UIF NFBO CBDL UP SFUVSO UP UIF PSJHJOBM EJTUSJCVUJPO� ćBU JT BMM UIF ĕSTU MJOF JO UIF BCPWF
EFĕOJUJPO EPFT�

)PX EPFT BOZ PG UIJT IFMQ VT XJUI .BSLPW DIBJOT 0ęFO POF PS BOPUIFS PG UIF GPSNT
BCPWF JT NPSF FďDJFOU� ćF SFBTPO JT UIBU TVSGBDF UIF ).$ BMHPSJUIN TFFT JT EJČFSFOU
 FWFO
UIPVHI UIF NPEFM SFNBJOT UIF TBNF� $POTJEFS GPS FYBNQMF UIBU JO UIF ĕSTU GPSN XF DPO�
TJEFSFE BCPWF
 UIF QPTUFSJPS UP TBNQMF IBT EJNFOTJPOT α
 µ
 BOE σ� *O UIF MBTU GPSN
 JU IBT
JOTUFBE EJNFOTJPOT [
 µ
 BOE σ�α JT B EFUFSNJOJTUJD GVODUJPO PG UIF PUIFS TZNCPMT� ćFTF
UXP EJTUSJCVUJPOT IBWF EJČFSFOU TIBQFT
 FWFO UIPVHI ZPV DBO DPNQVUF FJUIFS XJUI UIF PUIFS�
4PNF TIBQFT BSF IBSE UP TBNQMF GSPN
 XIJMF PUIFST BSF FBTJFS� * FYQMBJO NPSF BCPVU XIZ JO
UIF 0WFSUIJOLJOH CPY GVSUIFS EPXO�

8F VTF DBO FYQMPJU UIJT GBDU UP NBLF (ǎǐǡǑNPSF FďDJFOU
 FWFO JHOPSJOH ���+/Ǿ� '/��
"OE JO DBTFT XIFSF ���+/Ǿ� '/� EPFTO�U TPMWF UIF QSPCMFN
 SFQBSBNFUFSJ[JOH JT ZPVS OFYU
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 CVU XF DBO JHOPSF UIPTF GPS OPX� ćF ĕSTU
UIJOH XF DBO EP UP DSFBUF B EJČFOU
 CVU FRVJWBMFOU
 GPSN JT UP TVCUSBDU PVU UIF NFBO µ GSPN
UIF QSJPS�

α = µ+ β

β ∼ /PSNBM(�,σ)
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ĽĮĿĮĺĲŁĲĿĶŇĮŁĶļĻ� +BSHPO JT OFWFS LJOE�

8F�SF OPU EPOF ZFU� 8F DBO NBLF BOPUIFS GPSN PG UIJT EFĕOJUJPO CZ BMTP TNVHHMJOH PVU
UIF TDBMF QBSBNFUFS
 σ� -JLF UIJT�

α = µ+ [σ
[ ∼ /PSNBM(�, �)

/PX OP QBSBNFUFST BSF MFę JOTJEF UIF QSJPS� #VU UIJT JT FYBDUMZ UIF TBNF EFĕOJUJPO PG α BT
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 UIF QPTUFSJPS UP TBNQMF IBT EJNFOTJPOT α
 µ
 BOE σ� *O UIF MBTU GPSN
 JU IBT
JOTUFBE EJNFOTJPOT [
 µ
 BOE σ�α JT B EFUFSNJOJTUJD GVODUJPO PG UIF PUIFS TZNCPMT� ćFTF
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8F VTF DBO FYQMPJU UIJT GBDU UP NBLF (ǎǐǡǑNPSF FďDJFOU
 FWFO JHOPSJOH ���+/Ǿ� '/��
"OE JO DBTFT XIFSF ���+/Ǿ� '/� EPFTO�U TPMWF UIF QSPCMFN
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Centered

Non-centered



Re-parameterize!
• Why would this madness help with sampling?
• HMC sees a di"erent geometry!

v ⇠ Normal(0, 3)

x ⇠ Normal(0, exp(v))
<latexit sha1_base64="8drtdwTmbbGw2w9Z1GpZEWgxz8c=">AAACMnicfVDLSgMxFM3UVx1foy7dBIvSgpQZK+iy6EY3UsE+oFNKJk3b0GRmSDKlZeg3ufFLBBe6UMStH2GmnYW24oHA4Zxzyb3HCxmVyrZfjMzS8srqWnbd3Njc2t6xdvdqMogEJlUcsEA0PCQJoz6pKqoYaYSCIO4xUvcGV4lfHxIhaeDfq3FIWhz1fNqlGCktta2bITx2JeXQ5Uj1BY9vA8ERm+ShDU9gCRZc1xz9F3HJKMwPC7DQtnJ20Z4CLhInJTmQotK2ntxOgCNOfIUZkrLp2KFqxUgoihmZmG4kSYjwAPVIU1MfcSJb8fTkCTzSSgd2A6Gfr+BU/TkRIy7lmHs6mWwt571E/MtrRqp70YqpH0aK+Hj2UTdiUAUw6Q92qCBYsbEmCAuqd4W4jwTCSrds6hKc+ZMXSe206JSK9t1ZrnyZ1pEFB+AQ5IEDzkEZXIMKqAIMHsAzeAPvxqPxanwYn7Noxkhn9sEvGF/f202m1g==</latexit>

v ⇠ Normal(0, 3)

x = z exp(v)

z ⇠ Normal(0, 1)
<latexit sha1_base64="NNyGHlVuqkzFbLoemgZLRuhyL0Q="></latexit>

Centered Non-centered



v ⇠ Normal(0, 3)

x ⇠ Normal(0, exp(v))
<latexit sha1_base64="8drtdwTmbbGw2w9Z1GpZEWgxz8c=">AAACMnicfVDLSgMxFM3UVx1foy7dBIvSgpQZK+iy6EY3UsE+oFNKJk3b0GRmSDKlZeg3ufFLBBe6UMStH2GmnYW24oHA4Zxzyb3HCxmVyrZfjMzS8srqWnbd3Njc2t6xdvdqMogEJlUcsEA0PCQJoz6pKqoYaYSCIO4xUvcGV4lfHxIhaeDfq3FIWhz1fNqlGCktta2bITx2JeXQ5Uj1BY9vA8ERm+ShDU9gCRZc1xz9F3HJKMwPC7DQtnJ20Z4CLhInJTmQotK2ntxOgCNOfIUZkrLp2KFqxUgoihmZmG4kSYjwAPVIU1MfcSJb8fTkCTzSSgd2A6Gfr+BU/TkRIy7lmHs6mWwt571E/MtrRqp70YqpH0aK+Hj2UTdiUAUw6Q92qCBYsbEmCAuqd4W4jwTCSrds6hKc+ZMXSe206JSK9t1ZrnyZ1pEFB+AQ5IEDzkEZXIMKqAIMHsAzeAPvxqPxanwYn7Noxkhn9sEvGF/f202m1g==</latexit>

v ⇠ Normal(0, 3)

x = z exp(v)

z ⇠ Normal(0, 1)
<latexit sha1_base64="NNyGHlVuqkzFbLoemgZLRuhyL0Q="></latexit>
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Posterior predictions

• Predictions more subtle: Same clusters or new 
clusters?

• Same clusters: proceed as usual
• New clusters: should average over distribution of 

varying e"ects
• In this case:

• Same clusters: Predictions for these chimpanzees
• New clusters: Prediction for a new chimpanzee or rather 

for population of chimpanzees



Same clusters, new clusters

• Same actors:
• Really same as before: varying e"ects are just parameters; 

you know the model; push samples back through the 
model

• link() and sim() obey this rule
• New actors (counterfactual):

• which actor (cluster) to use for counterfactual 
predictions?

• average actor
• marginal of actor
• show sample of actors from posterior



Average actor
• “average actor” means actor with population 

average intercept, “alpha”
• Strategy: 

• replace varying intercept samples with zeros => all actors 
have average intercept now

• compute predictions as usual
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- +'�� BSHVNFOU� .BLF TVSF UIF OFX NBUSJY JT OBNFE UIF TBNF BT UIF WBSZJOH JOUFSDFQU
NBUSJY
 �Ǿ��/*-� 0UIFSXJTF JU XPO�U SFQMBDF BOZUIJOH UIBU BQQFBST JO UIF NPEFM�
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OPU KVTU UIPTF TFWFO JOEJWJEVBMT� 4P UIF JOEJWJEVBM BDUPS JOUFSDFQUT BSFO�U PG JOUFSFTU
 CVU UIF
EJTUSJCVUJPO PG UIFN EFĕOJUFMZ JT�

0OF XBZ UP HSBTQ UIF UBTL PG DPOTUSVDUJPO QPTUFSJPS QSFEJDUJPOT GPS OFX DMVTUFST JT UP
JNBHJOF MFBWJOH PVU POF PG UIF DMVTUFST XIFO ZPV ĕU UIF NPEFM UP UIF EBUB� 'PS FYBNQMF

TVQQPTF XF MFBWF PVU BDUPS OVNCFS � XIFO XF ĕU UIF DIJNQBO[FFT NPEFM� /PX IPX DBO XF
BTTFTT UIFNPEFM�T BDDVSBDZ GPS QSFEJDUJOH BDUPS OVNCFS ��T CFIBWJPS 8F DBO�U VTF BOZ PG UIF
�Ǿ��/*- QBSBNFUFS FTUJNBUFT
 CFDBVTF UIPTF BQQMZ UP PUIFS JOEJWJEVBMT� #VU XF DBO NBLF
HPPE VTF PG UIF � BOE .$"(�Ǿ��/*- QBSBNFUFST
 CFDBVTF UIPTF EFTDSJCF UIF QPQVMBUJPO PG
BDUPST�

'JSTU
 MFU�T TFF IPX UP DPOTUSVDU QPTUFSJPS QSFEJDUJPOT GPS B OPX
 QSFWJPVTMZ VOPCTFSWFE
BWFSBHF BDUPS� #Z iBWFSBHF
w * NFBO BO JOEJWJEVBM DIJNQBO[FF XJUI BO JOUFSDFQU FYBDUMZ BU
� 	α

 UIF QPQVMBUJPO NFBO� ćJT TJNVMUBOFPVTMZ JNQMJFT B WBSZJOH JOUFSDFQU PG [FSP� 4JODF
UIFSF JT VODFSUBJOUZ BCPVU UIF QPQVMBUJPO NFBO
 UIFSF JT TUJMM VODFSUBJOUZ BCPVU UIJT BWFSBHF
JOEJWJEVBM�T JOUFSDFQU� #VU BT ZPV�MM TFF
 UIF VODFSUBJOUZ JT NVDI TNBMMFS UIBO JU SFBMMZ TIPVME
CF
 JG XF XJTI UP IPOFTUMZ SFQSFTFOU UIF QSPCMFN PG XIBU UP FYQFDU GSPN B OFX JOEJWJEVBM�

ćF ĕSTU TUFQ JT UP NBLF B OFX EBUB MJTU UP DPNQVUF QSFEJDUJPOT PWFS� :PV�WF EPOF UIJT JO
QSFWJPVT DIBQUFST� )FSF JT PVS OFX MJTU
 SFQSFTFOUJOH UIF GPVS EJČFSFOU USFBUNFOUT�

3 DPEF
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/FYU
 XF�SF HPJOH UP NBLF B NBUSJY PG [FSPT UP SFQMBDF UIF WBSZJOH JOUFSDFQU TBNQMFT XJUI� *U�T
FBTJFTU UP KVTU LFFQ UIF TBNF EJNFOTJPO BT UIF PSJHJOBM NBUSJY� *O UIJT DBTF UIBU NFBOT VTJOH
���� TBNQMFT GPS FBDI PG � BDUPST� #VU BMM PG UIF TBNQMFT XJMM CF TFU UP [FSP�

3 DPEF
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ćBU�T UIF POMZ OFX USJDL� /PX XF KVTU QBTT UIJT OFX NBUSJY UP '$)& VTJOH UIF PQUJPOBM
- +'�� BSHVNFOU� .BLF TVSF UIF OFX NBUSJY JT OBNFE UIF TBNF BT UIF WBSZJOH JOUFSDFQU
NBUSJY
 �Ǿ��/*-� 0UIFSXJTF JU XPO�U SFQMBDF BOZUIJOH UIBU BQQFBST JO UIF NPEFM�
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50 simulated actors

'ĶĴłĿĲ ƉƊ�ƍ� 1PTUFSJPS QSFEJDUJWF EJTUSJCVUJPOT GPS UIF DIJNQBO[FFT WBSZ�
JOH JOUFSDFQU NPEFM
 (ǎǏǡǑ� ćF TPMJE MJOFT BSF QPTUFSJPS NFBOT BOE UIF
TIBEFE SFHJPOT BSF ��� QFSDFOUJMF JOUFSWBMT� -Fę� 4FUUJOH UIF WBSZJOH JO�
UFSDFQU �Ǿ��/*- UP [FSP QSPEVDFT QSFEJDUJPOT GPS BO BWFSBHF BDUPS� ćFTF
QSFEJDUJPOT JHOPSF VODFSUBJOUZ BSJTJOH GSPN WBSJBUJPO BNPOH BDUPST� .JE�
EMF� 4JNVMBUJOH WBSZJOH JOUFSDFQUT VTJOH UIF QPTUFSJPS TUBOEBSE EFWJBUJPO
BNPOH BDUPST
 .$"(�Ǿ��/*-
 QSPEVDFT QSFEJDUJPOT UIBU BDDPVOU GPS WBSJB�
UJPO BNPOH BDUPST� 3JHIU� �� TJNVMBUFE BDUPST XJUI VOJRVF JOUFSDFQUT TBN�
QMFE GSPN UIF QPTUFSJPS� &BDI TJNVMBUJPO NBJOUBJOT UIF TBNF QBSBNFUFS
WBMVFT BDSPTT BMM GPVS USFBUNFOUT�

3 DPEF
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ćJT GVODUJPO UBLFT B TJOHMF BSHVNFOU
 $
 XIJDI JT KVTU UIF JOEFY PG B TBNQMF GSPN UIF QPTUF�
SJPS EJTUSJCVUJPO� *U UIFO ESBXT B SBOEPN JOUFSDFQU GPS UIF BDUPS
 VTJOH -)*-( BOE B QBSUJDVMBS
WBMVF PG .$"(�Ǿ��/*-� ćFO JU DPNQVUFT QSPCBCJMJUJFT + GPS FBDI PG UIF GPVS USFBUNFOUT
 VT�
JOH UIF TBNF MJOFBS NPEFM
 CVU XJUI EJČFSFOU QSFEJDUPS WBMVFT JOTJEF UIF � BOE � WFDUPST�
#FDBVTF UIFTF WFDUPST BSF PG MFOHUI �
 UIF DPEF TQJUT PVU � WBMVFT GPS +�

/PX UP VTF UIJT GVODUJPO UP QMPU �� TJNVMBUJPOT�



Marginal of actor

• “Marginal of” means “averaging over variation in 
actors” => shows variation arising from variation 
across actors

• Strategy:
• Extract samples for sigma_actor
• Simulate new varying intercepts
• Use simulated intercepts to simulate predictions
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ćF SFTVMU JT EJTQMBZFE JO 'ĶĴłĿĲ ƉƊ�ƍ
 PO UIF MFę� ćF HSBZ SFHJPO TIPXT UIF ��� JOUFSWBM GPS
BO BDUPS XJUI BO BWFSBHF JOUFSDFQU� ćJT LJOE PG DBMDVMBUJPO NBLFT JU FBTZ UP TFF UIF JNQBDU
PG +-*.*�Ǿ' !/
 BT XFMM BT VODFSUBJOUZ BCPVU XIFSF UIF BWFSBHF JT
 CVU JU EPFTO�U TIPX UIF
WBSJBUJPO BNPOH BDUPST�

5P TIPX UIF WBSJBUJPO BNPOH BDUPST
 XF�MM OFFE UP VTF .$"(�Ǿ��/*- JO UIF DBMDVMBUJPO�
8F DBO BHBJO TNVHHMF UIJT JOUP '$)& CZ VTJOH UIF - +'�� BSHVNFOU� ćJT UJNF IPXFWFS

XF�MM TJNVMBUF B NBUSJY PG OFX WBSZJOH JOUFSDFQUT GSPN B (BVTTJBO EJTUSJCVUJPO EFĕOFE CZ UIF
BEBQUJWF QSJPS JO UIF NPEFM JUTFMG�

αĮİŁļĿ ∼ /PSNBM(�,σĮİŁļĿ)

ćJT JNQMJFT UIBU PODF XF IBWF TBNQMFT GPS σĮİŁļĿ
 XF DBO TJNVMBUFE OFX BDUPS JOUFSDFQUT
GSPN UIJT EJTUSJCVUJPO� )FSF�T UIF DPEF UP EP KVTU UIBU
 VTJOH -)*-(
 BOE UIFO QBTT UIF TJNV�
MBUFE JOUFSDFQUT JOUP '$)&�

3 DPEF
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4VNNBSJ[JOH BOE QMPUUJOH JT FYBDUMZ BT CFGPSF
 BOE UIF SFTVMU JT EJTQMBZFE JO UIF NJEEMF PG
'ĶĴłĿĲ ƉƊ�ƍ� ćFTF QPTUFSJPS QSFEJDUJPOT BSF NBSHJOBM PG BDUPS
 XIJDI NFBOT UIBU UIFZ BW�
FSBHF PWFS UIF VODFSUBJOUZ BNPOH BDUPST� *O DPOUSBTU
 UIF QSFEJDUJPOT PO UIF MFę KVTU TFU UIF
BDUPS UP UIF BWFSBHF
 JHOPSJOH WBSJBUJPO BNPOH BDUPST�

"U UIJT QPJOU
 TUVEFOUT VTVBMMZ BTL
 i4P XIJDI POF TIPVME * VTF w ćF BOTXFS JT
 i*U EF�
QFOET�w #PUI BSF VTFGVM
 EFQFOEJOH VQPO UIF RVFTUJPO� ćF QSFEJDUJPOT GPS BO BWFSBHF BDUPS
IFMQ UP WJTVBMJ[F UIF JNQBDU PG USFBUNFOU� ćF QSFEJDUJPOT UIBU BSF NBSHJOBM PG BDUPS JMMVT�
USBUF IPX WBSJBCMF EJČFSFOU DIJNQBO[FFT BSF
 BDDPSEJOH UP UIF NPEFM� :PV QSPCBCMZ XBOU UP
DPNQVUF CPUI GPS ZPVSTFMG
 XIFO USZJOH UP VOEFSTUBOE B NPEFM� #VU XIJDI ZPV JODMVEF JO B
SFQPSU XJMM EFQFOE VQPO DPOUFYU�

*O UIJT DBTF
 XF DBO EP CFUUFS CZNBLJOH B QMPU UIBU EJTQMBZT CPUI UIF USFBUNFOU FČFDU BOE
UIF WBSJBUJPO BNPOH BDUPST� 8F DBO EP UIJT CZ GPSHFUUJOH BCPVU JOUFSWBMT BOE JOTUFBE TJNV�
MBUJOH B TFSJFT PG OFX BDUPST JO FBDI PG UIF GPVS USFBUNFOUT� #Z ESBXJOH B MJOF GPS FBDI BDUPS
BDSPTT BMM GPVS USFBUNFOUT
 XF�MM CF BCMF UP WJTVBMJ[F CPUI UIF [JH�[BH JNQBDU PG +-*.*�Ǿ' !/
BT XFMM BT UIF WBSJBUJPO BNPOH JOEJWJEVBMT�

8IBU XF�MM EP OPX JT XSJUF B OFX GVODUJPO UIBU TJNVMBUFT B OFX BDUPS GSPN UIF FTUJNBUFE
QPQVMBUJPO PG BDUPST BOE UIFO DPNQVUFT QSPCBCJMJUJFT PG QVMMJOH UIF MFę MFWFS GPS FBDI PG UIF
GPVS USFBUNFOUT� ćFTF TJNVMBUJPOT XJMM OPU BWFSBHF PWFS VODFSUBJOUZ JO UIF QPTUFSJPS� 8F�MM
HFU UIBU VODFSUBJOUZ JOUP UIF QMPU CZ VTJOH NVMUJQMF TJNVMBUJPOT
 FBDI XJUI B EJČFSFOU TBNQMF
GSPN UIF QPTUFSJPS� )FSF�T UIF GVODUJPO�
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ćF SFTVMU JT EJTQMBZFE JO 'ĶĴłĿĲ ƉƊ�ƍ
 PO UIF MFę� ćF HSBZ SFHJPO TIPXT UIF ��� JOUFSWBM GPS
BO BDUPS XJUI BO BWFSBHF JOUFSDFQU� ćJT LJOE PG DBMDVMBUJPO NBLFT JU FBTZ UP TFF UIF JNQBDU
PG +-*.*�Ǿ' !/
 BT XFMM BT VODFSUBJOUZ BCPVU XIFSF UIF BWFSBHF JT
 CVU JU EPFTO�U TIPX UIF
WBSJBUJPO BNPOH BDUPST�

5P TIPX UIF WBSJBUJPO BNPOH BDUPST
 XF�MM OFFE UP VTF .$"(�Ǿ��/*- JO UIF DBMDVMBUJPO�
8F DBO BHBJO TNVHHMF UIJT JOUP '$)& CZ VTJOH UIF - +'�� BSHVNFOU� ćJT UJNF IPXFWFS

XF�MM TJNVMBUF B NBUSJY PG OFX WBSZJOH JOUFSDFQUT GSPN B (BVTTJBO EJTUSJCVUJPO EFĕOFE CZ UIF
BEBQUJWF QSJPS JO UIF NPEFM JUTFMG�

αĮİŁļĿ ∼ /PSNBM(�,σĮİŁļĿ)

ćJT JNQMJFT UIBU PODF XF IBWF TBNQMFT GPS σĮİŁļĿ
 XF DBO TJNVMBUFE OFX BDUPS JOUFSDFQUT
GSPN UIJT EJTUSJCVUJPO� )FSF�T UIF DPEF UP EP KVTU UIBU
 VTJOH -)*-(
 BOE UIFO QBTT UIF TJNV�
MBUFE JOUFSDFQUT JOUP '$)&�

3 DPEF
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4VNNBSJ[JOH BOE QMPUUJOH JT FYBDUMZ BT CFGPSF
 BOE UIF SFTVMU JT EJTQMBZFE JO UIF NJEEMF PG
'ĶĴłĿĲ ƉƊ�ƍ� ćFTF QPTUFSJPS QSFEJDUJPOT BSF NBSHJOBM PG BDUPS
 XIJDI NFBOT UIBU UIFZ BW�
FSBHF PWFS UIF VODFSUBJOUZ BNPOH BDUPST� *O DPOUSBTU
 UIF QSFEJDUJPOT PO UIF MFę KVTU TFU UIF
BDUPS UP UIF BWFSBHF
 JHOPSJOH WBSJBUJPO BNPOH BDUPST�

"U UIJT QPJOU
 TUVEFOUT VTVBMMZ BTL
 i4P XIJDI POF TIPVME * VTF w ćF BOTXFS JT
 i*U EF�
QFOET�w #PUI BSF VTFGVM
 EFQFOEJOH VQPO UIF RVFTUJPO� ćF QSFEJDUJPOT GPS BO BWFSBHF BDUPS
IFMQ UP WJTVBMJ[F UIF JNQBDU PG USFBUNFOU� ćF QSFEJDUJPOT UIBU BSF NBSHJOBM PG BDUPS JMMVT�
USBUF IPX WBSJBCMF EJČFSFOU DIJNQBO[FFT BSF
 BDDPSEJOH UP UIF NPEFM� :PV QSPCBCMZ XBOU UP
DPNQVUF CPUI GPS ZPVSTFMG
 XIFO USZJOH UP VOEFSTUBOE B NPEFM� #VU XIJDI ZPV JODMVEF JO B
SFQPSU XJMM EFQFOE VQPO DPOUFYU�

*O UIJT DBTF
 XF DBO EP CFUUFS CZNBLJOH B QMPU UIBU EJTQMBZT CPUI UIF USFBUNFOU FČFDU BOE
UIF WBSJBUJPO BNPOH BDUPST� 8F DBO EP UIJT CZ GPSHFUUJOH BCPVU JOUFSWBMT BOE JOTUFBE TJNV�
MBUJOH B TFSJFT PG OFX BDUPST JO FBDI PG UIF GPVS USFBUNFOUT� #Z ESBXJOH B MJOF GPS FBDI BDUPS
BDSPTT BMM GPVS USFBUNFOUT
 XF�MM CF BCMF UP WJTVBMJ[F CPUI UIF [JH�[BH JNQBDU PG +-*.*�Ǿ' !/
BT XFMM BT UIF WBSJBUJPO BNPOH JOEJWJEVBMT�

8IBU XF�MM EP OPX JT XSJUF B OFX GVODUJPO UIBU TJNVMBUFT B OFX BDUPS GSPN UIF FTUJNBUFE
QPQVMBUJPO PG BDUPST BOE UIFO DPNQVUFT QSPCBCJMJUJFT PG QVMMJOH UIF MFę MFWFS GPS FBDI PG UIF
GPVS USFBUNFOUT� ćFTF TJNVMBUJPOT XJMM OPU BWFSBHF PWFS VODFSUBJOUZ JO UIF QPTUFSJPS� 8F�MM
HFU UIBU VODFSUBJOUZ JOUP UIF QMPU CZ VTJOH NVMUJQMF TJNVMBUJPOT
 FBDI XJUI B EJČFSFOU TBNQMF
GSPN UIF QPTUFSJPS� )FSF�T UIF GVODUJPO�

����� .6-5*-&7&- 1045&3*03 13&%*$5*0/4 ���

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

prosoc_left/condition

pr
op

or
tio

n 
pu

lle
d 

le
ft

0/0 1/0 0/1 1/1

average actor

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

prosoc_left/condition

pr
op

or
tio

n 
pu

lle
d 

le
ft

0/0 1/0 0/1 1/1

marginal of actor

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

prosoc_left/condition

pr
op

or
tio

n 
pu

lle
d 

le
ft

0/0 1/0 0/1 1/1
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'ĶĴłĿĲ ƉƊ�ƍ� 1PTUFSJPS QSFEJDUJWF EJTUSJCVUJPOT GPS UIF DIJNQBO[FFT WBSZ�
JOH JOUFSDFQU NPEFM
 (ǎǏǡǑ� ćF TPMJE MJOFT BSF QPTUFSJPS NFBOT BOE UIF
TIBEFE SFHJPOT BSF ��� QFSDFOUJMF JOUFSWBMT� -Fę� 4FUUJOH UIF WBSZJOH JO�
UFSDFQU �Ǿ��/*- UP [FSP QSPEVDFT QSFEJDUJPOT GPS BO BWFSBHF BDUPS� ćFTF
QSFEJDUJPOT JHOPSF VODFSUBJOUZ BSJTJOH GSPN WBSJBUJPO BNPOH BDUPST� .JE�
EMF� 4JNVMBUJOH WBSZJOH JOUFSDFQUT VTJOH UIF QPTUFSJPS TUBOEBSE EFWJBUJPO
BNPOH BDUPST
 .$"(�Ǿ��/*-
 QSPEVDFT QSFEJDUJPOT UIBU BDDPVOU GPS WBSJB�
UJPO BNPOH BDUPST� 3JHIU� �� TJNVMBUFE BDUPST XJUI VOJRVF JOUFSDFQUT TBN�
QMFE GSPN UIF QPTUFSJPS� &BDI TJNVMBUJPO NBJOUBJOT UIF TBNF QBSBNFUFS
WBMVFT BDSPTT BMM GPVS USFBUNFOUT�
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ćJT GVODUJPO UBLFT B TJOHMF BSHVNFOU
 $
 XIJDI JT KVTU UIF JOEFY PG B TBNQMF GSPN UIF QPTUF�
SJPS EJTUSJCVUJPO� *U UIFO ESBXT B SBOEPN JOUFSDFQU GPS UIF BDUPS
 VTJOH -)*-( BOE B QBSUJDVMBS
WBMVF PG .$"(�Ǿ��/*-� ćFO JU DPNQVUFT QSPCBCJMJUJFT + GPS FBDI PG UIF GPVS USFBUNFOUT
 VT�
JOH UIF TBNF MJOFBS NPEFM
 CVU XJUI EJČFSFOU QSFEJDUPS WBMVFT JOTJEF UIF � BOE � WFDUPST�
#FDBVTF UIFTF WFDUPST BSF PG MFOHUI �
 UIF DPEF TQJUT PVU � WBMVFT GPS +�

/PX UP VTF UIJT GVODUJPO UP QMPU �� TJNVMBUJPOT�
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