
Kinds of varying e!ects
• Varying intercepts: means 

di!er by cluster

• Varying slopes: e!ects of 
predictors vary by cluster

• Any parameter can be made 
into a varying e!ect

• (1) split into vector of 
parameters by cluster

• (2) de"ne population 
distribution
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Varying slopes

• Why varying slopes?
• drugs a!ect people di!erently
• a#er school programs don’t 

work for everyone
• not every unit has same 

relationship to predictor
• variation is important, whether 

for intervention or inference
• Average e!ect misleading?
• Pooling, shrinkage, mnesia



Population pooling

• Major innovation with varying slopes is pooling 
across parameters (intercepts & slopes)

• Features of units have correlation structure

• Learn one feature —> info about other features

• e.g. Higher intercepts associated with smaller slopes



Varying slopes model
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WBSZJOH JOUFSDFQUT� ćJT JT UIF WBSZJOH TMPQFT NPEFM XJUI FYQMBOBUJPO UP GPMMPX�
8J ∼ /PSNBM(µJ,σ) [likelihood]

µJ = αİĮĳ˦[J] + βİĮĳ˦[J]"J [linear model]
[
αİĮĳ˦
βİĮĳ˦

]
∼ .7/PSNBM

([
α
β

]
, 4
)

[population of varying effects]

4 =

(
σα �
� σβ

)
3
(
σα �
� σβ

)
[construct covariance matrix]

α ∼ /PSNBM(�, �) [prior for average intercept]

β ∼ /PSNBM(−�, �.�) [prior for average slope]

σ ∼ &YQPOFOUJBM(�) [prior stddev within cafés]

σα ∼ &YQPOFOUJBM(�) [prior stddev among intercepts]

σβ ∼ &YQPOFOUJBM(�) [prior stddev among slopes]

3 ∼ -,+DPSS(�) [prior for correlation matrix]

ćF MJLFMJIPPE BOE MJOFBS NPEFM OFFE OP FYQMBOBUJPO BU UIJT QPJOU JO UIF CPPL� #VU UIF UIJSE
MJOF XIJDI EFĕOFT UIF QPQVMBUJPO PG WBSZJOH JOUFSDFQUT BOE TMPQFT EFTFSWFT BUUFOUJPO�

[
αİĮĳ˦
βİĮĳ˦

]
∼ .7/PSNBM

([
α
β

]
, 4
)

[population of varying effects]

ćJT MJOF TUBUFT UIBU FBDI DBGÏ IBT BO JOUFSDFQU αİĮĳ˦ BOE TMPQF βİĮĳ˦ XJUI B QSJPS EJTUSJCVUJPO
EFĕOFE CZ UIF UXP�EJNFOTJPOBM (BVTTJBO EJTUSJCVUJPO XJUI NFBOT α BOE β BOE DPWBSJBODF
NBUSJY 4� ćJT TUBUFNFOU PG QSJPS XJMM BEBQUJWFMZ SFHVMBSJ[F UIF JOEJWJEVBM JOUFSDFQUT TMPQFT
BOE UIF DPSSFMBUJPO BNPOH UIFN�

ćF OFYU MJOF�

4 =

(
σα �
� σβ

)
3
(
σα �
� σβ

)
[construct covariance matrix]

KVTU TUBUFT IPX XF�SF DPOTUSVDUJOH UIF DPWBSJBODF NBUSJY 4 CZ GBDUPSJOH JU JOUP TFQBSBUF TUBO�
EBSE EFWJBUJPOT σα BOEσβ  BOE B DPSSFMBUJPONBUSJY3� ćFSF BSF PUIFS XBZT UP HP BCPVU UIJT
CVU CZ TQMJUUJOH UIF DPWBSJBODF VQ JOUP TUBOEBSE EFWJBUJPOT BOE DPSSFMBUJPOT JU�MM CF FBTJFS UP
MBUFS VOEFSTUBOE UIF JOGFSSFE TUSVDUVSF PG UIF WBSZJOH FČFDUT�

ćF SFTU PG UIF NPEFM KVTU EFĕOFT ĕYFE QSJPST� ćF ĕOBM MJOF QSPCBCMZ MPPLT VOGBNJMJBS
UIPVHI�

3 ∼ -,+DPSS(�) [prior for correlation matrix]

ćF DPSSFMBUJPO NBUSJY 3 OFFET B QSJPS� *U JTO�U FBTZ UP DPODFQUVBMJ[F XIBU B EJTUSJCVUJPO PG
NBUSJDFT NFBOT� #VU JO UIJT JOUSPEVDUPSZ DBTF JU JTO�U TP IBSE� ćJT QBSUJDVMBS DPSSFMBUJPO
NBUSJY JT POMZ ��CZ�� JO TJ[F� 4P JU MPPLT MJLF UIJT�

3 =

(
� ρ
ρ �

)

XIFSF ρ JT UIF DPSSFMBUJPO CFUXFFO JOUFSDFQUT BOE TMPQFT� 4P UIFSF�T KVTU POF QBSBNFUFS UP
EFĕOF B QSJPS GPS� *O MBSHFSNBUSJDFT XJUI BEEJUJPOBM WBSZJOH TMPQFT JU HFUTNPSF DPNQMJDBUFE�
#VU FWFO UIFO UIF TBNF -,+DPSS QSJPS XJMM XPSL�

4P XIBUFWFS JT UIF -,+DPSS EJTUSJCVUJPO 8IBU -,+DPSS	�
 EPFT JT EFĕOF B XFBLMZ JOGPS�
NBUJWF QSJPS PO ρ UIBU JT TLFQUJDBM PG FYUSFNF DPSSFMBUJPOT OFBS −� PS ����� :PV DBO UIJOL



Covariance matrix shu"e
• m-by-m covariance matrix requires estimating

• m standard deviations (or variances)
• (m2 – m)/2 correlations (for covariances)
• total of m(m + 1)/2 parameters

• Several ways specify priors
• Conjugate: inverse-Wishart (inv_wishart)
• inverse-Wishart cannot pull apart stddev and 

correlations
• Better to decompose:

"JK ∼ #JOPNJBM(OJ, QJK)
MPHJU QJK = α + αK + βNNJK

α ∼ /PSNBM(�, ��)
βN ∼ /PSNBM(�, �)
αK ∼ /PSNBM(�, σ) K = �...�
σ ∼ $BVDIZ(�, �)

"JK ∼ #JOPNJBM(OJ, QJK)
MPHJU QJK = α + αK + (βN + βNK)NJK

α ∼ /PSNBM(�, ��)
βN ∼ /PSNBM(�, �)

(
αK
βNK

)
∼ .7/PSNBM

((
�
�

)
,Σ

)
K = �...�

Σ =

(
σ�
α ρσασβ

ρσασβ σ�
β

)
=

(
σα �
� σβ

)(
� ρ
ρ �

)(
σα �
� σβ

)
= 434

�

S

R {



LKJ Correlation prior

• A#er Lewandowski, Kurowicka, 
and Joe (LKJ) 2009

• One parameter, eta, speci"es 
concentration or dispersion from 
identity matrix (zero correlations)

• eta = 1, uniform correlation matrices
• eta > 1, stomps on extreme 

correlations
• eta < 1, elevates extreme correlations
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'ĶĴłĿĲ Ɖƌ�Ƌ� -,+DPSS	η
 QSPCBCJMJUZ EFOTJUZ�
ćF QMPU TIPXT UIF EJTUSJCVUJPO PG DPSSFMB�
UJPO DPFďDJFOUT FYUSBDUFE GSPN SBOEPN ��CZ�
� DPSSFMBUJPO NBUSJDFT GPS UISFF WBMVFT PG η�
8IFO η = � BMM DPSSFMBUJPOT BSF FRVBMMZ QMBV�
TJCMF� "T η JODSFBTFT FYUSFNF DPSSFMBUJPOT CF�
DPNF MFTT QMBVTJCMF�

PG JU BT B SFHVMBSJ[JOH QSJPS GPS DPSSFMBUJPOT� ćJT EJTUSJCVUJPO IBT B TJOHMF QBSBNFUFS η UIBU
DPOUSPMT IPX TLFQUJDBM UIF QSJPS JT PG MBSHF DPSSFMBUJPOT JO UIF NBUSJY� 8IFO XF VTF -,+�
DPSS	�
 UIF QSJPS JT ĘBU PWFS BMM WBMJE DPSSFMBUJPO NBUSJDFT� 8IFO UIF WBMVF JT HSFBUFS UIBO
� TVDI BT UIF � XF VTFE BCPWF UIFO FYUSFNF DPSSFMBUJPOT BSF MFTT MJLFMZ� 5P WJTVBMJ[F UIJT
GBNJMZ PG QSJPST JU XJMM IFMQ UP TBNQMF SBOEPN NBUSJDFT GSPN JU BOE QMPU UIF EJTUSJCVUJPO PG
DPSSFMBUJPOT� 'PS FYBNQMF�

3 DPEF
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ćJT JT TIPXO JO 'ĶĴłĿĲ Ɖƌ�Ƌ BMPOH XJUI UXP PUIFS η WBMVFT� 8IFO UIFNBUSJY JT MBSHFS UIFSF
BSF NPSF DPSSFMBUJPOT JOTJEF JU CVU UIF OBUVSF PG UIF EJTUSJCVUJPO SFNBJOT UIF TBNF� ćFSF JT
BO FYBNQMF EFOTJUZ GPS B ��CZ�� NBUSJY JO UIF IFMQ QBHF FYBNQMFT Ǩ-'&%�*--�

5P ĕU UIFNPEFM XF VTF B MJTU PG GPSNVMBT UIBU DMPTFMZNJSSPST UIFNPEFM EFĕOJUJPO BCPWF�
/PUF UIF VTF PG �ǿȀ UP DPNCJOF QBSBNFUFST JOUP B WFDUPS�

3 DPEF
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ćF EJTUSJCVUJPO (0'/$Ǿ)*-(�' JT B NVMUJWBSJBUF (BVTTJBO OPUBUJPO UIBU UBLFT B WFDUPS PG
NFBOT �ǿ�Ǣ�Ȁ B DPSSFMBUJPO NBUSJY �#* BOE B WFDUPS PG TUBOEBSE EFWJBUJPOT .$"(�Ǿ��! �
*U DPOTUSVDUT UIF DPWBSJBODF NBUSJY JOUFSOBMMZ� *G ZPV BSF JOUFSFTUFE JO UIF EFUBJMT ZPV DBO



Varying slopes estimation

m14.1 <- ulam(
    alist(
        wait ~ normal( mu , sigma ),
        mu <- a_cafe[cafe] + b_cafe[cafe]*afternoon,
        c(a_cafe,b_cafe)[cafe] ~ multi_normal( c(a,b) , Rho , sigma_cafe ),
        a ~ normal(5,2),
        b ~ normal(-1,0.5),
        sigma_cafe ~ exponential(1),
        sigma ~ exponential(1),
        Rho ~ lkj_corr(2)
    ) , data=d , chains=4 , cores=4 )



Multi-dimensional shrinkage

• Joint distribution of varying 
e!ects pools information across 
intercepts & slopes

• Correlation btw e!ects => 
shrinkage in one dimension 
induces shrinkage in others

• Improved accuracy, just like 
varying intercepts
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'ĶĴłĿĲ Ɖƌ�ƍ� 4ISJOLBHF JO UXP EJNFOTJPOT� -Fę� 3BX VOQPPMFE JOUFSDFQUT
BOE TMPQFT 	ĕMMFE CMVF
 DPNQBSFE UP QBSUJBMMZ QPPMFE QPTUFSJPS NFBOT 	PQFO
DJSDMFT
� ćF HSBZ DPOUPVST TIPX UIF JOGFSSFE QPQVMBUJPO PG WBSZJOH FČFDUT�
3JHIU� ćF TBNF FTUJNBUFT PO UIF PVUDPNF TDBMF�

ćF SJHIU�IBOE QMPU JO 'ĶĴłĿĲ Ɖƌ�ƍ EJTQMBZT UIF TBNF JOGPSNBUJPO CVU OPX PO UIF PVU�
DPNF TDBMF� :PV DBO DPNQVUF UIFTF BWFSBHF PVUDPNFT GSPN LOPXMFEHF PG UIF MJOFBS NPEFM�

3 DPEF
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5P BEE UIF DPOUPVS XF OFFE UIF WBSJBODFT BOE DPWBSJBODF� 8F DPVME VTF B GPSNVMB�UIFSF
BSF TPNF TJNQMF SFMBUJPOT BNPOH (BVTTJBO SBOEPN WBSJBCMFT� #VU UP NBLF UIJT MFTTPO NPSF
HFOFSBM MFU�T TJNVMBUF JOTUFBE TP ZPV DBO TFF IPX UP DPNQVUF BOZUIJOH PG JOUFSFTU�

3 DPEF
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Multilevel horoscopes
• !ink about the causal model "rst
• Begin with “empty” model with varying 

intercepts on relevant clusters
• Standardize predictors
• Use regularizing priors (simulate)
• Add in predictors and vary their slopes
• Can drop varying e!ects with tiny sigmas
• Consider two sorts of posterior prediction

• Same units: What happened in these data?
• New units: What might we expect for new units?

• Your knowledge of domain trumps all



Adventures in covariance
• Many possibilities arise from using multi-variate 

Gaussian distributions
• Models of unobserved confounds: Instrumental 

variables, Mendelian randomization
• Models of social relations, networks
• Factor analysis (item-response theory)
• “Animal model” — heritability of phenotype
• Phylogenetic regressions
• Spatial autocorrelation



Instrumental variables

• Imagine trying to estimate in"uence of education 
on wages — lots of unmeasured confounds.
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E

Q U

W

#VU UIFSF JT BMTP BO JOTUSVNFOU 2 JOEJDBUJOH XIFUIFS B QFSTPO XBT CPSO JO UIF ĕSTU RVBSUFS
PG UIF ZFBS� 8IZ NJHIU UIJT DBVTBMMZ JOĘVFODF FEVDBUJPO #FDBVTF QFPQMF CPSO FBSMJFS JO UIF
ZFBS UFOE UP HFU MFTT TDIPPMJOH� ćJT JT CPUI CFDBVTF UIFZ BSF CJPMPHJDBMMZ PMEFS XIFO UIFZ
TUBSU TDIPPM BOE CFDBVTF UIFZ CFDPNF FMJHJCMF UP ESPQ PVU PG TDIPPM FBSMJFS� *O EBUB GSPN
UIF 6OJUFE 4UBUFT BU MFBTU UIPTF CPSO FBSMJFS JO UIF ZFBS EP JOEFFE DPNQMFUF GFXFS NPOUIT
PG TDIPPM JO UIFJS MJGFUJNFT� /PX JG JU JT USVF UIBU 2 POMZ EJSFDUMZ JOĘVFODFT & BOE OPU 8
UIFO 2 JT POF PG UIFTF NZTUFSJPVT JOTUSVNFOUBM WBSJBCMFT� *U UVSOT & JOUP B DPMMJEFS� "OE
CFDBVTF JU JT B DPMMJEFS XIFO XF MFBSO 2 XF BMTP HFU TPNF JOGPSNBUJPO BCPVU 6� "OE JG UIF
JOGPSNBUJPO BCPVU 6 JT HPPE FOPVHI XF DBO UIFO HFU B HPPE JOGFSFODF PG UIF EJSFDU FČFDU
& → 8� "DUVBMMZ XF EPO�U FWFO OFFE UIF 6 WBMVFT UIFNTFMWFT�XF KVTU OFFE UP LOPX IPX
DPSSFMBUFE & BOE 8 FOE VQ BT B SFTVMU PG UIF 6 WBMVFT�

4P IPX EPFT BMM PG UIJT BDUVBMMZ XPSL TUBUJTUJDBMMZ ćF HPPE OFXT JT UIBU XF KVTU IBWF
UP XSJUF EPXO UIF HFOFSBUJWF NPEFM JNQMJFE GPS FYBNQMF CZ UIF %"( BCPWF BOE UIFO VTF
UIBU NPEFM BT PVS TUBUJTUJDBM NPEFM� #BZFT EPFT UIF SFTU� ćF CBE OFXT JT UIBU UIF QPTUFSJPS
EJTUSJCVUJPO GPS TVDI B NPEFM JT IBSEFS UP BQQSPYJNBUF� #VU XF DBO IBOEMF JU POF TUFQ BU B
UJNF�

)FSF JT B TJNQMF HFOFSBUJWF WFSTJPO PG UIF%"(BCPWF� *U SFBMMZ IBT GPVS TVC�NPEFMT� 'JSTU
UIFSF JT NPEFM GPS IPX XBHFT 8 BSF DBVTFE CZ FEVDBUJPO & BOE UIF VOPCTFSWFE DPOGPVOE 6�
4FDPOE UIFSF JT B NPEFM GPS IPX FEVDBUJPO MFWFMT & BSF DBVTFE CZ RVBSUFS PG CJSUI 2�UIJT
JT PVS JOTUSVNFOU SFDBMM�BOE UIF TBNF VOPCTFSWFE DPOGPVOE 6� ćF UIJSE NPEFM JT GPS 2
XIJDI JT B ��� JOEJDBUPS PG CFJOH CPSO JO UIF ĕSTU RVBSUFS PG UIF ZFBS� ćF NPEFM KVTU TBZT
UIBU POF�RVBSUFS PG BMM QFPQMF BSF CPSO JO UIF ĕSTU RVBSUFS� ćF GPVSUI NPEFM TBZT UIBU UIF
VOPCTFSWFE DPOGPVOE JT OPSNBMMZ EJTUSJCVUFE XJUI NFBO [FSP BOE TUBOEBSE EFWJBUJPO POF�
"MM UPHFUIFS JO NBUIFNBUJDBM GPSN�

8J ∼ /PSNBM(µń,J,σń) [Wage model]

µń,J = αń + βĲń&J + 6J

&J ∼ /PSNBM(µĲ,J,σĲ) [Education model]

µĲ,J = αĲ + βľĲ2J + 6J

2J ∼ #FSOPVMMJ(�.��) [Birth model]

6J ∼ /PSNBM(�, �) [Confound model]

ćJT FYBNQMF JT CBTFE PO B SFBM TUVEZ��� CVU MFU�T TJNVMBUF UIF EBUB CPUI UP LFFQ JU TJNQMF
BOE UP CF TVSF XIBU UIF SJHIU BOTXFS JT� 3FNFNCFS� 8JUI SFBM EBUB ZPV OFWFS LOPXXIBU UIF
SJHIU BOTXFS JT� ćBU JT XIZ TUVEZJOH TJNVMBUFE FYBNQMFT JT TP JNQPSUBOU CPUI GPS WFSJGZJOH
UIBU BMHPSJUINT XPSL BOE GPS TDIPPMJOH PVS JOUVJUJPO� )FSF BSF ��� TJNVMBUFE QFPQMF�

3 DPEF
����� . /ǡ.  �ǿǔǐȀ
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Instrumental variables
• Instrument: A variable that in"uences exposure (E) 

but not outcome (W)
• How could this help us?
• Gives us information about U
• E and W correlated, due to U
• Q helps us measure that correlation��� ��� "%7&/563&4 */ $07"3*"/$&

E

Q U

W

#VU UIFSF JT BMTP BO JOTUSVNFOU 2 JOEJDBUJOH XIFUIFS B QFSTPO XBT CPSO JO UIF ĕSTU RVBSUFS
PG UIF ZFBS� 8IZ NJHIU UIJT DBVTBMMZ JOĘVFODF FEVDBUJPO #FDBVTF QFPQMF CPSO FBSMJFS JO UIF
ZFBS UFOE UP HFU MFTT TDIPPMJOH� ćJT JT CPUI CFDBVTF UIFZ BSF CJPMPHJDBMMZ PMEFS XIFO UIFZ
TUBSU TDIPPM BOE CFDBVTF UIFZ CFDPNF FMJHJCMF UP ESPQ PVU PG TDIPPM FBSMJFS� *O EBUB GSPN
UIF 6OJUFE 4UBUFT BU MFBTU UIPTF CPSO FBSMJFS JO UIF ZFBS EP JOEFFE DPNQMFUF GFXFS NPOUIT
PG TDIPPM JO UIFJS MJGFUJNFT� /PX JG JU JT USVF UIBU 2 POMZ EJSFDUMZ JOĘVFODFT & BOE OPU 8
UIFO 2 JT POF PG UIFTF NZTUFSJPVT JOTUSVNFOUBM WBSJBCMFT� *U UVSOT & JOUP B DPMMJEFS� "OE
CFDBVTF JU JT B DPMMJEFS XIFO XF MFBSO 2 XF BMTP HFU TPNF JOGPSNBUJPO BCPVU 6� "OE JG UIF
JOGPSNBUJPO BCPVU 6 JT HPPE FOPVHI XF DBO UIFO HFU B HPPE JOGFSFODF PG UIF EJSFDU FČFDU
& → 8� "DUVBMMZ XF EPO�U FWFO OFFE UIF 6 WBMVFT UIFNTFMWFT�XF KVTU OFFE UP LOPX IPX
DPSSFMBUFE & BOE 8 FOE VQ BT B SFTVMU PG UIF 6 WBMVFT�

4P IPX EPFT BMM PG UIJT BDUVBMMZ XPSL TUBUJTUJDBMMZ ćF HPPE OFXT JT UIBU XF KVTU IBWF
UP XSJUF EPXO UIF HFOFSBUJWF NPEFM JNQMJFE GPS FYBNQMF CZ UIF %"( BCPWF BOE UIFO VTF
UIBU NPEFM BT PVS TUBUJTUJDBM NPEFM� #BZFT EPFT UIF SFTU� ćF CBE OFXT JT UIBU UIF QPTUFSJPS
EJTUSJCVUJPO GPS TVDI B NPEFM JT IBSEFS UP BQQSPYJNBUF� #VU XF DBO IBOEMF JU POF TUFQ BU B
UJNF�

)FSF JT B TJNQMF HFOFSBUJWF WFSTJPO PG UIF%"(BCPWF� *U SFBMMZ IBT GPVS TVC�NPEFMT� 'JSTU
UIFSF JT NPEFM GPS IPX XBHFT 8 BSF DBVTFE CZ FEVDBUJPO & BOE UIF VOPCTFSWFE DPOGPVOE 6�
4FDPOE UIFSF JT B NPEFM GPS IPX FEVDBUJPO MFWFMT & BSF DBVTFE CZ RVBSUFS PG CJSUI 2�UIJT
JT PVS JOTUSVNFOU SFDBMM�BOE UIF TBNF VOPCTFSWFE DPOGPVOE 6� ćF UIJSE NPEFM JT GPS 2
XIJDI JT B ��� JOEJDBUPS PG CFJOH CPSO JO UIF ĕSTU RVBSUFS PG UIF ZFBS� ćF NPEFM KVTU TBZT
UIBU POF�RVBSUFS PG BMM QFPQMF BSF CPSO JO UIF ĕSTU RVBSUFS� ćF GPVSUI NPEFM TBZT UIBU UIF
VOPCTFSWFE DPOGPVOE JT OPSNBMMZ EJTUSJCVUFE XJUI NFBO [FSP BOE TUBOEBSE EFWJBUJPO POF�
"MM UPHFUIFS JO NBUIFNBUJDBM GPSN�

8J ∼ /PSNBM(µń,J,σń) [Wage model]

µń,J = αń + βĲń&J + 6J

&J ∼ /PSNBM(µĲ,J,σĲ) [Education model]

µĲ,J = αĲ + βľĲ2J + 6J

2J ∼ #FSOPVMMJ(�.��) [Birth model]

6J ∼ /PSNBM(�, �) [Confound model]

ćJT FYBNQMF JT CBTFE PO B SFBM TUVEZ��� CVU MFU�T TJNVMBUF UIF EBUB CPUI UP LFFQ JU TJNQMF
BOE UP CF TVSF XIBU UIF SJHIU BOTXFS JT� 3FNFNCFS� 8JUI SFBM EBUB ZPV OFWFS LOPXXIBU UIF
SJHIU BOTXFS JT� ćBU JT XIZ TUVEZJOH TJNVMBUFE FYBNQMFT JT TP JNQPSUBOU CPUI GPS WFSJGZJOH
UIBU BMHPSJUINT XPSL BOE GPS TDIPPMJOH PVS JOUVJUJPO� )FSF BSF ��� TJNVMBUFE QFPQMF�
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Instrumental variables

• Another perspective:
• Q is a “natural experiment”
• Q assigns E, as if by experimenter giving education 

pills
• But individuals are uncooperative and don’t always 

take their pills => imperfect randomization
• Many (most?) real “experiments” are actually like 

this, have intent to treat
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#VU UIFSF JT BMTP BO JOTUSVNFOU 2 JOEJDBUJOH XIFUIFS B QFSTPO XBT CPSO JO UIF ĕSTU RVBSUFS
PG UIF ZFBS� 8IZ NJHIU UIJT DBVTBMMZ JOĘVFODF FEVDBUJPO #FDBVTF QFPQMF CPSO FBSMJFS JO UIF
ZFBS UFOE UP HFU MFTT TDIPPMJOH� ćJT JT CPUI CFDBVTF UIFZ BSF CJPMPHJDBMMZ PMEFS XIFO UIFZ
TUBSU TDIPPM BOE CFDBVTF UIFZ CFDPNF FMJHJCMF UP ESPQ PVU PG TDIPPM FBSMJFS� *O EBUB GSPN
UIF 6OJUFE 4UBUFT BU MFBTU UIPTF CPSO FBSMJFS JO UIF ZFBS EP JOEFFE DPNQMFUF GFXFS NPOUIT
PG TDIPPM JO UIFJS MJGFUJNFT� /PX JG JU JT USVF UIBU 2 POMZ EJSFDUMZ JOĘVFODFT & BOE OPU 8
UIFO 2 JT POF PG UIFTF NZTUFSJPVT JOTUSVNFOUBM WBSJBCMFT� *U UVSOT & JOUP B DPMMJEFS� "OE
CFDBVTF JU JT B DPMMJEFS XIFO XF MFBSO 2 XF BMTP HFU TPNF JOGPSNBUJPO BCPVU 6� "OE JG UIF
JOGPSNBUJPO BCPVU 6 JT HPPE FOPVHI XF DBO UIFO HFU B HPPE JOGFSFODF PG UIF EJSFDU FČFDU
& → 8� "DUVBMMZ XF EPO�U FWFO OFFE UIF 6 WBMVFT UIFNTFMWFT�XF KVTU OFFE UP LOPX IPX
DPSSFMBUFE & BOE 8 FOE VQ BT B SFTVMU PG UIF 6 WBMVFT�

4P IPX EPFT BMM PG UIJT BDUVBMMZ XPSL TUBUJTUJDBMMZ ćF HPPE OFXT JT UIBU XF KVTU IBWF
UP XSJUF EPXO UIF HFOFSBUJWF NPEFM JNQMJFE GPS FYBNQMF CZ UIF %"( BCPWF BOE UIFO VTF
UIBU NPEFM BT PVS TUBUJTUJDBM NPEFM� #BZFT EPFT UIF SFTU� ćF CBE OFXT JT UIBU UIF QPTUFSJPS
EJTUSJCVUJPO GPS TVDI B NPEFM JT IBSEFS UP BQQSPYJNBUF� #VU XF DBO IBOEMF JU POF TUFQ BU B
UJNF�

)FSF JT B TJNQMF HFOFSBUJWF WFSTJPO PG UIF%"(BCPWF� *U SFBMMZ IBT GPVS TVC�NPEFMT� 'JSTU
UIFSF JT NPEFM GPS IPX XBHFT 8 BSF DBVTFE CZ FEVDBUJPO & BOE UIF VOPCTFSWFE DPOGPVOE 6�
4FDPOE UIFSF JT B NPEFM GPS IPX FEVDBUJPO MFWFMT & BSF DBVTFE CZ RVBSUFS PG CJSUI 2�UIJT
JT PVS JOTUSVNFOU SFDBMM�BOE UIF TBNF VOPCTFSWFE DPOGPVOE 6� ćF UIJSE NPEFM JT GPS 2
XIJDI JT B ��� JOEJDBUPS PG CFJOH CPSO JO UIF ĕSTU RVBSUFS PG UIF ZFBS� ćF NPEFM KVTU TBZT
UIBU POF�RVBSUFS PG BMM QFPQMF BSF CPSO JO UIF ĕSTU RVBSUFS� ćF GPVSUI NPEFM TBZT UIBU UIF
VOPCTFSWFE DPOGPVOE JT OPSNBMMZ EJTUSJCVUFE XJUI NFBO [FSP BOE TUBOEBSE EFWJBUJPO POF�
"MM UPHFUIFS JO NBUIFNBUJDBM GPSN�

8J ∼ /PSNBM(µń,J,σń) [Wage model]

µń,J = αń + βĲń&J + 6J

&J ∼ /PSNBM(µĲ,J,σĲ) [Education model]

µĲ,J = αĲ + βľĲ2J + 6J

2J ∼ #FSOPVMMJ(�.��) [Birth model]

6J ∼ /PSNBM(�, �) [Confound model]

ćJT FYBNQMF JT CBTFE PO B SFBM TUVEZ��� CVU MFU�T TJNVMBUF UIF EBUB CPUI UP LFFQ JU TJNQMF
BOE UP CF TVSF XIBU UIF SJHIU BOTXFS JT� 3FNFNCFS� 8JUI SFBM EBUB ZPV OFWFS LOPXXIBU UIF
SJHIU BOTXFS JT� ćBU JT XIZ TUVEZJOH TJNVMBUFE FYBNQMFT JT TP JNQPSUBOU CPUI GPS WFSJGZJOH
UIBU BMHPSJUINT XPSL BOE GPS TDIPPMJOH PVS JOUVJUJPO� )FSF BSF ��� TJNVMBUFE QFPQMF�
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Simulated instrument
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#VU UIFSF JT BMTP BO JOTUSVNFOU 2 JOEJDBUJOH XIFUIFS B QFSTPO XBT CPSO JO UIF ĕSTU RVBSUFS
PG UIF ZFBS� 8IZ NJHIU UIJT DBVTBMMZ JOĘVFODF FEVDBUJPO #FDBVTF QFPQMF CPSO FBSMJFS JO UIF
ZFBS UFOE UP HFU MFTT TDIPPMJOH� ćJT JT CPUI CFDBVTF UIFZ BSF CJPMPHJDBMMZ PMEFS XIFO UIFZ
TUBSU TDIPPM BOE CFDBVTF UIFZ CFDPNF FMJHJCMF UP ESPQ PVU PG TDIPPM FBSMJFS� *O EBUB GSPN
UIF 6OJUFE 4UBUFT BU MFBTU UIPTF CPSO FBSMJFS JO UIF ZFBS EP JOEFFE DPNQMFUF GFXFS NPOUIT
PG TDIPPM JO UIFJS MJGFUJNFT� /PX JG JU JT USVF UIBU 2 POMZ EJSFDUMZ JOĘVFODFT & BOE OPU 8
UIFO 2 JT POF PG UIFTF NZTUFSJPVT JOTUSVNFOUBM WBSJBCMFT� *U UVSOT & JOUP B DPMMJEFS� "OE
CFDBVTF JU JT B DPMMJEFS XIFO XF MFBSO 2 XF BMTP HFU TPNF JOGPSNBUJPO BCPVU 6� "OE JG UIF
JOGPSNBUJPO BCPVU 6 JT HPPE FOPVHI XF DBO UIFO HFU B HPPE JOGFSFODF PG UIF EJSFDU FČFDU
& → 8� "DUVBMMZ XF EPO�U FWFO OFFE UIF 6 WBMVFT UIFNTFMWFT�XF KVTU OFFE UP LOPX IPX
DPSSFMBUFE & BOE 8 FOE VQ BT B SFTVMU PG UIF 6 WBMVFT�

4P IPX EPFT BMM PG UIJT BDUVBMMZ XPSL TUBUJTUJDBMMZ ćF HPPE OFXT JT UIBU XF KVTU IBWF
UP XSJUF EPXO UIF HFOFSBUJWF NPEFM JNQMJFE GPS FYBNQMF CZ UIF %"( BCPWF BOE UIFO VTF
UIBU NPEFM BT PVS TUBUJTUJDBM NPEFM� #BZFT EPFT UIF SFTU� ćF CBE OFXT JT UIBU UIF QPTUFSJPS
EJTUSJCVUJPO GPS TVDI B NPEFM JT IBSEFS UP BQQSPYJNBUF� #VU XF DBO IBOEMF JU POF TUFQ BU B
UJNF�

)FSF JT B TJNQMF HFOFSBUJWF WFSTJPO PG UIF%"(BCPWF� *U SFBMMZ IBT GPVS TVC�NPEFMT� 'JSTU
UIFSF JT NPEFM GPS IPX XBHFT 8 BSF DBVTFE CZ FEVDBUJPO & BOE UIF VOPCTFSWFE DPOGPVOE 6�
4FDPOE UIFSF JT B NPEFM GPS IPX FEVDBUJPO MFWFMT & BSF DBVTFE CZ RVBSUFS PG CJSUI 2�UIJT
JT PVS JOTUSVNFOU SFDBMM�BOE UIF TBNF VOPCTFSWFE DPOGPVOE 6� ćF UIJSE NPEFM JT GPS 2
XIJDI JT B ��� JOEJDBUPS PG CFJOH CPSO JO UIF ĕSTU RVBSUFS PG UIF ZFBS� ćF NPEFM KVTU TBZT
UIBU POF�RVBSUFS PG BMM QFPQMF BSF CPSO JO UIF ĕSTU RVBSUFS� ćF GPVSUI NPEFM TBZT UIBU UIF
VOPCTFSWFE DPOGPVOE JT OPSNBMMZ EJTUSJCVUFE XJUI NFBO [FSP BOE TUBOEBSE EFWJBUJPO POF�
"MM UPHFUIFS JO NBUIFNBUJDBM GPSN�

8J ∼ /PSNBM(µń,J,σń) [Wage model]

µń,J = αń + βĲń&J + 6J

&J ∼ /PSNBM(µĲ,J,σĲ) [Education model]

µĲ,J = αĲ + βľĲ2J + 6J

2J ∼ #FSOPVMMJ(�.��) [Birth model]

6J ∼ /PSNBM(�, �) [Confound model]

ćJT FYBNQMF JT CBTFE PO B SFBM TUVEZ��� CVU MFU�T TJNVMBUF UIF EBUB CPUI UP LFFQ JU TJNQMF
BOE UP CF TVSF XIBU UIF SJHIU BOTXFS JT� 3FNFNCFS� 8JUI SFBM EBUB ZPV OFWFS LOPXXIBU UIF
SJHIU BOTXFS JT� ćBU JT XIZ TUVEZJOH TJNVMBUFE FYBNQMFT JT TP JNQPSUBOU CPUI GPS WFSJGZJOH
UIBU BMHPSJUINT XPSL BOE GPS TDIPPMJOH PVS JOUVJUJPO� )FSF BSF ��� TJNVMBUFE QFPQMF�
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#VU UIFSF JT BMTP BO JOTUSVNFOU 2 JOEJDBUJOH XIFUIFS B QFSTPO XBT CPSO JO UIF ĕSTU RVBSUFS
PG UIF ZFBS� 8IZ NJHIU UIJT DBVTBMMZ JOĘVFODF FEVDBUJPO #FDBVTF QFPQMF CPSO FBSMJFS JO UIF
ZFBS UFOE UP HFU MFTT TDIPPMJOH� ćJT JT CPUI CFDBVTF UIFZ BSF CJPMPHJDBMMZ PMEFS XIFO UIFZ
TUBSU TDIPPM BOE CFDBVTF UIFZ CFDPNF FMJHJCMF UP ESPQ PVU PG TDIPPM FBSMJFS� *O EBUB GSPN
UIF 6OJUFE 4UBUFT BU MFBTU UIPTF CPSO FBSMJFS JO UIF ZFBS EP JOEFFE DPNQMFUF GFXFS NPOUIT
PG TDIPPM JO UIFJS MJGFUJNFT� /PX JG JU JT USVF UIBU 2 POMZ EJSFDUMZ JOĘVFODFT & BOE OPU 8
UIFO 2 JT POF PG UIFTF NZTUFSJPVT JOTUSVNFOUBM WBSJBCMFT� *U UVSOT & JOUP B DPMMJEFS� "OE
CFDBVTF JU JT B DPMMJEFS XIFO XF MFBSO 2 XF BMTP HFU TPNF JOGPSNBUJPO BCPVU 6� "OE JG UIF
JOGPSNBUJPO BCPVU 6 JT HPPE FOPVHI XF DBO UIFO HFU B HPPE JOGFSFODF PG UIF EJSFDU FČFDU
& → 8� "DUVBMMZ XF EPO�U FWFO OFFE UIF 6 WBMVFT UIFNTFMWFT�XF KVTU OFFE UP LOPX IPX
DPSSFMBUFE & BOE 8 FOE VQ BT B SFTVMU PG UIF 6 WBMVFT�

4P IPX EPFT BMM PG UIJT BDUVBMMZ XPSL TUBUJTUJDBMMZ ćF HPPE OFXT JT UIBU XF KVTU IBWF
UP XSJUF EPXO UIF HFOFSBUJWF NPEFM JNQMJFE GPS FYBNQMF CZ UIF %"( BCPWF BOE UIFO VTF
UIBU NPEFM BT PVS TUBUJTUJDBM NPEFM� #BZFT EPFT UIF SFTU� ćF CBE OFXT JT UIBU UIF QPTUFSJPS
EJTUSJCVUJPO GPS TVDI B NPEFM JT IBSEFS UP BQQSPYJNBUF� #VU XF DBO IBOEMF JU POF TUFQ BU B
UJNF�

)FSF JT B TJNQMF HFOFSBUJWF WFSTJPO PG UIF%"(BCPWF� *U SFBMMZ IBT GPVS TVC�NPEFMT� 'JSTU
UIFSF JT NPEFM GPS IPX XBHFT 8 BSF DBVTFE CZ FEVDBUJPO & BOE UIF VOPCTFSWFE DPOGPVOE 6�
4FDPOE UIFSF JT B NPEFM GPS IPX FEVDBUJPO MFWFMT & BSF DBVTFE CZ RVBSUFS PG CJSUI 2�UIJT
JT PVS JOTUSVNFOU SFDBMM�BOE UIF TBNF VOPCTFSWFE DPOGPVOE 6� ćF UIJSE NPEFM JT GPS 2
XIJDI JT B ��� JOEJDBUPS PG CFJOH CPSO JO UIF ĕSTU RVBSUFS PG UIF ZFBS� ćF NPEFM KVTU TBZT
UIBU POF�RVBSUFS PG BMM QFPQMF BSF CPSO JO UIF ĕSTU RVBSUFS� ćF GPVSUI NPEFM TBZT UIBU UIF
VOPCTFSWFE DPOGPVOE JT OPSNBMMZ EJTUSJCVUFE XJUI NFBO [FSP BOE TUBOEBSE EFWJBUJPO POF�
"MM UPHFUIFS JO NBUIFNBUJDBM GPSN�

8J ∼ /PSNBM(µń,J,σń) [Wage model]

µń,J = αń + βĲń&J + 6J

&J ∼ /PSNBM(µĲ,J,σĲ) [Education model]

µĲ,J = αĲ + βľĲ2J + 6J

2J ∼ #FSOPVMMJ(�.��) [Birth model]

6J ∼ /PSNBM(�, �) [Confound model]

ćJT FYBNQMF JT CBTFE PO B SFBM TUVEZ��� CVU MFU�T TJNVMBUF UIF EBUB CPUI UP LFFQ JU TJNQMF
BOE UP CF TVSF XIBU UIF SJHIU BOTXFS JT� 3FNFNCFS� 8JUI SFBM EBUB ZPV OFWFS LOPXXIBU UIF
SJHIU BOTXFS JT� ćBU JT XIZ TUVEZJOH TJNVMBUFE FYBNQMFT JT TP JNQPSUBOU CPUI GPS WFSJGZJOH
UIBU BMHPSJUINT XPSL BOE GPS TDIPPMJOH PVS JOUVJUJPO� )FSF BSF ��� TJNVMBUFE QFPQMF�
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Instrumentality

• #ink of pairs of (W,E) values as sampled from a 
common distribution with some covariance 
structure:
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ćF JOTUSVNFOU2 JT RVBSUFS PG UIF ZFBS FBDI QFSTPO JT CPSO JO� 4P JU WBSJFT GSPN� UP �� -BSHFTU
WBMVFT BSF BTTPDJBUFE XJUI NPSF FEVDBUJPO UISPVHI UIF BEEJUJPO PG �Ǿ.$( UP UIF NFBO PG
�Ǿ.$(� *�WF JOUSPEVDFE WBMVFT GPS UIF QBSBNFUFST NBLJOH CPUI JOUFSDFQUT [FSP βľĲ = � BOE
βĲń = �� 4P FEVDBUJPO IBT OP EJSFDU FČFDU PO XBHFT JO UIJT TJNVMBUJPO� #VU UIF JOTUSVNFOU
2 EPFT JOĘVFODF FEVDBUJPO�

*G XF OBJWFMZ SFHSFTT XBHFT PO FEVDBUJPO UIF NPEFM XJMM CF DPOĕEFOU UIBU FEVDBUJPO
DBVTFT IJHIFS XBHFT�

3 DPEF
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ćJT JT KVTU BO PSEJOBSZ DPOGPVOE XIFSF UIF VONFBTVSFE 6 JT SVJOJOH PVS JOGFSFODF� *G ZPV
IBWF JODFOUJWFT UP CFMJFWF UIBU FEVDBUJPO FOIBODFT XBHFT ZPV NJHIU SFQPSU UIJT JOGFSFODF BT
JT� #VU OP POF TIPVME CFMJFWF JU�

5P NBLF VTF PG UIF JOTUSVNFOU 2 UIF NPEFM XF XBOU JOTUFBE JT UIF NPEFM * QSFTFOUFE
BCPWF UIF NBUIFNBUJDBM POF� 0G DPVSTF XF EPO�U IBWF UIF DPOGPVOE WBMVFT UP VTF�XF TJNV�
MBUFE UIFN CVU VTJOH UIFN OPX UP EF�DPOGPVOE UIF JOGFSFODF XPVME CF DIFBUJOH� ćF XIPMF
QPJOU JT UIBU XF VTVBMMZ FYQFDU TPNF VONFBTVSFE DPOGPVOE MJLF 6� 4P IPX EP XF NBLF B
NPEFM PG UIJT ćF FČFDU PG 6 JT UP DSFBUF DPWBSJBUJPO CFUXFFO UIF PCTFSWFE 8 BOE & WBMVFT�
*G XF DBO NFBTVSF UIJT DPWBSJBUJPO JU XJMM CF MJLF DPOEJUJPOJOH PO 6� "OE UIF JOTUSVNFOU
HJWFT VT B XBZ UP HFU JOGPSNBUJPO BCPVU UIBU DPWBSJBUJPO�

4P UIF USJDL JT UP XSJUF UIF NPEFM OPX MJLF UIJT�
(

8J
&J

)
∼ .7/PSNBM

((
µń,J
µĲ,J

)
, 4
)

[Joint wage & education model]

µń,J = αń + βĲń&J

µĲ,J = αĲ + βľĲ2J



Instrumentality
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ćF JOTUSVNFOU2 JT RVBSUFS PG UIF ZFBS FBDI QFSTPO JT CPSO JO� 4P JU WBSJFT GSPN� UP �� -BSHFTU
WBMVFT BSF BTTPDJBUFE XJUI NPSF FEVDBUJPO UISPVHI UIF BEEJUJPO PG �Ǿ.$( UP UIF NFBO PG
�Ǿ.$(� *�WF JOUSPEVDFE WBMVFT GPS UIF QBSBNFUFST NBLJOH CPUI JOUFSDFQUT [FSP βľĲ = � BOE
βĲń = �� 4P FEVDBUJPO IBT OP EJSFDU FČFDU PO XBHFT JO UIJT TJNVMBUJPO� #VU UIF JOTUSVNFOU
2 EPFT JOĘVFODF FEVDBUJPO�

*G XF OBJWFMZ SFHSFTT XBHFT PO FEVDBUJPO UIF NPEFM XJMM CF DPOĕEFOU UIBU FEVDBUJPO
DBVTFT IJHIFS XBHFT�
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ćJT JT KVTU BO PSEJOBSZ DPOGPVOE XIFSF UIF VONFBTVSFE 6 JT SVJOJOH PVS JOGFSFODF� *G ZPV
IBWF JODFOUJWFT UP CFMJFWF UIBU FEVDBUJPO FOIBODFT XBHFT ZPV NJHIU SFQPSU UIJT JOGFSFODF BT
JT� #VU OP POF TIPVME CFMJFWF JU�

5P NBLF VTF PG UIF JOTUSVNFOU 2 UIF NPEFM XF XBOU JOTUFBE JT UIF NPEFM * QSFTFOUFE
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SJHIU BOTXFS JT� ćBU JT XIZ TUVEZJOH TJNVMBUFE FYBNQMFT JT TP JNQPSUBOU CPUI GPS WFSJGZJOH
UIBU BMHPSJUINT XPSL BOE GPS TDIPPMJOH PVS JOUVJUJPO� )FSF BSF ��� TJNVMBUFE QFPQMF�

3 DPEF
����� . /ǡ.  �ǿǔǐȀ

� ʚǶ ǒǍǍ
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ćFNBUSJY 4 JO UIF ĕSTU MJOF JT UIF FSSPS DPWBSJBODF CFUXFFO XBHFT BOE FEVDBUJPO� *U�T OPU UIF
EFTDSJQUJWF DPWBSJBODF CFUXFFO UIFTF WBSJBCMFT CVU SBUIFS UIFNBUSJY FRVJWBMFOU PG UIF UZQJDBM
σ XF TUJDL JO B (BVTTJBO SFHSFTTJPO� ćF BCPWF JT B USVF ĺłĹŁĶŃĮĿĶĮŁĲ ĹĶĻĲĮĿ ĺļıĲĹ B
SFHSFTTJPO XJUI NVMUJQMF TJNVMUBOFPVT PVUDPNFT BMM NPEFMFE XJUI B KPJOU FSSPS TUSVDUVSF�
&BDI WBSJBCMF HFUT JUT PXO MJOFBS NPEFM ZJFMEJOH UIF UXP µ EFĕOJUJPOT� *U NJHIU CPUIFS ZPV
UP TFF FEVDBUJPO & BT CPUI BO PVUDPNF BOE B QSFEJDUPS JOTJEF UIF NFBO GPS 8� #VU UIJT
TUBUJTUJDBM SFMBUJPOTIJQ JT BO JNQMJDBUJPO PG UIF %"(� ćFSF JT OPUIJOH JMMFHBM BCPVU JU� "MM JU
TBZT JT UIBU & NJHIU JOĘVFODF 8 BOE UIBU BMTP QBJST PG 8,& WBMVFT NJHIU IBWF B DPSSFMBUJPO�
ćBU DPSSFMBUJPO BSJTFT QSFTVNJOH UIF %"( UISPVHI UIF VOPCTFSWFE DPOGPVOE 6�

ćF GVMM NPEFM BMTP OFFET QSJPST PG DPVSTF� 8F TUBOEBSEJ[FE UIF WBSJBCMFT TP XF DBO VTF
PVS EFGBVMU QSJPST GPS TUBOEBSEJ[FE MJOFBS SFHSFTTJPO� )FSF�T UIF 0'�( DPEF�

3 DPEF
����� (ǎǑǡǒ ʚǶ 0'�(ǿ

�'$./ǿ
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(0� ʚǶ �� ʔ ���ȉ�Ǣ
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�$"(� ʡ  3+*) )/$�'ǿ ǎ Ȁ

ȀǢ ��/�ʙ��/Ǿ.$( Ǣ �#�$).ʙǑ Ǣ �*- .ʙǑ Ȁ
+- �$.ǿ (ǎǑǡǒ Ǣ � +/#ʙǐ Ȁ

( �) .� ǒǡǒʉ ǖǑǡǒʉ )Ǿ !! �#�/
�� ǍǡǍǍ ǍǡǍǐ ǶǍǡǍǒ ǍǡǍǒ ǎǎǒǕ ǎ
�� ǍǡǍǍ ǍǡǍǑ ǶǍǡǍǔ ǍǡǍǔ ǎǑǍǍ ǎ
��� ǍǡǓǐ ǍǡǍǐ ǍǡǒǕ ǍǡǓǖ ǎǒǒǔ ǎ
��� ǶǍǡǍǐ ǍǡǍǔ ǶǍǡǎǑ ǍǡǍǕ ǎǍǎǍ ǎ
�#*ȁǎǢǎȂ ǎǡǍǍ ǍǡǍǍ ǎǡǍǍ ǎǡǍǍ ��� ���
�#*ȁǎǢǏȂ Ǎǡǒǐ ǍǡǍǒ ǍǡǑǒ ǍǡǓǍ ǖǕǔ ǎ
�#*ȁǏǢǎȂ Ǎǡǒǐ ǍǡǍǒ ǍǡǑǒ ǍǡǓǍ ǖǕǔ ǎ
�#*ȁǏǢǏȂ ǎǡǍǍ ǍǡǍǍ ǎǡǍǍ ǎǡǍǍ ǎǔǎǑ ǎ
�$"(�ȁǎȂ ǎǡǍǎ ǍǡǍǑ Ǎǡǖǒ ǎǡǍǕ ǎǍǏǕ ǎ
�$"(�ȁǏȂ Ǎǡǔǔ ǍǡǍǐ Ǎǡǔǐ ǍǡǕǎ ǎǑǔǕ ǎ

ćFSF JT B MPU HPJOH PO IFSF� #VU XF DBO UBLF JU POF QJFDF BU B UJNF� 'JSTU MPPL BU ��� UIF
FTUJNBUFE JOĘVFODF PG FEVDBUJPO PO XBHFT� *U JT TNBMM BOE TUSBEEMFT CPUI TJEFT PG [FSP� ćBU
JT UIF DPSSFDU DBVTBM JOGFSFODF� 4FDPOE UIF DPSSFMBUJPO CFUXFFO UIF UXP PVUDPNFT XBHFT
BOE FEVDBUJPO JT SFMJBCMZ QPTJUJWF XJUI ��� DPNQBUJCJMJUZ JOUFSWBM GSPN ���� UP ����� ćBU
SFĘFDUT UIF DPNNPO JOĘVFODF�

*U�T B HPPE JEFB UP BEKVTU UIF TJNVMBUJPO BOE USZ PUIFS TDFOBSJPT� 5P TQFFE VQ ZPVS QMBZ
ZPV DBO BWPJE SF�DPNQJMJOH UIF NPEFMT BT MPOH BT ZPV LFFQ �ʙǒǍǍ BOE SVO UIFTF MJOFT UP
TBNQMF GSPN UIF QPTUFSJPS EJTUSJCVUJPOT�

3 DPEF
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ćF PCKFDUT (ǎǑǡǑ3 BOE (ǎǑǡǒ3 XJMM DPOUBJO UIF TBNQMFT ZPV XBOU UP MPPL BU� 5P CFHJO ZPV
NJHIU USZ B TDFOBSJP JO XIJDI FEVDBUJPO IBT B QPTJUJWF JOĘVFODF CVU UIF DPOGPVOE IJEFT JU�
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ćF JOTUSVNFOU2 JT RVBSUFS PG UIF ZFBS FBDI QFSTPO JT CPSO JO� 4P JU WBSJFT GSPN� UP �� -BSHFTU
WBMVFT BSF BTTPDJBUFE XJUI NPSF FEVDBUJPO UISPVHI UIF BEEJUJPO PG �Ǿ.$( UP UIF NFBO PG
�Ǿ.$(� *�WF JOUSPEVDFE WBMVFT GPS UIF QBSBNFUFST NBLJOH CPUI JOUFSDFQUT [FSP βľĲ = � BOE
βĲń = �� 4P FEVDBUJPO IBT OP EJSFDU FČFDU PO XBHFT JO UIJT TJNVMBUJPO� #VU UIF JOTUSVNFOU
2 EPFT JOĘVFODF FEVDBUJPO�

*G XF OBJWFMZ SFHSFTT XBHFT PO FEVDBUJPO UIF NPEFM XJMM CF DPOĕEFOU UIBU FEVDBUJPO
DBVTFT IJHIFS XBHFT�

3 DPEF
�����(ǎǑǡǑ ʚǶ 0'�(ǿ

�'$./ǿ
� ʡ �)*-(ǿ (0 Ǣ .$"(� ȀǢ
(0 ʚǶ �� ʔ ���ȉ�Ǣ
�� ʡ �)*-(ǿ Ǎ Ǣ ǍǡǏ ȀǢ
��� ʡ �)*-(ǿ Ǎ Ǣ Ǎǡǒ ȀǢ
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Ȁ Ǣ ��/�ʙ��/Ǿ.$( Ǣ �#�$).ʙǑ Ǣ �*- .ʙǑ Ȁ
+- �$.ǿ (ǎǑǡǑ Ȁ

( �) .� ǒǡǒʉ ǖǑǡǒʉ )Ǿ !! �#�/
�� ǍǡǍǍ ǍǡǍǑ ǶǍǡǍǔ ǍǡǍǔ ǏǍǏǕ ǎ
��� Ǎǡǐǖ ǍǡǍǑ ǍǡǐǏ ǍǡǑǒ ǏǍǐǏ ǎ
.$"(� Ǎǡǖǐ ǍǡǍǐ ǍǡǕǕ Ǎǡǖǔ ǎǖǖǖ ǎ

ćJT JT KVTU BO PSEJOBSZ DPOGPVOE XIFSF UIF VONFBTVSFE 6 JT SVJOJOH PVS JOGFSFODF� *G ZPV
IBWF JODFOUJWFT UP CFMJFWF UIBU FEVDBUJPO FOIBODFT XBHFT ZPV NJHIU SFQPSU UIJT JOGFSFODF BT
JT� #VU OP POF TIPVME CFMJFWF JU�

5P NBLF VTF PG UIF JOTUSVNFOU 2 UIF NPEFM XF XBOU JOTUFBE JT UIF NPEFM * QSFTFOUFE
BCPWF UIF NBUIFNBUJDBM POF� 0G DPVSTF XF EPO�U IBWF UIF DPOGPVOE WBMVFT UP VTF�XF TJNV�
MBUFE UIFN CVU VTJOH UIFN OPX UP EF�DPOGPVOE UIF JOGFSFODF XPVME CF DIFBUJOH� ćF XIPMF
QPJOU JT UIBU XF VTVBMMZ FYQFDU TPNF VONFBTVSFE DPOGPVOE MJLF 6� 4P IPX EP XF NBLF B
NPEFM PG UIJT ćF FČFDU PG 6 JT UP DSFBUF DPWBSJBUJPO CFUXFFO UIF PCTFSWFE 8 BOE & WBMVFT�
*G XF DBO NFBTVSF UIJT DPWBSJBUJPO JU XJMM CF MJLF DPOEJUJPOJOH PO 6� "OE UIF JOTUSVNFOU
HJWFT VT B XBZ UP HFU JOGPSNBUJPO BCPVU UIBU DPWBSJBUJPO�

4P UIF USJDL JT UP XSJUF UIF NPEFM OPX MJLF UIJT�
(

8J
&J

)
∼ .7/PSNBM

((
µń,J
µĲ,J

)
, 4
)

[Joint wage & education model]

µń,J = αń + βĲń&J

µĲ,J = αĲ + βľĲ2J



Other doors

• In principle, many idiosyncratic ways to de-
confound inference, if you analyze the graph 
correctly (“do-calculus”)

• Another well-known tool: Front-door criterion
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XFMM�LOPXO QSPCMFNT 	TFF F�H� %0*���������������� %0*���������4���������	��
�������
� -JLF
BMM HPMFNT ZPV KVTU IBWF UP VTF JU SFTQPOTJCMZ� 4PNFUJNFT QFPQMF NJTUBLF UIF QSPDFEVSF PG �4-4
GPS UIF NPEFM PG JOTUSVNFOUBM WBSJBCMFT� ćFZ BSF OPU UIF TBNF UIJOH� "OZ NPEFM DBO CF FTUJNBUFE
UISPVHI B OVNCFS PG EJČFSFOU QSPDFEVSFT FBDI XJUI JUT PXO CFOFĕUT BOE DPTUT� �4-4 JT WFSZ MJNJUJOH�
/PX UIBU NPSF DBQBCMF #BZFTJBO FTUJNBUJPO UFDIOJRVFT FYJTU JU JT FBTJFS UP ĕU JOTUSVNFOUBM WBSJBCMF
NPEFMT OP NBUUFS UIF UZQF PG PVUDPNF� ćF NBKPS JTTVF UIBU XJMM BMXBZT SFNBJO OP NBUUFS IPX ZPV
BQQSPYJNBUF UIF QPTUFSJPS JT UIBU JU JT WFSZ IBSE UP CF TVSF UIF JOTUSVNFOUBM WBSJBCMF JT BOZ HPPE�

������� 'SPOU�EPPS DSJUFSJPO� *OTUSVNFOUBM WBSJBCMFT BSF B XBZ UP HP CFZPOE UIF CBDL�EPPS
DSJUFSJPO BOE BDIJFWF DBVTBM JOGFSFODF� #VU UIFZ BSF OPU BMPOF� "OPUIFS FYBNQMF GPS EF�
DPOGPVOEJOH JT UP VTF B NFEJBUPS WBSJBCMF BOE UIF ĳĿļĻŁ�ıļļĿ İĿĶŁĲĿĶļĻ� $POTJEFS UIJT
%"(�

U

X YZ

"O FYQPTVSF PG JOUFSFTU 9 JOĘVFODFT BNFEJBUPS ;XIJDI JOĘVFODFT UIF PVUDPNF PG JOUFSFTU :�
#VU 9 BOE : BSF DPOGPVOEFE CZ UIF VOPCTFSWFE 6� ćFSF JT B CBDLEPPS GSPN 9 UP : UISPVHI
6 TP SFHSFTTJOH : PO 9 XPO�U XPSL� 8IBU DBO XF EP 

8F DBO HP UISPVHI UIF GSPOU EPPS� ćJTNFBOT VTJOH UIF DPNCJOBUJPO PG UIF QBUIT9→ ;
BOE ;→ : UP JOGFS UIF UPUBM DBVTBM JOĘVFODF PG 9 PO :� $POTJEFS UIF FYUSFNF DBTF JO XIJDI
; IBT [FSP JOĘVFODF PO :� *O UIBU DBTF OP NBUUFS IPX TUSPOH UIF QBUI 9 → ; UIFSF JT OP
DBVTBM JOĘVFODF PG 9 PO :� *O MFTT FYUSFNF DBTFT JG XF DPNCJOF UIF TUSFOHUI PG CPUI 9→ ;
BOE ; → : JO UIF SJHIU XBZ XF DBO HFU B WBMJE FTUJNBUF� *O TJNQMF DBTFT UIFSF JT BDUVBMMZ
B GPSNVMB GPS UIJT� #VU XF XBOU UIF FOUJSF QPTUFSJPS EJTUSJCVUJPO� 4P MFU�T BHBJO MFWFSBHF
PVS #BZFTJBO TUSBUFHZ PG OPU CFJOH DMFWFS� *OTUFBE PG CFJOH DMFWFS XF�MM KVTU XSJUF EPXO UIF
HFOFSBUJWFNPEFM BOE UIFO XSJUF B TUBUJTUJDBM NPEFM UIBU DPSSFTQPOET UP JU� 1SPCBCJMJUZ UIFPSZ
DBO EP UIF SFTU�PODF XF�WF EPOF UIF IBSE XPSL PG CVJMEJOH B USVTUXPSUIZ %"( BOE NBLJOH
RVBMJUZ NFBTVSFNFOUT UIBU JT�

4P MFU�T CFHJO BHBJO XJUI B TJNVMBUJPO PG UIF GSPOU�EPPS DPOGPVOE TDFOBSJP�

����� 4PDJBM SFMBUJPOT BT DPSSFMBUFE WBSZJOH FČFDUT
0ODF ZPV HSBTQ UIF CBTJD TUSBUFHZ PG VTJOH DPWBSJBODF NBUSJYFT UP SFQSFTFOU QPQVMBUJPOT

PG DPSSFMBUFE FČFDUT ZPV DBO BDDPNQMJTI B MPU PG EJČFSFOU BOE TDJFOUJĕDBMMZ SFMFWBOUNPEFMJOH
HPBMT� *O UIJT TFDUJPO * QSFTFOU BO FYBNQMF UIBU DPOTUSVDUT B DVTUPN DPWBSJBODF NBUSJY XJUI
TQFDJBM TDJFOUJĕD NFBOJOH�

ćF EBUB XF�MM XPSL XJUI BSF ��/�ǿ�*./ - �&$ Ȁ XIJDI MPBET UXP EJČFSFOU UBCMFT
&'Ǿ�4��. BOE &'Ǿ#*0. #*'�.� 4FF Ǩ�*./ - �&$ GPS NPSF EFUBJMT����

3 DPEF
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U1
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Continuous categories

• Traditional clusters discrete, unordered => every 
category equally different from all others (in prior)

• Continuous dimensions of difference:
• Age, income, location, phylogenetic distance, social 

network distance, many others
• No obvious cut points in continuum, but close values 

share common exposures/covariates/interactions
• Would like to exploit pooling in these cases as well
• Common approach: Gaussian process regression


