
X Z Y

!e Pipe
X Z Y

!e Fork

X Z Y

!e Collider
X Z Y

!e Descendant

A

Open unless you 
condition on Z

Open unless you 
condition on Z

Closed until you 
condition on Z

Conditioning on A is 
like conditioning on Z
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#VU XIBU FYBDUMZ JT DPOGPVOEJOH "OE XIJDI QSJODJQMFT FYQMBJO XIZ TPNFUJNFT MFBWJOH
PVU WBSJBCMFT BOE TPNFUJNFT BEEJOH UIFN DBO QSPEVDF UIF TBNF QIFOPNFOPO "SF UIFSF
PUIFS DBVTBM NPOTUFST MVSLJOH PVU UIFSF IBVOUJOH PVS HSBQIT 8F SFRVJSF TPNF DPIFSFODF�

$POGPVOEJOH JT BOZ DPOUFYU JO XIJDI UIF BTTPDJBUJPO CFUXFFO BO PVUDPNF : BOE B QSF�
EJDUPS PG JOUFSFTU 9 JT OPU UIF TBNF BT JU XPVME CF JG XF IBE FYQFSJNFOUBMMZ EFUFSNJOFE UIF
WBMVFT PG 9��� 'PS FYBNQMF JO UIF QSFWJPVT FYBNQMF UIF BTTPDJBUJPO CFUXFFO FEVDBUJPO BOE
XBHFT JT DPOGPVOEFE CZ UIF VOPCTFSWFE WBSJBCMF 6� *G XF IBE BTTJHOFE FEVDBUJPO MFWFMT UP
QFPQMF XF�E HFU B EJČFSFOU FTUJNBUF GPS UIF BTTPDJBUJPO� %JSFDUMZ NBOJQVMBUJOH FEVDBUJPO
UVSOT UIF HSBQI PO UIF MFę JOUP UIF HSBQI PO UIF SJHIU�

E

U

W E

U

W

)PX EPFT JU EP UIJT *O UIF HSBQI PO UIF MFę UIFSF BSF UXP QBUIT DPOOFDUJOH & BOE 8�
	�
 & → 8 BOE 	�
 & ← 6 → 8� " iQBUIw IFSF KVTU NFBOT BOZ TFSJFT PG WBSJBCMFT ZPV
DPVME XBML UISPVHI UP HFU GSPN POF WBSJBCMF UP BOPUIFS JHOPSJOH UIF EJSFDUJPOT PG UIF BSSPXT�
.BOJQVMBUJPO SFNPWFT UIF JOĘVFODF PG 6 PO &� ćJT UIFO TUPQT JOGPSNBUJPO GSPN ĘPXJOH
CFUXFFO & BOE 8 UISPVHI 6� *U CMPDLT UIF TFDPOE QBUI� 0ODF UIF QBUI JT CMPDLFE UIFSF JT
POMZ POF XBZ GPS JOGPSNBUJPO UP HP CFUXFFO & BOE 8 BOE UIFO NFBTVSJOH UIF BTTPDJBUJPO
CFUXFFO & BOE 8 DPVME ZJFME B VTFGVM NFBTVSF PG DBVTBM JOĘVFODF� .BOJQVMBUJPO SFNPWFT
UIF DPOGPVOEJOH CFDBVTF JU CMPDLT UIF PUIFS QBUI CFUXFFO & BOE 8�

/PX DPOTJEFS UIBU UIFSF BSF TUBUJTUJDBM XBZT UP BDIJFWF UIF TBNF SFTVMU XJUIPVU BDUVBMMZ
NBOJQVMBUJOH &� )PX ćF NPTU PCWJPVT JT UP BEE 6 UP UIF NPEFM UP DPOEJUJPO PO 6� 8IZ
EPFT UIJT BMTP SFNPWF UIF DPOGPVOEJOH #FDBVTF JU BMTP CMPDLT UIF ĘPX PG JOGPSNBUJPO CF�
UXFFO & BOE 8 UISPVHI 6� *U CMPDLT UIF TFDPOE QBUI�

5P VOEFSTUBOEXIZ DPOEJUJPOJOH PO6 CMPDLT UIF QBUI&← 6→8 UIJOL PG UIJT QBUI JO
JTPMBUJPO BT B DPNQMFUF NPEFM� 0ODF ZPV MFBSO 6 BMTP MFBSOJOH & XJMM HJWF ZPV OP BEEJUJPOBM
JOGPSNBUJPO BCPVU 8� 4VQQPTF GPS FYBNQMF UIBU 6 JT UIF BWFSBHF XFBMUI JO B SFHJPO� 3FHJPOT
XJUI IJHI XFBMUI IBWF CFUUFS TDIPPMT SFTVMUJOH JO NPSF FEVDBUJPO & BT XFMM BT CFUUFS QBZJOH
KPCT SFTVMUJOH JO IJHIFS XBHFT 8� *G ZPV EPO�U LOPX UIF SFHJPO B QFSTPO MJWFT JO MFBSOJOH
UIF QFSTPO�T FEVDBUJPO & XJMM QSPWJEF JOGPSNBUJPO BCPVU UIFJS XBHFT 8 CFDBVTF & BOE 8 BSF
DPSSFMBUFE BDSPTT SFHJPOT� #VU BęFS ZPV MFBSO XIJDI SFHJPO B QFSTPO MJWFT JO BTTVNJOH UIFSF
JT OP PUIFS QBUI CFUXFFO & BOE 8 UIFO MFBSOJOH & UFMMT ZPV OPUIJOH BCPVU 8� ćJT JT UIF
TFOTF JO XIJDI DPOEJUJPO PO 6 CMPDLT UIF QBUI�JU NBLFT & BOE 8 JOEFQFOEFOU DPOEJUJPOBM
PO 6�

������ 4IVUUJOH UIF CBDLEPPS� #MPDLJOH BMM DPOGPVOEJOH QBUIT CFUXFFO TPNF QSFEJDUPS 9
BOE TPNF PVUDPNF : JT LOPXO BT TIVUUJOH UIF įĮİĸıļļĿ� ćF NFUBQIPS JO QMBZ JT UIBU XF
EPO�U XBOU BOZ TQVSJPVT DPSSFMBUJPO TOFBLJOH JO UISPVHI UIF CBDL� /PX GPS TPNF HPPE OFXT�
(JWFO B DBVTBM %"( JU JT BMXBZT QPTTJCMF UP TBZ XIJDI JG BOZ WBSJBCMFT POF NVTU DPOUSPM GPS
JO PSEFS UP TIVU BMM UIF CBDLEPPS QBUIT� *U BMTP QPTTJCMF UP TBZ XIJDI WBSJBCMFT POF NVTU OPU
DPOUSPM GPS JO PSEFS UP MFBWF UIF QBUI PG JOUFSFTU PQFO�

"OE�TPNF NPSF HPPE OFXT�UIFSF BSF POMZ GPVS UZQFT PG %"( SFMBUJPOT UIBU DPNCJOF
UP GPSN BMM QPTTJCMF QBUIT� 4P ZPV SFBMMZ POMZ OFFE UP VOEFSTUBOE GPVS UIJOHT BOE IPX JOGPS�
NBUJPO ĘPXT JO FBDI PG UIFN� *�MM EFĕOF UIF GPVS UZQFT PG SFMBUJPOT� ćFO XF�MM XPSL UISPVHI
TPNF FYBNQMFT�

Two paths from E to W:
(1) E → W
(2) E ← U → W

Close 2nd path by conditioning 
on U, closing the pipe.



Ulysses’ Compass
• Two major hazards: (1) Too simple (2) Too complex

1

2



Goals

• Understand over!tting and under!tting
• Introduce regularization
• Cross-validation & information criteria:

• estimate predictive accuracy
• estimate over!tting risk
• understand how over!tting relates to 

complexity
• identify in"uential observations

• See that prediction and causal inference 
are di#erent objectives

AIC

LOO

WAIC



!e Problem with Parameters

• What should a model learn from a sample?
• Under!tting: Learning too little from the data. Too 

simple models both !t and predict poorly.
• Over!tting: Learning too much from the data. 

Complex models tend to !t better, predict worse.
• Want to !nd a model that navigates between 

under!tting and over!tting
• Problem: Fit to sample always* improves as we add 

parameters

*Not true of multilevel models & other types



Figure 7.3
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Figure 7.5

Under!tting
Insensitive to 
exact data

Over!tting
Very sensitive to 
exact data
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'ĶĴłĿĲ Ə�ƍ� 6OEFSĕUUJOH BOE PWFSĕUUJOH BT VOEFS�TFOTJUJWJUZ BOE PWFS�
TFOTJUJWJUZ UP TBNQMF� *O CPUI QMPUT B SFHSFTTJPO JT ĕU UP UIF TFWFO TFUT PG
EBUB NBEF CZ ESPQQJOH POF SPX GSPN UIF PSJHJOBM EBUB� -Fę� "O VOEFSĕU
NPEFM JT JOTFOTJUJWF UP UIF TBNQMF DIBOHJOH MJUUMF BT JOEJWJEVBM QPJOUT BSF
ESPQQFE� 3JHIU� "O PWFSĕU NPEFM JT TFOTJUJWF UP UIF TBNQMF DIBOHJOH ESB�
NBUJDBMMZ BT QPJOUT BSF ESPQQFE�

"OPUIFS XBZ UP DPODFQUVBMJ[F BO VOEFSĕU NPEFM JT UP OPUJDF UIBU JU JT JOTFOTJUJWF UP UIF
TBNQMF� 8F DPVME SFNPWF BOZ POF QPJOU GSPN UIF TBNQMF BOE HFU QSFUUZ NVDI UIF TBNF
SFHSFTTJPO MJOF� *O DPOUSBTU UIF NPTU DPNQMFY NPEFM (ͦͥ JT WFSZ TFOTJUJWF UP UIF TBNQMF�
ćF QSFEJDUFENFBOXPVME DIBOHF DPVSTF B MPU JG XF SFNPWFE BOZ POF QPJOU GSPN UIF TBNQMF�
:PV DBO TFF UIF USVUI PG UIJT JO 'ĶĴłĿĲ Ə�ƍ� *O CPUI QMPUT JO UIF ĕHVSF XIBU *�WF EPOF JT
ESPQ FBDI SPX PG UIF EBUB POF BU B UJNF BOE SF�EFSJWF UIF QPTUFSJPS EJTUSJCVUJPO� 0O UIF
MFę FBDI MJOF JT B ĕSTU�EFHSFF QPMZOPNJBM (ͦ͠ ĕU UP POF PG UIF TFWFO QPTTJCMF TFUT PG EBUB
DPOTUSVDUFE GSPN ESPQQJOH POF SPX� ćF DVSWFT PO UIF SJHIU BSF JOTUFBE EJČFSFOU GPVSUI�
PSEFS QPMZOPNJBMT (ͦͣ� /PUJDF UIBU UIF TUSBJHIU MJOFT IBSEMZ WBSZ XIJMF UIF DVSWFT ĘZ BCPVU
XJMEMZ� ćJT JT B HFOFSBM DPOUSBTU CFUXFFO VOEFSĕU BOE PWFSĕU NPEFMT� TFOTJUJWJUZ UP UIF FYBDU
DPNQPTJUJPO PG UIF TBNQMF VTFE UP ĕU UIF NPEFM�

0WFSUIJOLJOH� %SPQQJOH SPXT� ćF DBMDVMBUJPOT OFFEFE UP QSPEVDF 'ĶĴłĿĲ Ə�ƍ BSF NBEF FBTZ CZ B
USJDL PG 3�T JOEFY OPUBUJPO� 5P ESPQ B SPX $ GSPN B EBUB GSBNF � KVTU VTF�

3 DPEF
���� �ά($)0.ά$ ѶΖ �β Ζ$  γ

ćJTNFBOT ESPQ UIF J�UI SPX BOE LFFQ BMM PG UIF DPMVNOT� 3FQFBUJOH UIF SFHSFTTJPO JT UIFO KVTU B NBUUFS
PG MPPQJOH PWFS UIF SPXT� -PPL JOTJEF UIF GVODUJPO �-�$)ά'**ά+'*/ JO UIF - /#$)&$)" QBDLBHF UP
TFF IPX UIF ĕHVSF XBT ESBXO BOE FYQMPSF PUIFS NPEFMT� ćFSF XJMM CF B MPPQ OFBS UIF FOE PG UIF
GVODUJPO UIBU EPFT UIF IBSE XPSL�



Importance of being regular

• Want the regular features of the sample
• Strategies

• Regularizing priors (penalized likelihood)
• Cross-validation
• Information criteria
• Science!

• Proper approach depends upon 
purpose

• Answers are never only in the data, but 
they do usually require data



Information entropy

• 1948, Claude Shannon derived 
information entropy:

Shannon (1916–2001)

Uncertainty in a probability 
distribution is average (minus) 
log-probability of an event.
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	�
 ćF NFBTVSF PG VODFSUBJOUZ TIPVME JODSFBTF BT UIF OVNCFS PG QPTTJCMF
FWFOUT JODSFBTFT� 'PS FYBNQMF TVQQPTF UIFSF BSF UXP DJUJFT UIBU OFFE
XFBUIFS GPSFDBTUT� *O UIF ĕSTU DJUZ JU SBJOT PO IBMG PG UIF EBZT JO UIF ZFBS
BOE JT TVOOZ PO UIF PUIFST� *O UIF TFDPOE JU SBJOT TIJOFT BOE IBJMT FBDI
PO � PVU PG FWFSZ � EBZT JO UIF ZFBS� 8F�E MJLF PVSNFBTVSF PG VODFSUBJOUZ
UP CF MBSHFS JO UIF TFDPOE DJUZ XIFSF UIFSF JT POF NPSF LJOE PG FWFOU UP
QSFEJDU�

	�
 ćF NFBTVSF PG VODFSUBJOUZ TIPVME CF BEEJUJWF� 8IBU UIJT NFBOT JT UIBU
JG XF ĕSTUNFBTVSF UIF VODFSUBJOUZ BCPVU SBJO PS TIJOF 	� QPTTJCMF FWFOUT

BOE UIFO UIF VODFSUBJOUZ BCPVU IPU PS DPME 	� EJČFSFOU QPTTJCMF FWFOUT

UIF VODFSUBJOUZ PWFS UIF GPVS DPNCJOBUJPOT PG UIFTF FWFOUT�SBJO�IPU
SBJO�DPME TIJOF�IPU TIJOF�DPME�TIPVME CF UIF TVN PG UIF TFQBSBUF VO�
DFSUBJOUJFT�

ćFSF JT POMZ POF GVODUJPO UIBU TBUJTĕFT UIFTF EFTJEFSBUB� ćJT GVODUJPO JT VTVBMMZ
LOPXO BT ĶĻĳļĿĺĮŁĶļĻ ĲĻŁĿļĽņ BOE IBT B TVSQSJTJOHMZ TJNQMF EFĕOJUJPO� *G
UIFSF BSF O EJČFSFOU QPTTJCMF FWFOUT BOE FBDI FWFOU J IBT QSPCBCJMJUZ QJ BOE XF
DBMM UIF MJTU PG QSPCBCJMJUJFT Q UIFO UIF VOJRVF NFBTVSF PG VODFSUBJOUZ XF TFFL JT�

)(Q) = −& MPH(QJ) = −
O∑

J=�
QJ MPH(QJ). 	���


*O QMBJOFS XPSET�
ćF VODFSUBJOUZ DPOUBJOFE JO B QSPCBCJMJUZ EJTUSJCVUJPO JT UIF BWFS�
BHF MPH�QSPCBCJMJUZ PG BO FWFOU�

i&WFOUw IFSF NJHIU SFGFS UP B UZQF PG XFBUIFS MJLF SBJO PS TIJOF PS B QBSUJDVMBS
TQFDJFT PG CJSE PS FWFO B QBSUJDVMBS OVDMFPUJEF JO B %/" TFRVFODF� 8IJMF JU�T OPU
XPSUI HPJOH JOUP UIF EFUBJMT PG UIF EFSJWBUJPO PG ) JU JT XPSUI QPJOUJOH PVU UIBU
OPUIJOH BCPVU UIJT GVODUJPO JT BSCJUSBSZ� &WFSZ QBSU PG JU EFSJWFT GSPN UIF UISFF
SFRVJSFNFOUT BCPWF�

"O FYBNQMF XJMM IFMQ� 5P DPNQVUF UIF JOGPSNBUJPO FOUSPQZ GPS UIF XFBUIFS
TVQQPTF UIF USVF QSPCBCJMJUJFT PG SBJO BOE TIJOF BSF Q� = �.� BOE Q� = �.� SF�
TQFDUJWFMZ� ćFO�

)(Q) = −
(
Q� MPH(Q�) + Q� MPH(Q�)

)
≈ �.��

4VQQPTF JOTUFBE XF MJWF JO "CV %IBCJ� ćFO UIF QSPCBCJMJUJFT PG SBJO BOE TIJOF
NJHIU CF NPSF MJLF Q� = �.�� BOE Q� = �.��� /PX UIF FOUSPQZ XPVME CF BQQSPYJ�
NBUFMZ �.��� 8IZ IBT UIF VODFSUBJOUZ EFDSFBTFE #FDBVTF JO "CV %IBCJ JU IBSEMZ
FWFS SBJOT� ćFSFGPSF UIFSF�T NVDI MFTT VODFSUBJOUZ BCPVU BOZ HJWFO EBZ DPNQBSFE
UP B QMBDF JO XIJDI JU SBJOT ��� PG UIF UJNF� *U�T JO UIJT XBZ UIBU JOGPSNBUJPO FO�
USPQZ NFBTVSFT UIF VODFSUBJOUZ JOIFSFOU JO B EJTUSJCVUJPO PG FWFOUT� 4JNJMBSMZ JG
XF BEE BOPUIFS LJOE PG FWFOU UP UIF EJTUSJCVUJPO�GPSFDBTUJOH JOUP XJOUFS TP BMTP
QSFEJDUJOH TOPX�FOUSPQZ UFOET UP JODSFBTF EVF UIF BEEFE EJNFOTJPOBMJUZ PG UIF
QSFEJDUJPO QSPCMFN� 'PS FYBNQMF TVQQPTF QSPCBCJMJUJFT PG TVO SBJO BOE TOPX
BSF Q� = �.� Q� = �.�� BOE Q� = �.�� SFTQFDUJWFMZ� ćFO FOUSPQZ JT BCPVU �����



Entropy to accuracy

• Two probability distributions: p, q
• p is true, q is model
• How accurate is q, for describing p?
• Distance from q to p: Divergence

���� */'03."5*0/ 5)&03: "/% .0%&- 1&3'03."/$& ���

4VQQPTF GPS FYBNQMF UIBU UIF USVF EJTUSJCVUJPO PG FWFOUT JT Q� = �.�, Q� = �.��
*G XF CFMJFWF JOTUFBE UIBU UIFTF FWFOUT IBQQFO XJUI QSPCBCJMJUJFT R� = �.��, R� =
�.�� IPX NVDI BEEJUJPOBM VODFSUBJOUZ IBWF XF JOUSPEVDFE BT B DPOTFRVFODF PG
VTJOH R = {R�, R�} UP BQQSPYJNBUF Q = {Q�, Q�} ćF GPSNBM BOTXFS UP UIJT RVFT�
UJPO JT CBTFE VQPO ) BOE IBT B TJNJMBSMZ TJNQMF GPSNVMB�

%,-(Q, R) =
∑

J
QJ
(
MPH(QJ)− MPH(RJ)

)
.

*O QMBJOFS MBOHVBHF UIF EJWFSHFODF JT UIF BWFSBHF EJČFSFODF JO MPH QSPCBCJMJUZ CF�
UXFFO UIF UBSHFU 	Q
 BOE NPEFM 	R
� ćJT EJWFSHFODF JT KVTU UIF EJČFSFODF CFUXFFO
UXP FOUSPQJFT� ćF FOUSPQZ PG UIF UBSHFU EJTUSJCVUJPO Q BOE UIF FOUSPQZ BSJTJOH
GSPN VTJOH R UP QSFEJDU Q� 8IFO Q = R XF LOPX UIF BDUVBM QSPCBCJMJUJFT PG UIF
FWFOUT� *O UIBU DBTF�

%,-(Q, R) = %,-(Q, Q) =
∑

J
QJ
(
MPH(QJ)− MPH(QJ)

)
= �.

ćFSF JT OP BEEJUJPOBM VODFSUBJOUZ JOEVDFE XIFOXF VTF B QSPCBCJMJUZ EJTUSJCVUJPO
UP SFQSFTFOU JUTFMG� ćBU�T TPNFIPX B DPNGPSUJOH UIPVHIU� #VU NPSF JNQPSUBOUMZ
BT R HSPXT NPSF EJČFSFOU GSPN Q UIF EJWFSHFODF %,- BMTP HSPXT�

8IBU EJWFSHFODF DBO EP GPS VT OPX JT IFMQ VT DPOUSBTU EJČFSFOU BQQSPYJNB�
UJPOT UP Q� "T BO BQQSPYJNBUJOH GVODUJPO R CFDPNFTNPSF BDDVSBUF %,-(Q, R)XJMM
TISJOL� 4P JG XF IBWF B QBJS PG DBOEJEBUF EJTUSJCVUJPOT TBZ R� BOE R� UIFO UIF DBO�
EJEBUF UIBU NJOJNJ[FT UIF EJWFSHFODF XJMM CF DMPTFTU UP UIF UBSHFU� 4JODF QSFEJDUJWF
NPEFMT TQFDJGZ QSPCBCJMJUJFT PG FWFOUT 	PCTFSWBUJPOT
 XF DBO VTF EJWFSHFODF UP
DPNQBSF UIF BDDVSBDZ PG NPEFMT�

0WFSUIJOLJOH� $SPTT FOUSPQZ BOE EJWFSHFODF� %FSJWJOH EJWFSHFODF JT FBTJFS UIBO ZPV
NJHIU UIJOL� ćF JOTJHIU JT JO SFBMJ[JOH UIBU XIFO XF VTF B QSPCBCJMJUZ EJTUSJCVUJPO R UP
QSFEJDU FWFOUT GSPN BOPUIFS EJTUSJCVUJPO Q UIJT EFĕOFT TPNFUIJOH LOPXO BT DSPTT FOUSPQZ�
)(Q, R) = −

∑
J QJ MPH(RJ)� ćF OPUJPO JT UIBU FWFOUT BSJTF BDDPSEJOH UIF UIF Q�T CVU UIFZ

BSF FYQFDUFE BDDPSEJOH UP UIF R�T TP UIF FOUSPQZ JT JOĘBUFE EFQFOEJOH VQPO IPX EJČFSFOU
Q BOE R BSF�

%JWFSHFODF JT EFĕOFE BT UIF BEEJUJPOBM FOUSPQZ JOEVDFE CZ VTJOH R� 4P JU�T KVTU UIF
EJČFSFODF CFUXFFO )(Q) UIF BDUVBM FOUSPQZ PG FWFOUT BOE )(Q, R)�

%,-(Q, R) = )(Q, R)− )(Q)
= −

∑

J
QJ MPH(RJ)−

(
−
∑

J
QJ MPH(QJ)

)
= −

∑

J
QJ
(
MPH(RJ)− MPH(QJ)

)

4P EJWFSHFODF SFBMMZ JTNFBTVSJOH IPX GBS R JT GSPN UIF UBSHFU Q JO VOJUT PG FOUSPQZ� /PUJDF
UIBU XIJDI JT UIF UBSHFU NBUUFST� )(Q, R) EPFT OPU JO HFOFSBM FRVBM )(R, Q)� 'PS NPSF PO
UIBU GBDU TFF UIF SFUIJOLJOH CPY UIBU GPMMPXT�

3FUIJOLJOH� %JWFSHFODF EFQFOET VQPO EJSFDUJPO� *O HFOFSBM )(Q, R) JT OPU FRVBM UP
)(R, Q)� ćF EJSFDUJPO NBUUFST XIFO DPNQVUJOH EJWFSHFODF� 6OEFSTUBOEJOH XIZ UIJT JT
USVF JT PG TPNF WBMVF TP IFSF�T B DPOUSJWFE UFBDIJOH FYBNQMF�

Distance from q to p is the average 
di"erence in log-probability.



Divergence is not symmetric!
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'ĶĴłĿĲ Ǝ�Ə� %FWJBODF JO BOE PVU PG TBNQMF� *O FBDI QMPU NPEFMT XJUI EJG�
GFSFOU OVNCFST PG QSFEJDUPS WBSJBCMFT BSF TIPXO PO UIF IPSJ[POUBM BYJT� %F�
WJBODF BDSPTT ���UIPVTBOE TJNVMBUJPOT JT TIPXO PO UIF WFSUJDBM� #MVF TIPXT
EFWJBODF JO�TBNQMF UIF USBJOJOH EBUB� #MBDL TIPXT EFWJBODF PVU�PG�TBNQMF
UIF UFTU EBUB� 1PJOUT TIPX NFBOT BOE UIF MJOF TFHNFOUT TIPX ±� TUBOEBSE
EFWJBUJPO�

QBSBNFUFST ĕU UIF OPJTF JO UIF BEEJUJPOBM QSFEJDUPST� 4P XIJMF EFWJBODF LFFQT JNQSPWJOH 	EF�
DMJOJOH
 JO UIF USBJOJOH TBNQMF JU HFUT XPSTF PO BWFSBHF JO UIF UFTU TBNQMF� ćF SJHIUIBOE
QMPU TIPXT UIF TBNF SFMBUJPOTIJQT GPS MBSHFS TBNQMFT PG / = ��� DBTFT�

ćF TJ[F PG UIF TUBOEBSE EFWJBUJPO CBST NBZ TVSQSJTF ZPV� 8IJMF JU JT BMXBZT USVF PO
BWFSBHF UIBU EFWJBODF PVU�PG�TBNQMF JT XPSTF UIBO EFWJBODF JO�TBNQMF BOZ JOEJWJEVBM QBJS
PG USBJO BOE UFTU TBNQMFT NBZ SFWFSTF UIF FYQFDUBUJPO� ćF SFBTPO JT UIBU BOZ HJWFO USBJOJOH
TBNQMF NBZ CF IJHIMZ NJTMFBEJOH� "OE BOZ HJWFO UFTUJOH TBNQMF NBZ CF VOSFQSFTFOUBUJWF�
,FFQ UIJT GBDU JO NJOE BT XF EFWFMPQ EFWJDFT GPS DPNQBSJOH NPEFMT CFDBVTF UIJT GBDU TIPVME
QSFWFOU ZPV GSPN QMBDJOH UPP NVDI DPOĕEFODF JO BOBMZTJT PG BOZ QBSUJDVMBS TBNQMF� -JLF BMM
PG TUBUJTUJDBM JOGFSFODF UIFSF BSF OP HVBSBOUFFT IFSF�

0O UIBU OPUF UIFSF JT BMTP OP HVBSBOUFF UIBU UIF iUSVFw EBUB HFOFSBUJOH NPEFM XJMM IBWF
UIF TNBMMFTU BWFSBHF PVU�PG�TBNQMF EFWJBODF� :PV DBO TFF B TZNQUPN PG UIJT GBDU JO UIF EF�
WJBODF GPS UIF � QBSBNFUFS NPEFM� ćBU NPEFM EPFT XPSTF JO QSFEJDUJPO UIBO UIF NPEFM XJUI
POMZ � QBSBNFUFS FWFO UIPVHI UIF USVF NPEFM EPFT JODMVEF UIF BEEJUJPOBM QSFEJDUPS� ćJT
JT CFDBVTF XJUI POMZ / = �� DBTFT UIF JNQSFDJTJPO PG UIF FTUJNBUF GPS UIF ĕSTU QSFEJDUPS
QSPEVDFT NPSF FSSPS UIBO KVTU JHOPSJOH JU� *O UIF SJHIUIBOE QMPU JO DPOUSBTU UIFSF JT FOPVHI
EBUB UP QSFDJTFMZ FTUJNBUF UIF BTTPDJBUJPO CFUXFFO UIF ĕSTU QSFEJDUPS BOE UIF PVUDPNF� /PX
UIF EFWJBODF GPS UIF � QBSBNFUFS NPEFM JT CFUUFS UIBO UIBU PG UIF � QBSBNFUFS NPEFM�

%FWJBODF JT BO BTTFTTNFOU PG QSFEJDUJWF BDDVSBDZ OPU PG USVUI� ćF USVF NPEFM JO UFSNT
PG XIJDI QSFEJDUPST BSF JODMVEFE JT OPU HVBSBOUFFE UP QSPEVDF UIF CFTU QSFEJDUJPOT� -JLFXJTF
B GBMTF NPEFM JO UFSNT PG XIJDI QSFEJDUPST BSF JODMVEFE JT OPU HVBSBOUFFE UP QSPEVDF QPPS
QSFEJDUJPOT�

ćF QPJOU PG UIJT UIPVHIU FYQFSJNFOU JT UP EFNPOTUSBUF IPX EFWJBODF CFIBWFT JO UIF�
PSZ� 8IJMF EFWJBODF PO USBJOJOH EBUB BMXBZT JNQSPWFT XJUI BEEJUJPOBM QSFEJDUPS WBSJBCMFT

Everybody over!ts

Figure 7.7



Regularization
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'ĶĴłĿĲ Ǝ�Ƒ� 3FHVMBSJ[JOH QSJPST BOE PVU�PG�TBNQMF EFWJBODF� ćF QPJOUT JO
CPUI QMPUT BSF UIF TBNF BT JO 'ĶĴłĿĲ Ǝ�Ə� ćF MJOFT TIPX USBJOJOH 	CMVF

BOE UFTUJOH 	CMBDL
 EFWJBODF GPS UIF UISFF SFHVMBSJ[JOH QSJPST JO 'ĶĴłĿĲ Ǝ�Ɛ�
%BTIFE� &BDI CFUB�DPFďDJFOU JT HJWFO B /PSNBM(�, �) QSJPS� ćJO TPMJE�
/PSNBM(�, �.�)� ćJDL TPMJE� /PSNBM(�, �.�)�

GPS UIF EJČFSFOU QSJPST� ćF CMVF MJOFT BSF USBJOJOH EFWJBODF BOE UIF CMBDL MJOFT UFTU EFWJBODF�
ćF TUZMF PG UIF MJOFT DPSSFTQPOE UP UIPTF JO 'ĶĴłĿĲ Ǝ�Ɛ�

'PDVT PO UIF MFęIBOE QMPU XIFSF UIF TBNQMF TJ[F JT / = �� GPS UIF NPNFOU� ćF
USBJOJOH EFWJBODF BMXBZT JODSFBTFT�HFUT XPSTF�XJUI UJHIUFS QSJPST� ćF UIJDL CMVF USFOE JT
TVCTUBOUJBMMZ MBSHFS UIBO UIF PUIFST BOE UIJT JT CFDBVTF UIF TLFQUJDBM QSJPS QSFWFOUT UIFNPEFM
GSPN BEBQUJOH DPNQMFUFMZ UP UIF TBNQMF� #VU UIF UFTU EFWJBODFT PVU�PG�TBNQMF JNQSPWF 	HFU
TNBMMFS
 XJUI UIF UJHIUFS QSJPST� ćF NPEFM XJUI UISFF QBSBNFUFST JT TUJMM UIF CFTU NPEFM
PVU�PG�TBNQMF BOE UIF SFHVMBSJ[JOH QSJPST IBWF MJUUMF JNQBDU PO JUT EFWJBODF�

#VU BMTP OPUJDF UIBU BT UIF QSJPS HFUTNPSF TLFQUJDBM UIF IBSN EPOF CZ BO PWFSMZ�DPNQMFY
NPEFM JT HSFBUMZ SFEVDFE� 'PS UIF /PSNBM(�, �.�) QSJPS 	UIJDL MJOF
 UIF NPEFMT XJUI � BOE �
QBSBNFUFST BSF CBSFMZ XPSTF UIBO UIF DPSSFDU NPEFM XJUI � QBSBNFUFST� *G ZPV DBO UVOF UIF
SFHVMBSJ[JOH QSJPS SJHIU UIFO PWFSĕUUJOH DBO CF HSFBUMZ SFEVDFE�

/PX GPDVT PO UIF SJHIUIBOE QMPU XIFSF TBNQMF TJ[F JT / = ���� ćF QSJPST IBWF NVDI
MFTT PG BO FČFDU IFSF CFDBVTF UIFSF JT TP NVDI NPSF FWJEFODF� ćF QSJPST EP IFMQ� #VU
PWFSĕUUJOH XBT MFTT PG B DPODFSO UP CFHJO XJUI BOE UIFSF JT FOPVHI JOGPSNBUJPO JO UIF EBUB
UP PWFSXIFMN FWFO UIF /PSNBM(�, �.�) QSJPS 	UIJDL MJOF
�

3FHVMBSJ[JOH QSJPST BSF HSFBU CFDBVTF UIFZ SFEVDF PWFSĕUUJOH� #VU JG UIFZ BSF UPP TLFQUJ�
DBM UIFZ QSFWFOU UIFNPEFM GSPN MFBSOJOH GSPN UIF EBUB� 4P UP VTF UIFNNPTU FČFDUJWFMZ ZPV
OFFE TPNF XBZ UP UVOF UIFN� 5VOJOH UIFN JTO�U BMXBZT FBTZ� *G ZPV IBWF FOPVHI EBUB ZPV
DBO TQMJU JOUP iUSBJOw BOE iUFTUw TBNQMFT BOE UIFO USZ EJČFSFOU QSJPST BOE TFMFDU UIF POF UIBU
QSPWJEFT UIF TNBMMFTU EFWJBODF PO UIF UFTU TBNQMF� ćBU JT UIF FTTFODF PG İĿļŀŀ�ŃĮĹĶıĮŁĶļĻ
B DPNNPO UFDIOJRVF GPS SFEVDJOH PWFSĕUUJOH�

#VU JG ZPV OFFE UP VTF BMM PG UIF EBUB UP USBJO UIF NPEFM UVOJOH UIF QSJPS NBZ OPU CF TP
FBTZ� *U XPVME CF OJDF UP IBWF B XBZ UP QSFEJDU B NPEFM�T PVU�PG�TBNQMF EFWJBODF UP GPSFDBTU
JUT QSFEJDUJWF BDDVSBDZ VTJOH POMZ UIF TBNQMF BU IBOE� ćBU�T GPS UIF OFYU TFDUJPO�

in sample

out of sample

in sample

out of sample

Figure 7.9



Regularization

• Must be skeptical of the sample!
• Use informative, conservative 

priors to reduce over!tting => 
model learns less from sample

• But if too skeptical, model learns 
too little

• Such priors are regularizing



Smooth Cross-validation

• Most common: Leave-one-out
• Very expensive!
• Useful approximation: Importance 

sampling (IS)
• More useful: Pareto-smoothed 

importance sampling (PSIS)
• PSIS-LOO accurate, lots of useful 

diagnostics
• LOO function in rethinking
• See also loo package

Prof Aki Vehtari (Helsinki),
smooth estimator



Akaike information criterion

• Estimate K-L Distance in theory

• Most famous is the !rst, AIC

• Under some strict conditions:

Hirotugu Akaike
 

(1927–2009)

���� ","*,& */'03."5*0/ $3*5&3*0/ ���

ćJT JT UIF TUSBUFHZ CFIJOE UIF WBSJPVT ĶĻĳļĿĺĮŁĶļĻ İĿĶŁĲĿĶĮ TVDI BT UIF
SFOPXO "ĸĮĶĸĲ ĶĻĳļĿĺĮŁĶļĻ İĿĶŁĲĿĶļĻ BCCSFWJBUFE "*$��� "*$ BUUFNQUT UP
FTUJNBUF UIF UFTU�TBNQMF EFWJBODF PG B NPEFM� )FSF�T UIF "*$ HBNCJU�

	�
 4VQQPTF UIFSF�T B USBJOJOH TBNQMF PG TJ[F /�
	�
 'JU B NPEFM 	OPU OFDFTTBSJMZ UIF EBUB HFOFSBUJOH NPEFM
 UP UIF USBJOJOH

TBNQMF BOE DPNQVUF UIF EFWJBODF PO UIF USBJOJOH TBNQMF� $BMM UIJT EF�
WJBODF %USBJO�

	�
 4VQQPTF BOPUIFS TBNQMF PG TJ[F / GSPN UIF TBNF QSPDFTT� ćJT JT UIF UFTU
TBNQMF�

	�
 $PNQVUF UIF EFWJBODF PO UIF UFTU TBNQMF� ćJT NFBOT VTJOH UIF ."1
FTUJNBUFT GSPN TUFQ 	�
 UP DPNQVUF UIF EFWJBODF GPS UIF EBUB JO UIF UFTU
TBNQMF� $BMM UIJT EFWJBODF %UFTU�

	�
 $PNQVUF UIF EJČFSFODF %UFTU − %USBJO� ćJT EJČFSFODF XJMM VTVBMMZ CF
QPTJUJWF CFDBVTF UIF NPEFM XJMM UFOE UP QFSGPSN XPSTF 	IBWF B IJHIFS
EFWJBODF
 JO UFTUJOH UIBO JO USBJOJOH�

	�
 'JOBMMZ JNBHJOF SFQFBUJOH UIJT QSPDFEVSF NBOZ UJNFT� ćF BWFSBHF EJG�
GFSFODF UIFO UFMMT VT UIF FYQFDUFE PWFSĕUUJOH IPX NVDI UIF USBJOJOH EF�
WJBODF VOEFSFTUJNBUFT UIF EJWFSHFODF PG UIF NPEFM�

* DBMM UIF BCPWF MPHJD B HBNCJU CFDBVTF JU DBOOPU QSPWJEF HVBSBOUFFT� #VU JU DBO
QSPWJEF WBMVBCMF BEWJDF� *U UVSOT PVU UIBU UIJT HBNCJU MFBET UP BO BTUPOJTIJOHMZ
TJNQMF GPSNVMB GPS UIF FYQFDUFE UFTU�TBNQMF EFWJBODF�

"*$ = %USBJO + �L ≈ &%UFTU

XIFSF L JT UIF OVNCFS PG QBSBNFUFST JO UIF NPEFM� ćF UFSN �L JT PęFO DBMMFE UIF
QFOBMUZ UFSN� *U JT B NFBTVSF PG FYQFDUFE PWFSĕUUJOH�

ćJT SFTVMU EFQFOET VQPO XFBL QSJPST B (BVTTJBO QPTUFSJPS EJTUSJCVUJPO BOE
OVNCFS PG QBSBNFUFST L NVDI MFTT UIBO UIF OVNCFS PG DBTFT /� 4P JU�T BQQSP�
QSJBUF GPS PSEJOBSZ MJOFBS SFHSFTTJPO BOE JU FWFO XPSLT RVJUF XFMM GPS NBOZ OPO�
(BVTTJBO SFHSFTTJPOT 	HFOFSBMJ[FE MJOFBS NPEFMT (-.T
 UIBU XF�MM FYBNJOF MBUFS
JO UIJT CPPL�

3FUIJOLJOH� "*$ BOE iUSVFw NPEFMT� *U JT QPTTJCMF UP SFBE CPUI UIBU 	�
 "*$ BTTVNFT
UIF EBUB HFOFSBUJOH NPEFM JT POF PG UIF DBOEJEBUF NPEFMT BOE 	�
 "*$ EPFT OPU BTTVNF
UIF EBUB HFOFSBUJOHNPEFM JT B DBOEJEBUF� ćJT DPOGVTJPO BSJTFT CFDBVTF UIFSF BSF NVMUJQMF
XBZT UP EFSJWF"*$�ćF HBNCJU EFTDSJCFE BCPWF EPFT OPU FNQMPZ B iUSVFwNPEFM FYDFQU UP
HFOFSBUF USBJOJOH BOE UFTUJOH EBUB� #VU PUIFS EFSJWBUJPOT EP GPDVT PO iUSVUI�w ćF HFOFSBM
MFTTPO IFSF JT UIBU KVTU CFDBVTF POF EFSJWBUJPO PS KVTUJĕDBUJPO PG B QSPDFEVSF NBLFT VTF
PG BO BTTVNQUJPO JU EPFTO�U NFBO UIBU UIFSF JTO�U BOPUIFS QPTTJCMF KVTUJĕDBUJPO UIBU VTFT
EJČFSFOU BTTVNQUJPOT�

&WFO NPSF HFOFSBMMZ UIF DPOTFRVFODFT PG WJPMBUJOH BO BTTVNQUJPO BSF TPNFUJNFT
CFOJHO BOE PUIFS UJNFT DBUBTUSPQIJD� 1SPDFEVSFT EP OPU TJNQMZ TUPQ CFJOH VTFGVM XIFO
BO BTTVNQUJPO JT WJPMBUFE� *G UIBU XFSF USVF UIFO OP TUBUJTUJDBM QSPDFEVSFXPVME FWFSXPSL

k is parameter count

[ah–ka–ee–kay]



Widely Applicable IC

• AIC of historical interest now
• Widely Applicable Information 

Criterion (WAIC)
• Sumio Watanabe 2010

• Does not assume Gaussian posterior
• WAIC function in rethinking

���� 13&%*$5*/( 13&%*$5*7& "$$63"$: ���

JOJUJBM JOTQJSBUJPO� 4FF UIF CPY GVSUIFS EPXO GPS NPSF EFUBJMT� "*$ JT BO BQQSPYJNBUJPO UIBU
JT SFMJBCMF POMZ XIFO�

	�
 ćF QSJPST BSF ĘBU PS PWFSXIFMNFE CZ UIF MJLFMJIPPE�
	�
 ćF QPTUFSJPS EJTUSJCVUJPO JT BQQSPYJNBUFMZ NVMUJWBSJBUF (BVTTJBO�
	�
 ćF TBNQMF TJ[F / JT NVDI HSFBUFS��� UIBO UIF OVNCFS PG QBSBNFUFST L�

4JODF ĘBU QSJPST BSF IBSEMZ FWFS UIF CFTU QSJPST XF�MM XBOU TPNFUIJOH NPSF HFOFSBM� "OE
XIFO ZPV HFU UP NVMUJMFWFM NPEFMT UIF QSJPST BSF OFWFS ĘBU CZ EFĕOJUJPO� ćFSF JT B TMJHIUMZ
NPSF HFOFSBM DSJUFSJPO DBMMFE UIF %ĲŃĶĮĻİĲ *ĻĳļĿĺĮŁĶļĻ $ĿĶŁĲĿĶļĻ 	%*$
� %*$ BDDPN�
NPEBUFT JOGPSNBUJWF QSJPST CVU TUJMM BTTVNFT UIBU UIF QPTUFSJPS JT NVMUJWBSJBUF (BVTTJBO BOE
UIBU /! L����

8F�MM GPDVT PO B DSJUFSJPO UIBU JT NPSF HFOFSBM UIBO CPUI "*$ BOE %*$ 8"*$� ćF
8ĶıĲĹņ "ĽĽĹĶİĮįĹĲ *ĻĳļĿĺĮŁĶļĻ $ĿĶŁĲĿĶļĻ 	8"*$
 NBLFT OP BTTVNQUJPO BCPVU UIF
TIBQF PG UIF QPTUFSJPS���� *U QSPWJEFT BO BQQSPYJNBUJPO PG UIF PVU�PG�TBNQMF EFWJBODF UIBU
DPOWFSHFT UP UIF MFBWF�POF�PVU DSPTT�WBMJEBUJPO BQQSPYJNBUJPO JO B MBSHF TBNQMF� #VU JO B
ĕOJUF TBNQMF JU DBO EJTBHSFF� *U DBO EJTBHSFF CFDBVTF JU IBT B EJČFSFOU UBSHFU�JU JTO�U USZJOH
UP BQQSPYJNBUF UIF DSPTT�WBMJEBUJPO TDPSF CVU SBUIFS HVFTT UIF PVU�PG�TBNQMF ,�- %JWFS�
HFODF����

0WFSUIJOLJOH� ćF "LBJLF JOTQJSBUJPO� ćF "LBJLF *OGPSNBUJPO $SJUFSJPO JT B USVMZ FMFHBOU SFTVMU�
)JSPUVHV "LBJLF 	⾚池弘次 ����o����
 FYQMBJOFE IPX UIF JOTJHIU DBNF UP IJN� i0O UIF NPSOJOH
PG .BSDI �� ���� XIJMF UBLJOH B TFBU JO B DPNNVUFS USBJO * TVEEFOMZ SFBMJ[FE UIBU UIF QBSBNFUFST
PG UIF GBDUPS BOBMZTJT NPEFM XFSF FTUJNBUFE CZ NBYJNJ[JOH UIF MJLFMJIPPE BOE UIBU UIF NFBO WBMVF PG
UIF MPHBSJUINVT PG UIF MJLFMJIPPE XBT DPOOFDUFE XJUI UIF ,VMMCBDL�-FJCMFS JOGPSNBUJPO OVNCFS�w���
8IBU XBT BU UIF IFBSU PG IJT SFBMJ[BUJPO .FDIBOJDBMMZ EFSJWJOH "*$ SFRVJSFT EPJOH B 5BZMPS FY�
QBOTJPO PG UIF ,�- %JWFSHFODF CPUI JO BOE PVU PG TBNQMF� ćF FYQFDUFE EJČFSFODF UVSOT PVU UP CF
QSPQPSUJPOBM UP UIF OVNCFS PG QBSBNFUFST QSPWJEFE UIBU UIF NPEFM VOEFS DPOTJEFSBUJPO JTO�U UPP
EJČFSFOU GSPN UIF EBUB HFOFSBUJOH NPEFM� .PSF JOUVJUJWFMZ UIF "LBJLF SFTVMU USBEFT PO B TZNNFUSZ
CFUXFFO JO�TBNQMF BOE PVU�PG�TBNQMF� ćF UXP TBNQMFT BSF FYDIBOHFBCMF� ćFZ DPNF GSPN UIF TBNF
QSPDFTT CZ BTTVNQUJPO� <OPU ĕOJTIFE � OFFE UP SFMBUF %JO BOE%PVU UP %CBS UP EFMJWFS TPNF JOUVJUJPO
CVU NBZCF UIJT KVTU JTO�U JOUVJUJWF>

)PX EPXF DPNQVUF8"*$ 6OGPSUVOBUFMZ JU�T HFOFSBMJUZ DPNFT BU UIF FYQFOTF PG BNPSF
DPNQMJDBUFE GPSNVMB� #VU SFBMMZ JU KVTU IBT UXP QJFDFT BOE ZPV DBO DPNQVUF CPUI EJSFDUMZ
GSPN TBNQMFT GSPN UIF QPTUFSJPS EJTUSJCVUJPO� 8"*$ JT KVTU UIF MPH�QPTUFSJPS�QSFEJDUJWF�
EFOTJUZ 	MQQE QBHF ���
 UIBU XF DBMDVMBUFE FBSMJFS QMVT B QFOBMUZ QSPQPSUJPOBM UP UIF WBSJBODF
JO UIF QPTUFSJPS QSFEJDUJPOT�

8"*$(Z,Θ) = −�
(
MQQE−

∑

J
WBSΘ MPH Q(ZJ|Θ)

︸ ︷︷ ︸
QFOBMUZ UFSN

)

XIFSF Z JT UIF PCTFSWBUJPOT BOE Θ JT UIF QPTUFSJPS EJTUSJCVUJPO� ćF QFOBMUZ UFSN NFBOT
iDPNQVUF UIF WBSJBODF JO MPH�QSPCBCJMJUJFT GPS FBDI PCTFSWBUJPO J BOE UIFO TVN VQ UIFTF
WBSJBODFT UP HFU UIF UPUBM QFOBMUZ�w 4P ZPV DBO UIJOL PG FBDI PCTFSWBUJPO BT IBWJOH JUT PXO
QFSTPOBM QFOBMUZ TDPSF� "OE TJODF UIFTF TDPSFT NFBTVSF PWFSĕUUJOH SJTL ZPV DBO BMTP BTTFTT
PWFSĕUUJOH SJTL BU UIF MFWFM PG FBDI PCTFSWBUJPO�



Using CV & WAIC

• Avoid model selection
• Practice model comparison

• Multiple models for causal 
inference

• Multiple models competing 
to explain
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ćF TFDPOE FNQIBTJ[FT UIF QPJOUXJTF OBUVSF PG -00$7�-00*4�8"*$ BOE XIBU JOTQFDUJOH
JOEJWJEVBM QPJOUT DBO SFWFBM BCPVU NPEFM QFSGPSNBODF BOE NJT�TQFDJĕDBUJPO�

������ .PEFM NJT�TFMFDUJPO� 8F NVTU LFFQ JO NJOE UIF MFTTPOT PG UIF QSFWJPVT DIBQUFST� *O�
GFSSJOH DBVTF BOE NBLJOH QSFEJDUJPOT BSF EJČFSFOU UBTLT� -00$7 -00*4 BOE 8"*$ BJN
UP ĕOE NPEFMT UIBU NBLF HPPE QSFEJDUJPOT� ćFZ EPO�U TPMWF BOZ DBVTBM JOGFSFODF QSPCMFN�
*G ZPV TFMFDU B NPEFM CBTFE POMZ PO FYQFDUFE QSFEJDUJWF BDDVSBDZ ZPV DPVME FBTJMZ CF DPO�
GPVOEFE� #BDLEPPS QBUIT DBO JNQSPWF QSFEJDUJPO JO B OBSSPX TFOTF CVU UIFZ XPO�U IFMQ ZPV
VOEFSTUBOE XIBU JT HPJOH PO� *O UIF MPOH SVO UIBU XJMM IVSU QSFEJDUJPO CFDBVTF JU NFBOT ZPV
XPO�U VOEFSTUBOE UIF DPOTFRVFODFT PG JOUFSWFOJOH UP DIBOHF B WBSJBCMF�

'PS FYBNQMF SFDBMM UIF QMBOU HSPXUI FYBNQMF GSPN UIF QSFWJPVT DIBQUFS� ćF NPEFM UIBU
DPOEJUJPOT PO GVOHVT XJMM NBLF CFUUFS QSFEJDUJPOT UIBO UIFNPEFM UIBU PNJUT JU� *G ZPV SFUVSO
UP UIBU TFDUJPO 	QBHF ���
 BOE SVONPEFMT (ǓǡǓ (Ǔǡǔ BOE (ǓǡǕ BHBJO XF DBO DPNQBSF UIFJS
8"*$ WBMVFT� 5P SFNJOE ZPV (ǓǡǓ JT UIF NPEFM XJUI KVTU BO JOUFSDFQU (Ǔǡǔ JT UIF NPEFM
UIBU JODMVEF CPUI USFBUNFOU BOE GVOHVT 	UIF QPTU�USFBUNFOU WBSJBCMF
 BOE (ǓǡǕ JT UIF NPEFM
UIBU JODMVEFT USFBUNFOU CVU PNJUT GVOHVT� *U�T (ǓǡǕ UIBU BMMPXT VT UP DPSSFDUMZ JOGFS UIF DBVTBM
JOĘVFODF PG USFBUNFOU�

5P CFHJO MFU�T VTF UIF ��
� DPOWFOJFODF GVODUJPO UP DBMDVMBUF 8"*$ GPS (Ǔǡǔ�
3 DPEF
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ćF ĕSTU WBMVF JT UIF HVFTT GPS UIF PVU�PG�TBNQMF EFWJBODF� ćF PUIFS WBMVFT BSF UIF DPNQP�
OFOUT BOE UIF TUBOEBSE FSSPS� ćF 0WFSUIJOLJOH CPY JO UIF QSFWJPVT TFDUJPO TIPXT IPX UP
DBMDVMBUF UIFTF OVNCFST GSPN TDSBUDI� 5P NBLF JU FBTJFS UP DPNQBSF NVMUJQMF NPEFMT UIF
- /#$)&$)" QBDLBHF QSPWJEFT B DPOWFOJFODF GVODUJPO �*(+�- �

3 DPEF
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(Ǔǡǔ ǐǓǎǡǖ ǐǡǕ ǍǡǍ ǎ ǎǑǡǏǓ ��
(ǓǡǕ ǑǍǏǡǕ ǏǡǓ ǑǍǡǖ Ǎ ǎǎǡǏǕ ǎǍǡǑǕ
(ǓǡǓ ǑǍǒǡǖ ǎǡǓ ǑǑǡǍ Ǎ ǎǎǡǓǓ ǎǏǡǏǐ

	-00*4 XJMM HJWF ZPV UIF TBNF WBMVFT� :PV DBO BEE !0)�ʙ�� UP UIF �*(+�- DBMM UP DIFDL�

8IBU EP BMM PG UIFTF OVNCFST NFBO ćF ĕSTU DPMVNO DPOUBJOT UIF 8"*$ WBMVFT� 4NBMMFS
WBMVFT BSF CFUUFS BOE UIFNPEFMT BSF PSEFSFE CZ8"*$ GSPNCFTU UP XPSTU� ćFNPEFM UIBU JO�
DMVEFT UIF GVOHVT WBSJBCMF IBT UIF TNBMMFTU 8"*$ BT QSPNJTFE� ćF TFDPOE DPMVNO +��
�
JT UIF QFOBMUZ UFSN PG 8"*$� ćFTF WBMVFT BSF DMPTF UP CVU TMJHIUMZ CFMPX UIF OVNCFS PG
EJNFOTJPOT JO UIF QPTUFSJPS PG FBDI NPEFM XIJDI JT UP CF FYQFDUFE JO MJOFBS SFHSFTTJPOT XJUI
SFHVMBSJ[JOH QSJPST�

treat + fungus
fungus

intercept��� �� 6-:44&4� $0.1"44

m6.6
m6.8
m6.7

360 370 380 390 400 410 420
deviance

WAIC

ćF ĕMMFE QPJOUT BSF UIF JO�TBNQMF EFWJBODF WBMVFT� ćF PQFO QPJOUT BSF UIF 8"*$ WBMVFT�
/PUJDF UIBU OBUVSBMMZ FBDI NPEFM EPFT CFUUFS JO�TBNQMF UIBO JU JT FYQFDUFE UP EP PVU�PG�
TBNQMF� ćF MJOF TFHNFOUT TIPX UIF TUBOEBSE FSSPS PG FBDI 8"*$� ćFTF BSF UIF WBMVFT JO
UIF DPMVNO MBCFMFE �� JO UIF UBCMF BCPWF� 4P ZPV DBO QSPCBCMZ TFF IPX NVDI CFUUFS (Ǔǡǔ
JT UIBO (ǓǡǕ� 8IBU XF SFBMMZ XBOU IPXFWFS JT UIF TUBOEBSE FSSPS PG UIF EJČFSFODF JO 8"*$
CFUXFFO UIF UXP NPEFMT� ćBU JT TIPXO CZ UIF MJHIUFS MJOF TFHNFOU XJUI UIF USJBOHMF PO JU
CFUXFFO (Ǔǡǔ BOE (ǓǡǕ�

8IBU EPFT UIJT BMM PG UIJT NFBO *U NFBOT UIBU 8"*$ DBOOPU CF VTFE UP JOGFS DBVTBUJPO�
8F LOPX CFDBVTF XF TJNVMBUFE UIFTF EBUB UIBU UIF USFBUNFOU NBUUFST� #VU CFDBVTF GVOHVT
NFEJBUFT USFBUNFOU�JU JT PO B QJQF CFUXFFO USFBUNFOU BOE UIF PVUDPNF�PODF XF DPOEJUJPO
PO GVOHVT USFBUNFOU QSPWJEFT OP BEEJUJPOBM JOGPSNBUJPO� "OE TJODF GVOHVT JT NPSF IJHIMZ
DPSSFMBUFE XJUI UIF PVUDPNF B NPEFM VTJOH JU JT MJLFMZ UP QSFEJDU CFUUFS� 8"*$ EJE JUT KPC� *U�T
KPC JT OPU UP JOGFS DBVTBUJPO� *U�T KPC JT UP HVFTT QSFEJDUJWF BDDVSBDZ�

ćBU EPFTO�U NFBO UIBU 8"*$ 	PS -00$7 PS -00*4
 JT VTFMFTT IFSF� *U EPFT QSPWJEF
B VTFGVM NFBTVSF PG UIF FYQFDUFE JNQSPWFNFOU JO QSFEJDUJPO UIBU DPNFT GSPN DPOEJUJPOJOH
PO UIF GVOHVT� "MUIPVHI UIF USFBUNFOU XPSLT JU JTO�U ���� FČFDUJWF BOE TP LOPXJOH UIF
USFBUNFOU JT OP TVCTUJUVUF GPS LOPXJOH XIFUIFS GVOHVT JT QSFTFOU�

4JNJMBSMZ XF DBO BTL BCPVU UIF EJČFSFODF CFUXFFO NPEFMT (ǓǡǕ UIF NPEFM XJUI USFBU�
NFOU POMZ BOENPEFM (ǓǡǓ UIF JOUFSDFQU NPEFM� .PEFM (ǓǡǕ QSPWJEFT QSFUUZ HPPE FWJEFODF
UIBU UIF USFBUNFOU XPSLT� :PV DBO JOTQFDU UIF QPTUFSJPS BHBJO JG ZPV IBWF GPSHPUUFO� #VU
8"*$ UIJOLT UIFTF UXP NPEFMT BSF RVJUF TJNJMBS� ćFSF EJČFSFODF JT POMZ � VOJUT PG EFWJBODF�
-FU�T DBMDVMBUF UIF TUBOEBSE FSSPS PG UIF EJČFSFODF UP IJHIMJHIU UIF JTTVF�

3 DPEF
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ȁǎȂ ǑǡǕǒǕǖǎǑ

ćF �*(+�- UBCMF EPFTO�U TIPX UIJT WBMVF CVU JU EJE DBMDVMBUF JU� 5P TFF JU ZPV OFFE UIF ���
TMPU PG UIF SFUVSO�

3 DPEF
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in-sample out SE dWAIC


