
Maximum entropy
• Due to Edwin T. Jaynes (1922–1998)
• !e maxent principle: 

• Distribution with largest entropy is 
distribution most consistent with stated 
assumptions

• Can happen the largest number of ways
• For parameters, provides way to 

understand priors
• For observations, way to understand 

likelihood
• Also reproduces Bayesian updating as 

special case (minimum cross-entropy)
E. T. Jaynes (1922–1998)



Maximum entropy

• Ye olde information entropy:

• Q: What kind of distribution maximizes this 
quantity?

• A: Flattest distribution still consistent with 
constraints. !is is the distribution that can 
happen the most unique ways.

• Whatever does happen, bound to be one of those 
ways.
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/BUVSBM QSPDFTTFT PUIFS UIBO BEEJUJPO BMTP UFOE UP QSPEVDF NBYJNVN FOUSPQZ EJTUSJCVUJPOT�
#VU UIFZ BSF OPU (BVTTJBO
 CFDBVTF UIFZ SFUBJO EJČFSFOU JOGPSNBUJPO BCPVU UIF VOEFSMZJOH
QSPDFTT�

ćJSE
 SFHBSEMFTT PG XIZ JU XPSLT
 JU UFOET UP XPSL� .BUIFNBUJDBM QSPDFEVSFT BSF FČFDUJWF
FWFO XIFO XF EPO�U VOEFSTUBOE UIFN� ćFSF BSF OP HVBSBOUFFT UIBU BOZ MPHJD JO UIF TNBMM
XPSME 	$IBQUFS �
 XJMM CF VTFGVM JO UIF MBSHF XPSME� 8F VTF MPHJD JO TDJFODF CFDBVTF JU IBT B
TUSPOH SFDPSE PG FČFDUJWFOFTT JO BEESFTTJOH SFBM XPSME QSPCMFNT� ćJT JT UIF IJTUPSJDBM KVTUJ�
ĕDBUJPO� UIF BQQSPBDI IBT TPMWFE EJďDVMU QSPCMFNT JO UIF QBTU� ćJT JT OP HVBSBOUFF UIBU JU
XJMM XPSL PO ZPVS QSPCMFN� #VU OP BQQSPBDI DBO HVBSBOUFF UIBU�

ćJT DIBQUFS TFSWFT BT B DPODFQUVBM JOUSPEVDUJPO UP ĴĲĻĲĿĮĹĶŇĲı ĹĶĻĲĮĿ ĺļıĲĹŀ BOE
UIF QSJODJQMF PG ĺĮŅĶĺłĺ ĲĻŁĿļĽņ� " HFOFSBMJ[FE MJOFBS NPEFM 	(-.
 JT NVDI MJLF UIF
MJOFBS SFHSFTTJPOT PG QSFWJPVT DIBQUFST� *U JT B NPEFM UIBU SFQMBDFT B QBSBNFUFS PG B MJLFMJIPPE
GVODUJPO XJUI B MJOFBS NPEFM� #VU (-.T OFFE OPU VTF (BVTTJBO MJLFMJIPPET� "OZ MJLFMJIPPE
GVODUJPO DBO CF VTFE
 BOE MJOFBS NPEFMT DBO CF BUUBDIFE UP BOZ PS BMM PG UIF QBSBNFUFST UIBU
EFTDSJCF JUT TIBQF� ćF QSJODJQMF PG NBYJNVN FOUSPQZ IFMQT VT DIPPTF MJLFMJIPPE GVODUJPOT

CZ QSPWJEJOH B XBZ UP VTF TUBUFE BTTVNQUJPOT BCPVU DPOTUSBJOUT PO UIF PVUDPNF WBSJBCMF UP
DIPPTF UIF MJLFMJIPPE GVODUJPO UIBU JT UIF NPTU DPOTFSWBUJWF EJTUSJCVUJPO DPNQBUJCMF XJUI
UIF LOPXO DPOTUSBJOUT� 6TJOH UIJT QSJODJQMF SFDPWFST BMM UIF NPTU DPNNPO MJLFMJIPPE GVOD�
UJPOT PG NBOZ TUBUJTUJDBM BQQSPBDIFT
 #BZFTJBO PS OPU
 XIJMF TJNVMUBOFPVTMZ QSPWJEJOH B DMFBS
SBUJPOBMF GPS DIPJDF BNPOH UIFN�

ćF DIBQUFST UP GPMMPX UIJT POF CVJME DPNQVUBUJPOBM TLJMMT GPS XPSLJOH XJUI EJČFSFOU ĘB�
WPST PG (-.� $IBQUFS �� BEESFTTFT NPEFMT GPS DPVOU WBSJBCMFT� $IBQUFS �� FYQMPSFT NPSF
DPNQMJDBUFE NPEFMT
 TVDI BT PSEJOBM PVUDPNFT BOE PVUDPNFT UIBU BSF NJYUVSFT PG EJTUSJCV�
UJPOT QSFTFOUFE JO PUIFS DIBQUFST� 1PSUJPOT PG UIFTF DIBQUFST BSF TQFDJBMJ[FE CZ NPEFM UZQF�
4P ZPV DBO TLJQ TFDUJPOT UIBU EPO�U JOUFSFTU ZPV BU UIF NPNFOU� ćF NVMUJMFWFM DIBQUFST
 CF�
HJOOJOH XJUI $IBQUFS ��
 NBLF VTF PG CJOPNJBM DPVOU NPEFMT
 IPXFWFS� 4P TPNF GBNJMJBSJUZ
XJUI UIF NBUFSJBM JO $IBQUFS �� XJMM CF IFMQGVM�

3FUIJOLJOH� #BZFTJBO VQEBUJOH BOE NBYJNVN FOUSPQZ� "T B CPOVT
 JU UVSOT PVU UIBU BOPUIFS LJOE
PG QSPCBCJMJUZ EJTUSJCVUJPO
 UIF QPTUFSJPS EJTUSJCVUJPO EFEVDFE CZ #BZFTJBO VQEBUJOH
 JT BMTP B DBTF PG
NBYJNJ[JOH FOUSPQZ� ćF QPTUFSJPS EJTUSJCVUJPO IBT UIF TNBMMFTU DSPTT FOUSPQZ BNPOH BMM EJTUSJCVUJPOT
DPOTJTUFOU XJUI UIF BTTVNFE DPOTUSBJOUT
 UIF QSJPST
 BOE UIF PCTFSWFE EBUB���� ćJT GBDU XPO�U DIBOHF
IPX ZPV DBMDVMBUF
 JO NPTU DBTFT� #VU JU TIPVME QSPWJEF B EFFQFS BQQSFDJBUJPO PG UIF GVOEBNFOUBM
DPOOFDUJPOT CFUXFFO #BZFTJBO JOGFSFODF BOE JOGPSNBUJPO UIFPSZ� /PUBCMZ
 #BZFTJBO VQEBUJOH JT KVTU
MJLF NBYJNVN FOUSPQZ JO UIBU JU QSPEVDFT UIF EJTUSJCVUJPO UIBU DBO CF SFBMJ[FE JO UIF HSFBUFTU OVNCFS
PG XBZT
 BDDPSEJOH UP PVS BTTVNQUJPOT�

���� .BYJNVN FOUSPQZ
*O $IBQUFS �
 ZPV NFU UIF CBTJDT PG JOGPSNBUJPO UIFPSZ� *O CSJFG
 XF TFFL B NFBTVSF PG

VODFSUBJOUZ UIBU TBUJTĕFT UISFF DSJUFSJB� 	�
 UIF NFBTVSF TIPVME CF DPOUJOVPVT� 	�
 JU TIPVME
JODSFBTF BT UIF OVNCFS PG QPTTJCMF FWFOUT JODSFBTFT� BOE 	�
 JU TIPVME CF BEEJUJWF� ćF SF�
TVMUJOH VOJRVF NFBTVSF PG UIF VODFSUBJOUZ PG B QSPCBCJMJUZ EJTUSJCVUJPO Q XJUI QSPCBCJMJUJFT
QJ GPS FBDI QPTTJCMF FWFOU J UVSOT PVU UP CF KVTU UIF BWFSBHF MPH�QSPCBCJMJUZ�

)(Q) = −
∑

J
QJ MPH QJ

ćJT GVODUJPO JT LOPXO BT JOGPSNBUJPO FOUSPQZ�



Maximum entropy

Constraints Maxent 
distribution

Real value in interval Uniform

Real value, "nite 
variance Gaussian

Binary events, "xed 
probability Binomial

Non-negative real, has 
mean Exponential

reviewer
Please read the paper: The common patterns of nature!



Generalized Linear Models

• Goal: Connect linear model to outcome variable
• Still geocentric!
• Strategy:

1. Pick an outcome distribution
2. Model its parameters using links to linear models
3. Compute posterior

• Can model multivariate relationships and non-
linear responses

• Building blocks of multilevel models



���� (&/&3"-*;&% -*/&"3 .0%&-4 ���

sum

large mean

count events
low rate

count
events

low probability
many trials

dnormdgamma

dpois dbinom

dexp

Z ∼ /PSNBM(µ, σ)

�

Z ∼ #JOPNJBM(O, Q)

�

Z ∼ 1PJTTPO(λ)

�

Z ∼ (BNNB(λ, L)

�

Z ∼ &YQPOFOUJBM(λ)

�

'ĶĴłĿĲ Ƒ�ƍ� 4PNF PG UIF FYQPOFOUJBM GBNJMZ EJTUSJCVUJPOT
 UIFJS OPUBUJPO

BOE TPNF PG UIFJS SFMBUJPOTIJQT� $FOUFS� FYQPOFOUJBM EJTUSJCVUJPO� $MPDL�
XJTF
 GSPN UPQ�MFę� HBNNB
 OPSNBM 	(BVTTJBO

 CJOPNJBM BOE 1PJTTPO EJT�
USJCVUJPOT�

BOE FWFOU IJTUPSZ BOBMZTJT
 BT XFMM BT TPNF DPOUFYUT JO XIJDI B DPOUJOVPVT NFBTVSFNFOU JT
DPOTUSBJOFE UP CF QPTJUJWF�

ćF1ļĶŀŀļĻıĶŀŁĿĶįłŁĶļĻ 	CPUUPN�MFę
 JT B DPVOU EJTUSJCVUJPO MJLF UIF CJOPNJBM� .BUI�
FNBUJDBMMZ
 JU JT B TQFDJBM DBTF PG UIF CJOPNJBM� *G UIF OVNCFS PG USJBMT O JT WFSZ MBSHF 	BOE VTV�
BMMZ VOLOPXO
 BOE UIF QSPCBCJMJUZ PG B TVDDFTT Q JT WFSZ TNBMM
 UIFO B CJOPNJBM EJTUSJCVUJPO
DPOWFSHFT UP B 1PJTTPO EJTUSJCVUJPO XJUI BO FYQFDUFE SBUF PG FWFOUT QFS VOJU UJNF PG λ = OQ�
1SBDUJDBMMZ
 UIF 1PJTTPO EJTUSJCVUJPO JT VTFE GPS DPVOUT UIBU OFWFS HFU DMPTF UP BOZ UIFPSFUJDBM
NBYJNVN� "T B TQFDJBM DBTF PG UIF CJOPNJBM
 JU IBT NBYJNVN FOUSPQZ VOEFS FYBDUMZ UIF
TBNF DPOTUSBJOUT� *UT TIBQF JT EFTDSJCFE CZ B TJOHMF QBSBNFUFS
 UIF SBUF PG FWFOUT λ� 1PJTTPO
(-.T BSF EFUBJMFE JO UIF OFYU DIBQUFS�

ćFSF BSF NBOZ PUIFS FYQPOFOUJBM GBNJMZ EJTUSJCVUJPOT
 BOE NBOZ PG UIFN BSF VTFGVM�
#VU EPO�U XPSSZ UIBU XF ZPV OFFE NFNPSJ[F UIFN BMM� :PV DBO QJDL VQ OFX EJTUSJCVUJPOT

BOE UIF TPSUT PG HFOFSBUJWF QSPDFTTFT UIFZ DPSSFTQPOE UP
 BT OFFEFE� *U�T BMTP OPU JNQPSUBOU
UIBU BO PVUDPNF EJTUSJCVUJPO CF B NFNCFS PG UIF FYQPOFOUJBM GBNJMZ�JG ZPV UIJOL ZPV IBWF
HPPE SFBTPOT UP VTF TPNF PUIFS EJTUSJCVUJPO
 UIFO VTF JU� #VU ZPV TIPVME BMTP DIFDL JUT QFS�
GPSNBODF
 KVTU MJLF ZPV XPVME BOZ NPEFMJOH BTTVNQUJPO�

������ -JOLJOH MJOFBS NPEFMT UP EJTUSJCVUJPOT� 5P CVJME B SFHSFTTJPO NPEFM GSPN BOZ PG UIF
FYQPOFOUJBM GBNJMZ EJTUSJCVUJPOT JT KVTU B NBUUFS PG BUUBDIJOH POF PS NPSF MJOFBS NPEFMT UP

Figure 9.5



Generalized Linear Models

IJ ∼ /PSNBM(µJ, σ),

µJ = αG + αNNJ

= ���.� + ��.�NJ

µJ|NJ=� = ���.� + ��.�(�) = ���.�
µJ|NJ=� = ���.� + ��.�(�) = ���.�

ZJ ∼ /PSNBM(µ, σ)

β� → �

γSJ|"J=� ≈ −�.� + �.��(�) = �.��

ZJ ∼ /PSNBM(µJ, σ),

µJ = α + β�Y�J + β�Y�J + β�Y�J

+ β��Y�JY�J + β��Y�JY�J + β��Y�JY�J

+ β���Y�JY�JY�J.

ZJ ∼ /PSNBM(µJ, σ),

µJ = α + βYJ.

ZJ ∼ #JOPNJBM(QJ, O),
G(QJ) = α + βYJ.

�

same units

count

link function

ZJ ∼ #JOPNJBM(OJ, QJ)
G(QJ) = α + βYJ

�

-3 -2 -1 0 1 2 3

-0
.5

0.
0

0.
5

1.
0

1.
5

x

f^
-1
(a
+b
*x
)



Need a link

• y and p on di#erent scales
• y: count
• p: probability
• Want to model p as function of predictor variables
• Must bound it to [0,1] interval

Z ∼ #JOPNJBM(O, Q)

�
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'ĶĴłĿĲ ƉƉ�Ƌ� 1SJPS QSFEJDUJWF TJNVMBUJPOT GPS UIF NPTU CBTJD MPHJTUJD SFHSFT�
TJPO� #MBDL EFOTJUZ� " ĘBU /PSNBM	�
��
 QSJPS PO UIF JOUFSDFQU QSPEVDFT B
WFSZ OPO�ĘBU QSJPS EJTUSJCVUJPO PO UIF PVUDPNF TDBMF� #MVF EFOTJUZ� " NPSF
DPODFOUSBUFE /PSNBM	�
���
 QSJPS QSPEVDFT TPNFUIJOH NPSF SFBTPOBCMF�

3 DPEF
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*�WF EJTQMBZFE UIF SFTVMUJOH QSJPS EJTUSJCVUJPO JO UIF MFę IBOE QMPU PG 'ĶĴłĿĲ ƉƉ�Ƌ� /PUJDF
UIBU NPTU PG UIF QSPCBCJMJUZ NBTT JT QJMFE VQ OFBS [FSP BOE POF� ćF NPEFM UIJOLT
 CFGPSF
JU TFFT UIF EBUB
 UIBU DIJNQBO[FFT FJUIFS OFWFS PS BMXBZT QVMM UIF MFę MFWFS� ćJT JT DMFBSMZ
TJMMZ
 BOE XJMM HFOFSBUF VOOFDFTTBSZ JOGFSFODF FSSPS� " ĘBU QSJPS JO UIF MPHJU TQBDF JT OPU B
ĘBU QSJPS JO UIF PVUDPNF QSPCBCJMJUZ TQBDF� ćF CMVF EJTUSJCVUJPO JO UIF TBNF QMPU TIPXT UIF
TBNF NPEFM CVU OPX XJUI ω = �.�� :PV DBO NPEJGZ UIF DPEF BCPWF UP SFQSPEVDF UIJT� /PX
UIF QSJPS QSPCBCJMJUZ PO UIF PVUDPNF TDBMF JT SBUIFS ĘBU� ćJT JT QSPCBCMZ NVDI ĘBUUFS UIBO
JT PQUJNBM
 TJODF QSPCBCJMJUJFT OFBS UIF DFOUFS BSF NPSF QMBVTJCMF� #VU UIJT JT CFUUFS UIBO UIF
EFGBVMU QSJPST NPTU QFPQMF VTF NPTU PG UIF UJNF� 8F�MM VTF JU�

/PX XF OFFE UP EFUFSNJOF B QSJPS GPS UIF USFBUNFOU FČFDUT
 UIF β QBSBNFUFST� 8F DPVME
EFGBVMU UP VTJOH UIF TBNF /PSNBM	�
���
 QSJPS GPS UIF USFBUNFOU FČFDUT
 PO UIF SFBTPOJOH
UIBU UIFZ BSF BMTP KVTU JOUFSDFQUT
 POF JOUFSDFQU GPS FBDI USFBUNFOU� #VU UP ESJWF IPNF UIF
XFJSEOFTT PG DPOWFOUJPOBMMZ ĘBU QSJPST
 MFU�T TFF XIBU /PSNBM	�
��
 MPPLT MJLF� )FSF�T UIF
NPEFM�

3 DPEF
���� (ǎǎǡǏ ʚǶ ,0�+ǿ

�'$./ǿ
+0'' �Ǿ' !/ ʡ ��$)*(ǿ ǎ Ǣ + Ȁ Ǣ
'*"$/ǿ+Ȁ ʚǶ � ʔ �ȁ/- �/( )/Ȃ Ǣ
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�ȁ/- �/( )/Ȃ ʡ �)*-(ǿ Ǎ Ǣ ǎǍ Ȁ
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Figure 11.3



Relative and absolute e!ects
• Parameters on relative e#ect scale
• Predictions on absolute e#ect scale
• Proportional odds: Relative e#ect measure

• Good for scaring people, getting published
• Not so good for public health, scienti"c progress
• But needed for causal inference
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ćFSF JT B USJDL GPS XSJUJOH UIF + DPEF POMZ PODF
 VTJOH BOPUIFS PQUJPOBM CMPDL DBMMFE ŁĿĮĻŀĳļĿĺĲı
ĽĮĿĮĺĲŁĲĿŀ
 CVU MFU�T OPU NBLF UIJOHT UPP DPNQMJDBUFE ZFU� 'JOBMMZ
 XF MPPQ PWFS UIF PCTFSWBUJPOT
BOE DBMDVMBUF UIF CJOPNJBM QSPCBCJMJUZ PG FBDI
 DPOEJUJPOBM PO UIF QBSBNFUFST� ćF IFMQFS GVODUJPOT

�� BOE ��
� FYQFDU UP TFF UIJT '*"Ǿ'$& NBUSJY JO UIF QPTUFSJPS TBNQMFT� :PV DBO XSJUF B SBX 4UBO
NPEFM
 JODMVEF UIFTF DBMDVMBUJPOT
 BOE TUJMM VTF 
�� BOE ��
� BT CFGPSF� 5P SVO UIJT NPEFM XJUIPVU
VTJOH 0'�(
 ZPV KVTU OFFE UP QVU UIF 4UBONPEFM DPEF BCPWF JOUP B DIBSBDUFS WFDUPS BOE UIFO DBMM ./�)�

3 DPEF
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(ǎǎǡǑǾ./�) ǒǐǏǡǐ Ǖǡǒ Ǎǡǒ ǍǡǑǑ ǎǕǡǕǔ ǍǡǎǓ
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ćFZ BSF UIF TBNF NPEFM
 BT JOEJDBUFE CZ UIF JEFOUJDBM 	XJUIJO TBNQMJOH FSSPS
 8"*$ WBMVFT� /PUF
BMTP UIF XBSOJOH NFTTBHF� ćF �*(+�- GVODUJPO DIFDLT UIF UZQFT PG UIF NPEFM PCKFDUT� *G UIFSF
JT NPSF UIBO POF UZQF
 JU DBSSJFT PO CVU XJUI UIJT XBSOJOH� *U JT B CBE JEFB UP DPNQBSF NPEFMT UIBU
BQQSPYJNBUF UIF QPTUFSJPS VTJOH EJČFSFOU BMHPSJUINT� "OZ EJČFSFODF DPVME KVTU CF B QSPEVDU PG UIF
EJČFSFODF JO BMHPSJUINT� *O UIF PęFO RVPUFE XPSET PG UIF "NFSJDBO QIJMPTPQIFS 0�4IFB +BDLTPO

DIFDL ZPVSTFMG CFGPSF ZPV XSFDL ZPVSTFMG�

������� 3FMBUJWF TIBSL BOE BCTPMVUF QFOHVJO� *O UIF BOBMZTJT BCPWF
 * NPTUMZ GPDVTFE PO
DIBOHFT JO QSFEJDUJPOT PO UIF PVUDPNF TDBMF�IPXNVDI EJČFSFODF EPFT UIF USFBUNFOUNBLF
JO UIF QSPCBCJMJUZ PG QVMMJOH B MFWFS ćJT WJFX PG QPTUFSJPS QSFEJDUJPO GPDVTFT PO ĮįŀļĹłŁĲ
ĲĳĳĲİŁŀ
 UIF EJČFSFODF B DPVOUFS�GBDUVBM DIBOHF JO B WBSJBCMF NJHIU NBLF PO BO BCTPMVUF
TDBMF PG NFBTVSFNFOU
 MJLF UIF QSPCBCJMJUZ PG BO FWFOU�

*U JT NPSF DPNNPO UP TFF MPHJTUJD SFHSFTTJPOT JOUFSQSFUFE UISPVHI ĿĲĹĮŁĶŃĲ ĲĳĳĲİŁŀ�
3FMBUJWF FČFDUT BSF QSPQPSUJPOBM DIBOHFT JO UIF PEET PG BO PVUDPNF� *G XF DIBOHF B WBSJBCMF
BOE TBZ UIF PEET PG BO PVUDPNF EPVCMF
 UIFO XF BSF EJTDVTTJOH SFMBUJWF FČFDUT� :PV DBO DBMDV�
MBUF UIFTF ĽĿļĽļĿŁĶļĻĮĹ ļııŀ SFMBUJWF FČFDU TJ[FT CZ TJNQMZ FYQPOFOUJBUJOH UIF QBSBNFUFS
PG JOUFSFTU� 'PS FYBNQMF
 UP DBMDVMBUF UIF QSPQPSUJPOBM PEET PG TXJUDIJOH GSPN USFBUNFOU � UP
USFBUNFOU � 	BEEJOH B QBSUOFS
�

3 DPEF
����� +*./ ʚǶ  3/-��/ǡ.�(+' .ǿ(ǎǎǡǑȀ

( �)ǿ  3+ǿ+*./ɶ�ȁǢǑȂǶ+*./ɶ�ȁǢǏȂȀ Ȁ

ȁǎȂ ǍǡǖǏǍǓǑǔǖ
0O BWFSBHF
 UIF TXJUDI NVMUJQMFT UIF PEET PG QVMMJOH UIF MFę MFWFS CZ ����
 BO �� SFEVDUJPO
JO PEET� ćJT JT XIBU JT NFBOU CZ QSPQPSUJPOBM PEET� ćF OFX PEET BSF DBMDVMBUFE CZ UBLJOH
UIF PME PEET BOE NVMUJQMZJOH UIFN CZ UIF QSPQPSUJPOBM PEET
 XIJDI JT ���� JO UIJT FYBNQMF�

ćF SJTL PG GPDVTJOH PO SFMBUJWF FČFDUT
 TVDI BT QSPQPSUJPOBM PEET
 JT UIBU UIFZ BSFO�U
FOPVHI UP UFMM VT XIFUIFS B WBSJBCMF JT JNQPSUBOU PS OPU� *G UIF PUIFS QBSBNFUFST JO UIFNPEFM
NBLF UIF PVUDPNF WFSZ VOMJLFMZ
 UIFO FWFO B MBSHF QSPQPSUJPOBM PEET MJLF ��� XPVME OPUNBLF
UIF PVUDPNF GSFRVFOU� $POTJEFS GPS FYBNQMF B SBSF EJTFBTF XIJDI PDDVST JO � QFS POF�NJMMJPO
QFPQMF� 4VQQPTF BMTP UIBU SFBEJOH UIJT UFYUCPPL JODSFBTFE UIF PEET PG UIF EJTFBTF ��GPME� ćBU



Relative and absolute e!ects
• Parameters on relative e#ect scale
• Predictions on absolute e#ect scale
• Using relative e#ects may exaggerate importance of 

predictor
• Good for scaring people, getting published
• Not so good for public health, scienti"c progress
• But needed for causal inference

relative shark absolute penguin





Risk communication

• Many people mistake relative risk for 
absolute risk

• Example:
• 1/1000 women develop blood clots
• 3/1000 women on birth control develop 

blood clots
• => 200% increase in blood clots!
• Change in probability is only 0.002
• Pregnancy much more dangerous than 

blood clots



Aggregated Binomial

• Numbers accepted/rejected to 6 
PhD programs at UC Berkeley 
(largest depts in 1973)

• Evidence of gender 
discrimination? Dean was 
afraid of lawsuit.

• Call in the statisticians!
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XF BHHSFHBUFE UIF EBUB CZ BDUPS�USFBUNFOU
 XF GPSDFE -00*4 	BOE 8"*$
 UP DPOTJEFS DSPTT�
WBMJEBUJOH MFBWJOH PVU BMM �� PCTFSWBUJPOT JO FBDI BDUPS�USFBUNFOU DPNCJOBUJPO� 4P OPX
i-00w 	MFBWF�POF�PVU
 JT NPSF MJLF i-����0�w ćJT NBLFT TPNF PCTFSWBUJPOT NPSF JOĘVFO�
UJBM
 CFDBVTF UIFZ BSF SFBMMZ OPX �� PCTFSWBUJPOT�

5P FYUSBDU BOE JOTQFDU UIF 1BSFUP EJBHOPTUJDT�
3 DPEF
����� ǿ & ʚǶ 
���&ǿ(ǎǎǡǓȀ Ȁ

ȁǎȂ ǍǡǑǕǏǕǎǑǕ ǍǡǐǍǎǒǕǖǏ ǍǡǑǑǔǑǔǐǍ ǍǡǏǔǎǓǐǖǍ ǍǡǑǓǒǒǓǒǔ ǍǡǑǕǍǔǑǒǓ ǍǡǒǒǒǍǍǔǍ
ȁǕȂ ǍǡǐǑǕǓǒǔǔ ǍǡǐǍǒǑǎǒǒ ǍǡǔǏǕǍǓǏǖ ǍǡǒǓǍǏǔǐǑ ǍǡǐǖǔǓǑǒǏ ǍǡǑǒǕǕǐǓǖ ǍǡǐǔǎǓǐǕǐ

ȁǎǒȂ ǍǡǏǒǏǍǔǏǓ ǍǡǑǒǒǐǑǏǒ ǍǡǑǒǑǐǐǕǑ ǍǡǔǑǔǑǒǎǍ ǍǡǓǑǑǐǒǑǓ ǍǡǒǑǏǏǎǖǍ ǍǡǓǕǒǖǐǐǐ
ȁǏǏȂ ǍǡǐǒǖǍǔǑǔ ǍǡǐǐǓǕǐǕǏ ǍǡǒǐǖǒǍǔǍ ǍǡǐǒǕǐǐǏǖ ǍǡǒǎǎǓǎǓǓ ǍǡǑǔǕǕǑǕǍ ǍǡǒǍǕǒǎǐǕ

0OF WBMVF GPS FBDI PG UIF �� BDUPS�USFBUNFOU DPNCJOBUJPOT� -BSHFS WBMVFT JOEJDBUF MFTT SF�
MJBCMF QPJOUXJTF FTUJNBUFT BOE NPSF JOĘVFOUJBM QPJOUT� *O UIFPSZ
 WBMVFT CFUXFFO ��� BOE �
BSF XPSSJTPNF
 BOE BOZUIJOH BCPWF � JT XJMEMZ VOUSVTUXPSUIZ� <ćJT FYBNQMF EPFTO�U SFBMMZ
CFMPOH IFSF ćJT JOUSP JOGP QSPCBCMZ CFUUFS JO FBSMJFS DIBQUFS�>

#PUUPN MJOF� *G ZPV XBOU UP DBMDVMBUF 8"*$ PS -00*4
 VTF B MPHJTUJD SFHSFTTJPO EBUB GPS�
NBU� 0UIFSXJTF ZPV BSF JNQMJDJUMZ BTTVNJOH UIBU POMZ MBSHF DIVOLT PG UIF EBUB BSF TFQBSBCMF�
ćFSF BSF UJNFT XIFO UIJT NBLFT TFOTF
 MJLF XJUI NVMUJMFWFM NPEFMT� #VU JU EPFTO�U JO NPTU
PSEJOBSZ CJOPNJBM SFHSFTTJPOT� *O GBDU
 UIF ��
� BOE 
�� NFUIPET GPS ,0�+ NPEFMT BVUP�
NBUJDBMMZ TQMJU BHHSFHBUFE CJOPNJBM PCTFSWBUJPOT JOUP JOEJWJEVBM ��� USJBMT� ćF NFUIPET GPS
0'�( NPEFMT EP OPU
 CFDBVTF UIFZ USVTU UIBU ZPV LOPX XIBU ZPV BSF EPJOH�

������� "HHSFHBUFE CJOPNJBM� (SBEVBUF TDIPPM BENJTTJPOT� *O UIF BHHSFHBUFE CJOPNJBM FY�
BNQMF BCPWF
 UIF OVNCFS PG USJBMT XBT BMXBZT �� PO FWFSZ SPX� ćJT JT PęFO OPU UIF DBTF� ćF
XBZ UP IBOEMF UIJT JT UP JOTFSU B WBSJBCMF GSPN UIF EBUB JO QMBDF PG UIF iǎǕw� -FU�T XPSL UISPVHI
BO FYBNQMF� 'JSTU
 MPBE UIF EBUB�

3 DPEF
����� '$�-�-4ǿ- /#$)&$)"Ȁ

��/�ǿ�����($/Ȁ
� ʚǶ �����($/

ćJT EBUB UBCMF POMZ IBT �� SPXT
 TP MFU�T MPPL BU UIF FOUJSF UIJOH�
� +/ �++'$��)/ǡ" )� - ��($/ - % �/ �++'$��/$*).

ǎ � (�' ǒǎǏ ǐǎǐ ǕǏǒ
Ǐ � ! (�' Ǖǖ ǎǖ ǎǍǕ
ǐ � (�' ǐǒǐ ǏǍǔ ǒǓǍ
Ǒ � ! (�' ǎǔ Ǖ Ǐǒ
ǒ � (�' ǎǏǍ ǏǍǒ ǐǏǒ
Ǔ � ! (�' ǏǍǏ ǐǖǎ ǒǖǐ
ǔ � (�' ǎǐǕ Ǐǔǖ Ǒǎǔ
Ǖ � ! (�' ǎǐǎ ǏǑǑ ǐǔǒ
ǖ � (�' ǒǐ ǎǐǕ ǎǖǎ
ǎǍ � ! (�' ǖǑ Ǐǖǖ ǐǖǐ
ǎǎ � (�' ǏǏ ǐǒǎ ǐǔǐ
ǎǏ � ! (�' ǏǑ ǐǎǔ ǐǑǎ

ćFTF BSF HSBEVBUF TDIPPM BQQMJDBUJPOT UP � EJČFSFOU BDBEFNJD EFQBSUNFOUT BU 6$ #FSLF�
MFZ���� ćF ��($/ DPMVNO JOEJDBUFT UIF OVNCFS PČFSFE BENJTTJPO� ćF - % �/ DPMVNO
JOEJDBUFT UIF PQQPTJUF EFDJTJPO� ćF �++'$��/$*). DPMVNO JT KVTU UIF TVN PG ��($/ BOE





Posterior contrast
• Compute the contrast between genders
• On both logit (shark) and prob (penguin) scales
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- % �/� &BDI BQQMJDBUJPO IBT B � PS � PVUDPNF GPS BENJTTJPO
 CVU TJODF UIFTF PVUDPNFT IBWF
CFFO BHHSFHBUFE CZ EFQBSUNFOU BOE HFOEFS
 UIFSF BSF POMZ �� SPXT� ćFTF �� SPXT IPXFWFS
SFQSFTFOU ���� BQQMJDBUJPOT
 UIF TVN PG UIF �++'$��/$*). DPMVNO� 4P UIFSF JT B MPU PG EBUB
IFSF�DPVOUJOH UIF SPXT JO UIF EBUB UBCMF JT OP MPOHFS B TFOTJCMF XBZ UP BTTFTT TBNQMF TJ[F�
8F DPVME TQMJU UIFTF EBUB BQBSU JOUP ��� #FSOPVMMJ USJBMT
 MJLF JO UIF PSJHJOBM �#$(+�)5  .
EBUB� ćFO UIFSF XPVME CF ���� SPXT JO UIF EBUB�

0VS KPC JT UP FWBMVBUF XIFUIFS UIFTF EBUB DPOUBJO FWJEFODF PG HFOEFS CJBT JO BENJTTJPOT�
8F XJMM NPEFM UIF BENJTTJPO EFDJTJPOT
 GPDVTJOH PO BQQMJDBOU HFOEFS BT B QSFEJDUPS WBSJBCMF�
4P XF XBOU UP ĕU B CJOPNJBM SFHSFTTJPO UIBU NPEFMT ��($/ BT B GVODUJPO PG FBDI BQQMJDBOU�T
HFOEFS� ćJT XJMM FTUJNBUF UIF BTTPDJBUJPO CFUXFFO HFOEFS BOE QSPCBCJMJUZ PG BENJTTJPO� ćJT
JT XIBU UIF NPEFM MPPLT MJLF
 JO NBUIFNBUJDBM GPSN�

"J ∼ #JOPNJBM(/J, QJ)

MPHJU(QJ) = αĴĶı[J]

αK ∼ /PSNBM(�, �.�)

ćFWBSJBCMF/J JOEJDBUFT �++'$��/$*).ȁ$Ȃ
 UIF OVNCFS PG BQQMJDBUJPOT PO SPX J� ćF JOEFY
WBSJBCMF ĴĶı[J] JOEFYFT HFOEFS PG BO BQQMJDBOU� � JOEJDBUFT NBMF
 BOE � JOEJDBUFT GFNBMF� 8F�MM
DPOTUSVDU JU KVTU CFGPSF ĕUUJOH UIF NPEFM
 MJLF UIJT�

3 DPEF
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( �) .� ǒǡǒʉ ǖǑǡǒʉ
�ȁǎȂ ǶǍǡǏǏ ǍǡǍǑ ǶǍǡǏǕ ǶǍǡǎǓ
�ȁǏȂ ǶǍǡǕǐ ǍǡǍǒ ǶǍǡǖǎ ǶǍǡǔǒ

ćF QPTUFSJPS GPS NBMF BQQMJDBOUT
 �ȁǎȂ
 JT IJHIFS UIBO UIBU PG GFNBMF BQQMJDBOUT� )PX NVDI
IJHIFS 8F OFFE UP DPNQVUF UIF DPOUSBTU� -FU�T DBMDVMBUF UIF DPOUSBTU PO UIF MPHJU TDBMF
	TIBSL
 BT XFMM BT UIF DPOUSBTU PO UIF PVUDPNF TDBMF 	QFOHVJO
�

3 DPEF
�����+*./ ʚǶ  3/-��/ǡ.�(+' .ǿ(ǎǎǡǔȀ

�$!!Ǿ� ʚǶ +*./ɶ�ȁǢǎȂ Ƕ +*./ɶ�ȁǢǏȂ
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Ǫ��/�ǡ!-�( Ǫǣ ǎǍǍǍǍ *�.ǡ *! Ǐ 1�-$��' .ǣ
( �) .� ǒǡǒʉ ǖǑǡǒʉ #$./*"-�(

�$!!Ǿ� ǍǡǓǎ ǍǡǍǓ Ǎǡǒǎ Ǎǡǔǎ ΤΤΤΦΪΪΨΥΤΤΤ
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ćF MPH�PEET EJČFSFODF JT DFSUBJOMZ QPTJUJWF
 DPSSFTQPOEJOH UP B IJHIFS QSPCBCJMJUZ PG BENJT�
TJPO GPS NBMF BQQMJDBOUT� 0O UIF QSPCBCJMJUZ TDBMF JUTFMG
 UIF EJČFSFODF JT TPNFXIFSF CFUXFFO
��� BOE ����



Backdoor admissions

• Backdoor path through department
• Use unique intercepts to adjust for that path
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EBUB UFOEFE OPU UP BQQMZ UP EFQBSUNFOUT MJLF" BOE#
XIJDI IBE IJHI PWFSBMM BENJTTJPO SBUFT�
*OTUFBE UIFZ BQQMJFE JO MBSHF OVNCFST UP EFQBSUNFOUT MJLF '
 XIJDI BENJUUFE MFTT UIBO ���
PG BQQMJDBOUT�

4P XIJMF JU JT USVF PWFSBMM UIBU GFNBMFT IBE B MPXFS QSPCBCJMJUZ PG BENJTTJPO JO UIFTF EBUB

JU JT DMFBSMZ OPU USVF XJUIJO NPTU EFQBSUNFOUT� "OE OPUF UIBU KVTU JOTQFDUJOH UIF QPTUFSJPS
EJTUSJCVUJPO BMPOF XPVME OFWFS IBWF SFWFBMFE UIBU GBDU UP VT� 8F IBE UP BQQFBM UP TPNFUIJOH
PVUTJEF UIF ĕU NPEFM� *O UIJT DBTF
 JU XBT B TJNQMF QPTUFSJPS WBMJEBUJPO DIFDL�

*OTUFBE PG BTLJOH i8IBU BSF UIF BWFSBHF QSPCBCJMJUJFT PG BENJTTJPO GPS GFNBMFT BOE NBMFT
BDSPTT BMM EFQBSUNFOUT w XF XBOU UP BTL i8IBU JT UIF BWFSBHF EJČFSFODF JO QSPCBCJMJUZ PG BENJT�
TJPO CFUXFFO GFNBMFT BOE NBMFT XJUIJO EFQBSUNFOUT w *O PSEFS UP BTL UIF TFDPOE RVFTUJPO
 XF
FTUJNBUF VOJRVF GFNBMF BOE NBMF BENJTTJPO SBUFT JO FBDI EFQBSUNFOU� )FSF�T B NPEFM UIBU
BTLT UIJT OFX RVFTUJPO�

"J ∼ #JOPNJBM(/J, QJ)

MPHJU(QJ) = αĴĶı[J] + δıĲĽŁ[J]

αK ∼ /PSNBM(�, �.�)
δL ∼ /PSNBM(�, �.�)

XIFSF ıĲĽŁ JOEFYFT EFQBSUNFOU JO L = �..�� 4P OPX FBDI EFQBSUNFOU L HFUT JUT PXO MPH�PEET
PG BENJTTJPO
 δL
 CVU UIFNPEFM TUJMM FTUJNBUFT VOJWFSTBM BEKVTUNFOUT�TBNF JO BMM EFQBSUNFOUT�
GPS NBMF BOE GFNBMF BQQMJDBUJPOT�

'JUUJOH UIJT NPEFM JT TUSBJHIUGPSXBSE� 8F�MM VTF UIF JOEFYJOH OPUBUJPO BHBJO UP DPOTUSVDU
BO JOUFSDFQU GPS FBDI EFQBSUNFOU� #VU ĕSTU
 XF BMTP OFFE UP DPOTUSVDU B OVNFSJDBM JOEFY UIBU
OVNCFST UIF EFQBSUNFOUT � UISPVHI �� ćF GVODUJPO �* -� Ǿ$)� 3 DBO EP UIJT GPS VT
 VTJOH
UIF � +/ GBDUPS BT JOQVU� )FSF�T UIF DPEF UP DPOTUSVDU UIF JOEFY BOE ĕU CPUI NPEFMT�

3 DPEF
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( �) .� ǒǡǒʉ ǖǑǡǒʉ
�ȁǎȂ ǶǍǡǒǐ Ǎǡǒǐ ǶǎǡǐǕ ǍǡǐǏ
�ȁǏȂ ǶǍǡǑǐ Ǎǡǒǐ ǶǎǡǏǕ ǍǡǑǏ
� '/�ȁǎȂ ǎǡǎǎ ǍǡǒǑ ǍǡǏǒ ǎǡǖǓ
� '/�ȁǏȂ ǎǡǍǓ ǍǡǒǑ ǍǡǏǍ ǎǡǖǏ
� '/�ȁǐȂ ǶǍǡǎǒ Ǎǡǒǐ ǶǎǡǍǍ ǍǡǔǍ
� '/�ȁǑȂ ǶǍǡǎǕ ǍǡǒǑ ǶǎǡǍǑ ǍǡǓǔ
� '/�ȁǒȂ ǶǍǡǓǏ ǍǡǒǑ ǶǎǡǑǕ ǍǡǏǐ
� '/�ȁǓȂ ǶǏǡǎǔ Ǎǡǒǒ ǶǐǡǍǒ ǶǎǡǐǍ

ćF JOUFSDFQU GPS NBMF BQQMJDBOUT
 �ȁǎȂ
 JT OPX B MJUUMF TNBMMFS PO BWFSBHF UIBO UIF POF GPS
GFNBMF BQQMJDBOUT� -FU�T DBMDVMBUF UIF DPOUSBTUT BHBJOTU
 CPUI PO SFMBUJWF 	TIBSL
 BOE BCTPMVUF
	QFOHVJO
 TDBMFT�
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3 DPEF
����� +*./ ʚǶ  3/-��/ǡ.�(+' .ǿ(ǎǎǡǕȀ
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*G NBMF BQQMJDBOUT IBWF JU XPSTF
 JU JT POMZ CZ B WFSZ TNBMM BNPVOU
 BCPVU �� PO BWFSBHF�
8IZ EJE BEEJOH EFQBSUNFOUT UP UIF NPEFM DIBOHF UIF JOGFSFODF BCPVU HFOEFS TP NVDI 

ćF FBSMJFS ĕHVSF HJWFT ZPV B IJOU�UIF SBUFT PG BENJTTJPO WBSZ B MPU BDSPTT EFQBSUNFOUT�
'VSUIFSNPSF
 GFNBMFT BOE NBMFT UFOE UP BQQMZ UP EJČFSFOU EFQBSUNFOUT� -FU�T EP B RVJDL
UBCVMBUJPO UP TIPX UIBU�

3 DPEF
����� +" ʚǶ .�++'4ǿ ǎǣǓ Ǣ !0)�/$*)ǿ&Ȁ

�ɶ�++'$��/$*).ȁ�ɶ� +/Ǿ$�ʙʙ&Ȃȅ.0(ǿ�ɶ�++'$��/$*).ȁ�ɶ� +/Ǿ$�ʙʙ&ȂȀ Ȁ
-*2)�( .ǿ+"Ȁ ʚǶ �ǿǫ(�' ǫǢǫ! (�' ǫȀ
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� � � � � �
(�' ǍǡǕǕ ǍǡǖǓ Ǎǡǐǒ Ǎǡǒǐ Ǎǡǐǐ ǍǡǒǏ
! (�' ǍǡǎǏ ǍǡǍǑ ǍǡǓǒ ǍǡǑǔ ǍǡǓǔ ǍǡǑǕ

ćFTF BSF UIF QSPQPSUJPOT PG BMM BQQMJDBUJPOT JO FBDI EFQBSUNFOU UIBU BSF FJUIFS NBMF 	UPQ
SPX
 PS GFNBMF 	CPUUPN SPX
� %FQBSUNFOU " SFDFJWFT ��� PG JUT BQQMJDBUJPOT GSPN NBMFT�
%FQBSUNFOU & SFDFJWFT ��� GSPN NBMFT� /PX MPPL CBDL BU UIF � '/� QPTUFSJPS NFBOT JO UIF
+- �$. PVUQVU GSPN (ǎǎǡǕ� ćF EFQBSUNFOUT XJUI B MBSHFS QSPQPSUJPO PG GFNBMF BQQMJDBOUT
BSF BMTP UIPTF XJUI MPXFS PWFSBMM BENJTTJPOT SBUFT�

%FQBSUNFOU JT B DPOGPVOE� (FOEFS JOĘVFODFT DIPJDF PG EFQBSUNFOU
 BOE EFQBSUNFOU
JOĘVFODFT DIBODF PG BENJTTJPO� $POUSPMMJOH GPS EFQBSUNFOU SFWFBMT B NPSF QMBVTJCMF DBVTBM
JOĘVFODF PG HFOEFS� *O %"( GPSN�

A

D

G

ćFWBSJBCMF( JT HFOEFS
 % JT EFQBSUNFOU
 BOE" JT BDDFQUBODF� ćFSF JT B CBDLEPPS QJQF(→
%→ " GSPN HFOEFS UP BDDFQUBODF� 4P UP JOGFS UIF EJSFDU FČFDU (→ "
 XF OFFE UP DPOEJUJPO
PO % BOE DMPTF UIF CBDLEPPS� .PEFM (ǎǎǡǕ EPFT UIBU� *G ZPV JOTQFDU +*./�# �&ǿ(ǎǎǡǕȀ

ZPV�MM TFF UIBU UIF NPEFM MJOFT VQ NVDI CFUUFS OPX XJUI UIF WBSJBUJPO BNPOH EFQBSUNFOUT�

"T B ĕOBM OPUF
 ZPV NJHIU IBWF OPUJDFE UIBU NPEFM (ǎǎǡǕ JT PWFS�QBSBNFUFSJ[FE� 8F
EPO�U BDUVBMMZ OFFE POF PG UIF QBSBNFUFST
 FJUIFS �ȁǎȂ PS �ȁǏȂ� 8IZ #FDBVTF UIF JOEJ�
WJEVBM � '/� QBSBNFUFST DBO TUBOE GPS UIF BDDFQUBODF SBUF PG POF PG UIF HFOEFST JO FBDI



Strati!cation by department

Stat Q: What are the average 
probabilities of admission for 
females and males across all 
departments?

Causal Q: What is the TOTAL 
in!uence of gender?

Stat  Q: What is the average 
di"erence in probability of 
admission for females and 
males within departments?

Causal Q: What is the 
DIRECT in!uence of gender?
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- % �/� &BDI BQQMJDBUJPO IBT B � PS � PVUDPNF GPS BENJTTJPO
 CVU TJODF UIFTF PVUDPNFT IBWF
CFFO BHHSFHBUFE CZ EFQBSUNFOU BOE HFOEFS
 UIFSF BSF POMZ �� SPXT� ćFTF �� SPXT IPXFWFS
SFQSFTFOU ���� BQQMJDBUJPOT
 UIF TVN PG UIF �++'$��/$*). DPMVNO� 4P UIFSF JT B MPU PG EBUB
IFSF�DPVOUJOH UIF SPXT JO UIF EBUB UBCMF JT OP MPOHFS B TFOTJCMF XBZ UP BTTFTT TBNQMF TJ[F�
8F DPVME TQMJU UIFTF EBUB BQBSU JOUP ��� #FSOPVMMJ USJBMT
 MJLF JO UIF PSJHJOBM �#$(+�)5  .
EBUB� ćFO UIFSF XPVME CF ���� SPXT JO UIF EBUB�

0VS KPC JT UP FWBMVBUF XIFUIFS UIFTF EBUB DPOUBJO FWJEFODF PG HFOEFS CJBT JO BENJTTJPOT�
8F XJMM NPEFM UIF BENJTTJPO EFDJTJPOT
 GPDVTJOH PO BQQMJDBOU HFOEFS BT B QSFEJDUPS WBSJBCMF�
4P XF XBOU UP ĕU B CJOPNJBM SFHSFTTJPO UIBU NPEFMT ��($/ BT B GVODUJPO PG FBDI BQQMJDBOU�T
HFOEFS� ćJT XJMM FTUJNBUF UIF BTTPDJBUJPO CFUXFFO HFOEFS BOE QSPCBCJMJUZ PG BENJTTJPO� ćJT
JT XIBU UIF NPEFM MPPLT MJLF
 JO NBUIFNBUJDBM GPSN�

"J ∼ #JOPNJBM(/J, QJ)

MPHJU(QJ) = αĴĶı[J]

αK ∼ /PSNBM(�, �.�)

ćFWBSJBCMF/J JOEJDBUFT �++'$��/$*).ȁ$Ȃ
 UIF OVNCFS PG BQQMJDBUJPOT PO SPX J� ćF JOEFY
WBSJBCMF ĴĶı[J] JOEFYFT HFOEFS PG BO BQQMJDBOU� � JOEJDBUFT NBMF
 BOE � JOEJDBUFT GFNBMF� 8F�MM
DPOTUSVDU JU KVTU CFGPSF ĕUUJOH UIF NPEFM
 MJLF UIJT�
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ćF QPTUFSJPS GPS NBMF BQQMJDBOUT
 �ȁǎȂ
 JT IJHIFS UIBO UIBU PG GFNBMF BQQMJDBOUT� )PX NVDI
IJHIFS 8F OFFE UP DPNQVUF UIF DPOUSBTU� -FU�T DBMDVMBUF UIF DPOUSBTU PO UIF MPHJU TDBMF
	TIBSL
 BT XFMM BT UIF DPOUSBTU PO UIF PVUDPNF TDBMF 	QFOHVJO
�

3 DPEF
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ćF MPH�PEET EJČFSFODF JT DFSUBJOMZ QPTJUJWF
 DPSSFTQPOEJOH UP B IJHIFS QSPCBCJMJUZ PG BENJT�
TJPO GPS NBMF BQQMJDBOUT� 0O UIF QSPCBCJMJUZ TDBMF JUTFMG
 UIF EJČFSFODF JT TPNFXIFSF CFUXFFO
��� BOE ����

����� #*/0.*"- 3&(3&44*0/ ���

EBUB UFOEFE OPU UP BQQMZ UP EFQBSUNFOUT MJLF" BOE#
XIJDI IBE IJHI PWFSBMM BENJTTJPO SBUFT�
*OTUFBE UIFZ BQQMJFE JO MBSHF OVNCFST UP EFQBSUNFOUT MJLF '
 XIJDI BENJUUFE MFTT UIBO ���
PG BQQMJDBOUT�

4P XIJMF JU JT USVF PWFSBMM UIBU GFNBMFT IBE B MPXFS QSPCBCJMJUZ PG BENJTTJPO JO UIFTF EBUB

JU JT DMFBSMZ OPU USVF XJUIJO NPTU EFQBSUNFOUT� "OE OPUF UIBU KVTU JOTQFDUJOH UIF QPTUFSJPS
EJTUSJCVUJPO BMPOF XPVME OFWFS IBWF SFWFBMFE UIBU GBDU UP VT� 8F IBE UP BQQFBM UP TPNFUIJOH
PVUTJEF UIF ĕU NPEFM� *O UIJT DBTF
 JU XBT B TJNQMF QPTUFSJPS WBMJEBUJPO DIFDL�

*OTUFBE PG BTLJOH i8IBU BSF UIF BWFSBHF QSPCBCJMJUJFT PG BENJTTJPO GPS GFNBMFT BOE NBMFT
BDSPTT BMM EFQBSUNFOUT w XF XBOU UP BTL i8IBU JT UIF BWFSBHF EJČFSFODF JO QSPCBCJMJUZ PG BENJT�
TJPO CFUXFFO GFNBMFT BOE NBMFT XJUIJO EFQBSUNFOUT w *O PSEFS UP BTL UIF TFDPOE RVFTUJPO
 XF
FTUJNBUF VOJRVF GFNBMF BOE NBMF BENJTTJPO SBUFT JO FBDI EFQBSUNFOU� )FSF�T B NPEFM UIBU
BTLT UIJT OFX RVFTUJPO�

"J ∼ #JOPNJBM(/J, QJ)

MPHJU(QJ) = αĴĶı[J] + δıĲĽŁ[J]

αK ∼ /PSNBM(�, �.�)
δL ∼ /PSNBM(�, �.�)

XIFSF ıĲĽŁ JOEFYFT EFQBSUNFOU JO L = �..�� 4P OPX FBDI EFQBSUNFOU L HFUT JUT PXO MPH�PEET
PG BENJTTJPO
 δL
 CVU UIFNPEFM TUJMM FTUJNBUFT VOJWFSTBM BEKVTUNFOUT�TBNF JO BMM EFQBSUNFOUT�
GPS NBMF BOE GFNBMF BQQMJDBUJPOT�

'JUUJOH UIJT NPEFM JT TUSBJHIUGPSXBSE� 8F�MM VTF UIF JOEFYJOH OPUBUJPO BHBJO UP DPOTUSVDU
BO JOUFSDFQU GPS FBDI EFQBSUNFOU� #VU ĕSTU
 XF BMTP OFFE UP DPOTUSVDU B OVNFSJDBM JOEFY UIBU
OVNCFST UIF EFQBSUNFOUT � UISPVHI �� ćF GVODUJPO �* -� Ǿ$)� 3 DBO EP UIJT GPS VT
 VTJOH
UIF � +/ GBDUPS BT JOQVU� )FSF�T UIF DPEF UP DPOTUSVDU UIF JOEFY BOE ĕU CPUI NPEFMT�

3 DPEF
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ćF JOUFSDFQU GPS NBMF BQQMJDBOUT
 �ȁǎȂ
 JT OPX B MJUUMF TNBMMFS PO BWFSBHF UIBO UIF POF GPS
GFNBMF BQQMJDBOUT� -FU�T DBMDVMBUF UIF DPOUSBTUT BHBJOTU
 CPUI PO SFMBUJWF 	TIBSL
 BOE BCTPMVUF
	QFOHVJO
 TDBMFT�



Posterior contrast
• Compute the contrast between genders
• On both logit (shark) and prob (penguin) scales

����� #*/0.*"- 3&(3&44*0/ ���

- % �/� &BDI BQQMJDBUJPO IBT B � PS � PVUDPNF GPS BENJTTJPO
 CVU TJODF UIFTF PVUDPNFT IBWF
CFFO BHHSFHBUFE CZ EFQBSUNFOU BOE HFOEFS
 UIFSF BSF POMZ �� SPXT� ćFTF �� SPXT IPXFWFS
SFQSFTFOU ���� BQQMJDBUJPOT
 UIF TVN PG UIF �++'$��/$*). DPMVNO� 4P UIFSF JT B MPU PG EBUB
IFSF�DPVOUJOH UIF SPXT JO UIF EBUB UBCMF JT OP MPOHFS B TFOTJCMF XBZ UP BTTFTT TBNQMF TJ[F�
8F DPVME TQMJU UIFTF EBUB BQBSU JOUP ��� #FSOPVMMJ USJBMT
 MJLF JO UIF PSJHJOBM �#$(+�)5  .
EBUB� ćFO UIFSF XPVME CF ���� SPXT JO UIF EBUB�

0VS KPC JT UP FWBMVBUF XIFUIFS UIFTF EBUB DPOUBJO FWJEFODF PG HFOEFS CJBT JO BENJTTJPOT�
8F XJMM NPEFM UIF BENJTTJPO EFDJTJPOT
 GPDVTJOH PO BQQMJDBOU HFOEFS BT B QSFEJDUPS WBSJBCMF�
4P XF XBOU UP ĕU B CJOPNJBM SFHSFTTJPO UIBU NPEFMT ��($/ BT B GVODUJPO PG FBDI BQQMJDBOU�T
HFOEFS� ćJT XJMM FTUJNBUF UIF BTTPDJBUJPO CFUXFFO HFOEFS BOE QSPCBCJMJUZ PG BENJTTJPO� ćJT
JT XIBU UIF NPEFM MPPLT MJLF
 JO NBUIFNBUJDBM GPSN�

"J ∼ #JOPNJBM(/J, QJ)

MPHJU(QJ) = αĴĶı[J]

αK ∼ /PSNBM(�, �.�)

ćFWBSJBCMF/J JOEJDBUFT �++'$��/$*).ȁ$Ȃ
 UIF OVNCFS PG BQQMJDBUJPOT PO SPX J� ćF JOEFY
WBSJBCMF ĴĶı[J] JOEFYFT HFOEFS PG BO BQQMJDBOU� � JOEJDBUFT NBMF
 BOE � JOEJDBUFT GFNBMF� 8F�MM
DPOTUSVDU JU KVTU CFGPSF ĕUUJOH UIF NPEFM
 MJLF UIJT�
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ćF QPTUFSJPS GPS NBMF BQQMJDBOUT
 �ȁǎȂ
 JT IJHIFS UIBO UIBU PG GFNBMF BQQMJDBOUT� )PX NVDI
IJHIFS 8F OFFE UP DPNQVUF UIF DPOUSBTU� -FU�T DBMDVMBUF UIF DPOUSBTU PO UIF MPHJU TDBMF
	TIBSL
 BT XFMM BT UIF DPOUSBTU PO UIF PVUDPNF TDBMF 	QFOHVJO
�
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ćF MPH�PEET EJČFSFODF JT DFSUBJOMZ QPTJUJWF
 DPSSFTQPOEJOH UP B IJHIFS QSPCBCJMJUZ PG BENJT�
TJPO GPS NBMF BQQMJDBOUT� 0O UIF QSPCBCJMJUZ TDBMF JUTFMG
 UIF EJČFSFODF JT TPNFXIFSF CFUXFFO
��� BOE ����

reviewer
log-odds scale 
(relative effect)

reviewer
On the outcome 
(absolute effect)

reviewer

reviewer



E(y) = ȳ = µx
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Poisson GLMs

• Counts without upper limit, 
constant expected value

• Single parameter: events per unit 
time/distance

• Variance equal to mean

Z ∼ 1PJTTPO(λ)

ZJ ∼ /PSNBM(µJ, σ),

µJ = α + βYJ

&(ZJ|YJ) = α + βYJ

∂

∂YJ
&(ZJ|YJ) = β

ZJ ∼ #JOPNJBM(QJ, O),

MPH
QJ

� − QJ
= α + βYJ

&(ZJ|YJ) = OQJ,

= O
FYQ(α + βYJ)

� + FYQ(α + βYJ)

∂

∂YJ
&(ZJ|YJ) =

βO/�
� + DPTI(α + βYJ)

ZJ ∼ #JOPNJBM(QJ, O),
QJ ? α + βYJ.

ZJ ∼ #JOPNJBM(QJ, O),
G(QJ) = α + βYJ.

QJ =
FYQ(α + βYJ)

� + FYQ(α + βYJ)

�

&(Z) = λ

WBS(Z) = λ

ZJ ∼ /PSNBM(µJ, σ),

µJ = α + βYJ

&(ZJ|YJ) = α + βYJ

∂

∂YJ
&(ZJ|YJ) = β

ZJ ∼ #JOPNJBM(QJ, O),

MPH
QJ

� − QJ
= α + βYJ

&(ZJ|YJ) = OQJ,

= O
FYQ(α + βYJ)

� + FYQ(α + βYJ)

∂

∂YJ
&(ZJ|YJ) =

βO/�
� + DPTI(α + βYJ)

ZJ ∼ #JOPNJBM(QJ, O),
QJ ? α + βYJ.

ZJ ∼ #JOPNJBM(QJ, O),
G(QJ) = α + βYJ.

QJ =
FYQ(α + βYJ)

� + FYQ(α + βYJ)

�
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Poisson GLMs
• Examples: Soccer goals, !ssion events, photons striking 

a detector, DNA mutations, soldiers killed by horses

Siméon Denis Poisson (1781–1840) Abraham de Moivre (1667–1754)



Oceanic tool complexity��� �� (&/&3"-*;&% -*/&"3 .0%&-4 **� $06/54

'JHVSF ���� -PDBUJPOT PG QPQ�
VMBUJPOT JO LVODQGV EBUB� .BQ
SFQSPEVDFE GSPN ,MJOF BOE
#PZE ����
 TVQQMFNFOUBM�

3 DPEF
���� G�ORJ�SRS �� ORJ�G�3RSXODWLRQ�

G�FRQWDFW�KLJK �� LIHOVH� G�&RQWDFW  µKLJKµ � � � � �

8FÔMM DPOTJEFS B TFSJFT PG GPVS NPEFM GBNJMJFT UIBU QSFEJDU 7RWDO�7RROV�
	�
 B 1PJTTPO NPEFM XJUI B DPOTUBOU NFBO
 	�
 B NPEFM XJUI B NFBO UIBU
EFQFOET VQPO MPH�QPQVMBUJPO
 	�
 B NPEFM XJUI CPUI MPH�QPQVMBUJPO BOE
DPOUBDU SBUF
 BOE 	�
 B NPEFM UIBU JOUFSBDUT MPH�QPQVMBUJPO BOE DPOUBDU
SBUF�

5IF NPTU CBTJD 1PJTTPO NPEFM DPOUBJOT OP QSFEJDUJPO WBSJBCMFT
 KVTU
B DPOTUBOU NFBO�

OJ ∼ 1PJTTPO(λ),

XIFSF OJ JT UIF WBMVF PG 7RWDO�7RROV PO SPX J BOE λ JT UIF NFBO DPVOU�
#FGPSF GJUUJOH UIJT NPEFM
 UIPVHI
 MFUÔT FTUBCMJTI UIF MJOL GVODUJPO UP

VTF� 8F EPOÔU UFDIOJDBMMZ OFFE B MJOL SJHIU OPX
 CVU JUÔMM CF FBTJFS UP
NPWF PO UP UIF MBUFS NPEFMT
 JG XF FTUBCMJTI UIF MJOL OPX� "MTP
 JU XJMM
IFMQ XJUI FTUJNBUJPO� *UÔT NPTU DPNNPO UP VTF B MPH�MJOL XJUI B 1PJTTPO
NPEFM
 TVDI UIBU UIF NFBO λ JT NPEFMFE�

OJ ∼ 1PJTTPO(λJ),

MPHλJ = α.

5IJT MPH�MJOL JT UIF SFBTPO UIBU 1PJTTPO NPEFMT BSF PGUFO DBMMFE MPH�MJOFBS
NPEFMT� 5IF MJOFBS NPEFM QBSU PG UIF (-. JT UIF MPHBSJUIN PG UIF PC�
TFSWFE NFBO� 5IJT BDUVBMMZ JNQMJFT
 BT ZPVÔMM TFF JO B CJU
 UIBU PO UIF SFBM
DPVOU TDBMF UIF QPTJUFE SFMBUJPOTIJQ XJMM OPU CF MJOFBS�

*G ZPV TPMWF UIF TFDPOE MJOF BCPWF GPS λJ
 ZPV GJOE UIBU UIJT MPH�MJOL
JNQMJFT UIBU λJ = FYQ(α)� 8F SFBMMZ EP OFFE B MJOL IFSF
 PUIFSXJTF UIF
NFBO XJMM CF BMMPXFE UP HP CFMPX [FSP� *G UIF MJOFBS NPEFM JT FYQPOFOUJ�
BUFE
 BT JU JT IFSF
 UIJT HVBSBOUFFT UIBU λXJMM CF QPTJUJWF
 FWFO JG UIF MJOFBS

      culture population contact total_tools mean_TU
1    Malekula       1100     low          13     3.2
2     Tikopia       1500     low          22     4.7
3  Santa Cruz       3600     low          24     4.0
4         Yap       4791    high          43     5.0
5    Lau Fiji       7400    high          33     5.0
6   Trobriand       8000    high          19     4.0
7       Chuuk       9200    high          40     3.8
8       Manus      13000     low          28     6.6
9       Tonga      17500    high          55     5.4
10     Hawaii     275000     low          71     6.6

Dr. Michelle Kline (Simon Fraser U)

(1) Complexity of toolkit proportional to 
magnitude of population?
(2) Contact with other islands moderates impact?



Anatomy of Poisson GLM
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-FU�T CVJME OPX� 'JSTU
 XF NBLF TPNF OFX DPMVNOT XJUI UIF TUBOEBSEJ[FE MPH PG +*+0Ƕ
'�/$*) BOE BO JOEFY WBSJBCMF GPS �*)/��/�

3 DPEF
������ɶ� ʚǶ .��' ǿ '*"ǿ�ɶ+*+0'�/$*)Ȁ Ȁ

�ɶ�*)/��/Ǿ$� ʚǶ $! '. ǿ �ɶ�*)/��/ʙʙǫ#$"#ǫ Ǣ Ǐ Ǣ ǎ Ȁ

ćF NPEFM UIBU DPOGPSNT UP UIF SFTFBSDI IZQPUIFTJT JODMVEFT BO JOUFSBDUJPO CFUXFFO MPH�
QPQVMBUJPO BOE DPOUBDU SBUF� *O NBUI GPSN
 UIJT JT�

5J ∼ 1PJTTPO(λJ)

MPHλJ = αİĶı[J] + βİĶı[J] MPH 1J

αK ∼ UP CF EFUFSNJOFE
βK ∼ UP CF EFUFSNJOFE

XIFSF 1 JT +*+0'�/$*) BOE İĶı JT �*)/��/Ǿ$��
8F OFFE UP ĕHVSF PVU TPNF TFOTJCMF QSJPST� "TXJUI CJOPNJBMNPEFMT
 UIF USBOTGPSNBUJPO

PG TDBMF CFUXFFO UIF TDBMF PG UIF MJOFBS NPEFM BOE UIF DPVOU TDBMF PG UIF PVUDPNF NFBOT UIBU
TPNFUIJOH ĘBU PO UIF MJOFBS NPEFM TDBMF XJMM OPU CF ĘBU PO UIF PVUDPNF TDBMF� -FU�T DPOTJEFS
GPS FYBNQMF KVTU B NPEFM XJUI BO JOUFSDFQU BOE B WBHVF /PSNBM	�
��
 QSJPS PO JU�

5J ∼ 1PJTTPO(λJ)

MPHλJ = α

α ∼ /PSNBM(�, ��)
8IBU EPFT UIJT QSJPS MPPL MJLF PO UIF PVUDPNF TDBMF
 λ *G α IBT B OPSNBM EJTUSJCVUJPO
 UIFO
λ IBT B MPH�OPSNBM EJTUSJCVUJPO� 4P MFU�T QMPU B MPH�OPSNBM XJUI UIFTF WBMVFT GPS UIF 	OPSNBM

NFBO BOE TUBOEBSE EFWJBUJPO�

3 DPEF
������0-1 ǿ �')*-(ǿ 3 Ǣ Ǎ Ǣ ǎǍ Ȁ Ǣ !-*(ʙǍ Ǣ /*ʙǎǍǍ Ǣ )ʙǏǍǍ Ȁ

ćF EJTUSJCVUJPO JT TIPXO JO 'ĶĴłĿĲ ƉƉ�Ə BT UIF CMBDL DVSWF� *�WF VTFE B SBOHF GSPN � UP ���
PO UIF IPSJ[POUBM BYJT
 SFĘFDUJOH UIF OPUJPO UIBU XF LOPX BMM IJTUPSJDBM UPPM LJUT JO UIF 1BDJĕD
XFSF JO UIJT SBOHF� 'PS UIF α ∼ /PSNBM(�, ��) QSJPS
 UIFSF JT B IVHF TQJLF SJHIU BSPVOE
[FSP�UIBU NFBOT [FSP UPPMT PO BWFSBHF�BOE B WFSZ MPOH UBJM� )PX MPOH 8FMM UIF NFBO PG
B MPH�OPSNBM EJTUSJCVUJPO JT FYQ(µ+σ�/�)
 XIJDI FWBMVBUFT UP FYQ(��)
 XIJDI JT JNQPTTJCMZ
MBSHF� *G ZPV EPVCU UIJT
 KVTU TJNVMBUF JU�

3 DPEF
������ ʚǶ -)*-(ǿǎ ǑǢǍǢǎǍȀ

'�(��� ʚǶ  3+ǿ�Ȁ
( �)ǿ '�(��� Ȁ

ȁǎȂ ǖǡǓǏǏǖǖǑ ʔǎǏ
ćBU�T B MPU PG UPPMT
 FOPVHI UP DPWFS BO FOUJSF JTMBOE� 8F DBO EP CFUUFS UIBO UIJT�

* FODPVSBHF ZPV UP QMBZ BSPVOE XJUI UIF �0-1 DPEF BCPWF
 USZJOH EJČFSFOU NFBOT BOE
TUBOEBSE EFWJBUJPOT� ćF GBDU UP BQQSFDJBUF JT UIBU B MPH MJOL QVUT IBMG PG UIF SFBM OVNCFST�
UIF OFHBUJWF OVNCFST�CFUXFFO � BOE � PO UIF PVUDPNF TDBMF� 4P JG ZPVS QSJPS QVUT IBMG
JUT NBTT CFMPX [FSP
 UIFO IBMG UIF NBTT XJMM FOE VQ CFUXFFO � BOE � PO UIF PVUDPNF TDBMF�
'PS 1PJTTPO NPEFMT
 ĘBU QSJPST NBLF OP TFOTF BOE DBO XSFDL 1SBHVF� )FSF�T NZ XFBLMZ
JOGPSNBUJWF TVHHFTUJPO�

log link

total_tools
(outcome)

expected tools 
for case i



Priors & the log link
• Slopes equally unintuitive
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'ĶĴłĿĲ ƉƉ�Ɛ� 4USVHHMJOH XJUI TMPQF QSJPST JO B 1PJTTPO (-.� 5PQ�MFę� "
ĘBU QSJPS QSPEVDFT FYQMPTJWF USFOET PO UIF PVUDPNF TDBMF� 5PQ�SJHIU� " SFH�
VMBSJ[JOH QSJPS SFNBJOT NPTUMZ XJUIJO UIF TQBDF PG PVUDPNFT� #PUUPN�MFę�
)PSJ[POUBM BYJT OPX PO VOTUBOEBSEJ[FE TDBMF� #PUUPN�SJHIU� )PSJ[POUBM
BYJT PO OBUVSBM TDBMF 	SBX QPQVMBUJPO TJ[F
�

3 DPEF
�����. /ǡ.  �ǿǎǍȀ

� ʚǶ ǎǍǍ
� ʚǶ -)*-(ǿ � Ǣ ǐ Ǣ Ǎǡǒ Ȁ
� ʚǶ -)*-(ǿ � Ǣ Ǎ Ǣ ǍǡǏ Ȁ
+'*/ǿ ��

 Ǣ 3'$(ʙ�ǿǶǏǢǏȀ Ǣ 4'$(ʙ�ǿǍǢǎǍǍȀ Ȁ
!*- ǿ $ $) ǎǣ� Ȁ �0-1 ǿ  3+ǿ �ȁ$Ȃ ʔ �ȁ$Ȃȉ3 Ȁ Ǣ ���ʙ���� Ǣ �*'ʙ�*'ǡ�'+#�ǿǫ�'��&ǫǢǍǡǒȀ Ȁ

ćJT QMPU JT EJTQMBZFE JO UIF UPQ�SJHIU PG 'ĶĴłĿĲ ƉƉ�Ɛ� 4USPOH SFMBUJPOTIJQT BSF TUJMM QPTTJCMF

CVU NPTU PG UIF NBTT JT GPS SBUIFS ĘBU SFMBUJPOTIJQT CFUXFFO UPUBM UPPMT BOE MPH QPQVMBUJPO�
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• Change in tools per unit time:
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'ĶĴłĿĲ ƉƉ�Ɖƈ� 1PTUFSJPS QSFEJDUJPOT GPS UIF
TDJFOUJĕD NPEFM PG UIF 0DFBOJD UPPM DPVOUT�
$PNQBSF UP UIF SJHIU IBOE QMPU JO 'ĶĴ�
łĿĲ ƉƉ�Ƒ� 4JODF UIJT NPEFM GPSDFT UIF USFOET UP
QBTT UISPVHI UIF PSJHJO
 BT JUNVTU
 JUT CFIBWJPS
JT NPSF TFOTJCMF
 JO BEEJUJPO UP IBWJOH QBSBN�
FUFST XJUI NFBOJOH PVUTJEF B MJOFBS NPEFM�

8IBU XF XBOU JT B EZOBNJD NPEFM PG UIF DVMUVSBM FWPMVUJPO PG UPPMT� 5PPMT BSFO�U DSFBUFE
BMM BU PODF� *OTUFBE UIFZ EFWFMPQ PWFS UJNF� *OOPWBUJPO QSPDFTTFT BU UIFN UP B QPQVMBUJPO�
1SPDFTTFT PG MPTT SFNPWF UIFN� ćFTF GPSDFT CBMBODF UP QSPEVDF UPPM LJUT PG EJČFSFOU TJ[FT�
ćF TJNQMFTU NPEFM BTTVNFT UIBU JOOPWBUJPO JT QSPQPSUJPOBM UP QPQVMBUJPO TJ[F XJUI TPNF EJ�
NJOJTIJOH SFUVSOT 	BO FMBTUJDJUZ
� *U BMTP BTTVNFT UIBU UPPM MPTT JT QSPQPSUJPOBM UP UIF OVNCFS
PG UPPMT
 XJUI OP EJNJOJTIJOH SFUVSOT� *G ZPV SFDBMM UIF OFVUSBM FWPMVUJPO EFCBUF GSPN $IBQ�
UFS �
 UIJT JT B NPEFM PG UIBU UZQF�UIF UIFPSFUJDBM NPEFM JT NPSF FMBCPSBUF UIBO UIF TUBUJTUJDBM
NPEFM XF�MM EFSJWF GSPN JU�

ćF0WFSUIJOLJOH CPY CFMPX QSFTFOUT UIFNBUIFNBUJDBM WFSTJPO PG UIJT NPEFM BOE TIPXT
ZPV UIF DPEF UP CVJME JU JO 0'�(� ćF NPEFM FOET VQ JO (ǎǎǡǎǎ� -FU�T DBMM UIJT UIF TDJFOUJĕD
NPEFM BOE UIF QSFWJPVT (ǎǎǡǎǍ UIF HFPDFOUSJD NPEFM� 'ĶĴłĿĲ ƉƉ�Ɖƈ TIPXT UIF QPTUFSJPS
QSFEJDUJPOT GPS UIF TDJFOUJĕD NPEFM
 PO UIF OBUVSBM TDBMF PG QPQVMBUJPO TJ[F� $PNQBSJOH JU
XJUI UIF BOBMPHPVT QMPU JO 'ĶĴłĿĲ ƉƉ�Ƒ
 OPUJDF UIBU UIF USFOE GPS IJHI DPOUBDU TPDJFUJFT BMXBZT
USFOET BCPWF UIF USFOE GPS MPX DPOUBDU TPDJFUJFT� #PUI USFOET BMXBZT QBTT UISPVHI UIF PSJHJO
OPX
 BT UIFZ NVTU� ćF TDJFOUJĕD NPEFM JT TUJMM GBS GSPN QFSGFDU� #VU JU QSPWJEFT B CFUUFS
GPVOEBUJPO UP MFBSO GSPN� ćF QBSBNFUFST IBWF DMFBSFS NFBOJOHT OPX� ćFZ BSFO�U KVTU CJUT
PG NBDIJOFSZ JO UIF CPUUPN PG B UJEF QSFEJDUJPO FOHJOF�

:PVNJHIU BTL IPX UIF TDJFOUJĕDNPEFM DPNQBSFT UP UIF HFPDFOUSJD NPEFM� ćF FYQFDUFE
BDDVSBDZ PVU PG TBNQMF
 XIFUIFS ZPV VTF -00*4 PS 8"*$
 JT B GFX QPJOUT CFUUFS UIBO UIF
HFPDFOUSJD NPEFM� *U JT TUJMM UVHHFE BSPVOE CZ )BXBJJ BOE 5POHB� 8F�MM SFUVSO UP UIFTF EBUB
JO B MBUFS DIBQUFS BOE BQQSPBDI DPOUBDU SBUF B EJČFSFOU XBZ
 CZ UBLJOH BDDPVOU PG IPX DMPTF
UIFTF TPDJFUJFT BSF UP POF BOPUIFS�

0WFSUIJOLJOH� .PEFMJOH UPPM JOOPWBUJPO� 5BLJOH UIF WFSCBM NPEFM JO UIF NBJO UFYU BCPWF
 XF DBO
XSJUF UIBU UIF DIBOHF JO UIF FYQFDUFE OVNCFS PG UPPMT JO POF UJNF TUFQ JT�

∆5 = α1β − γ5
XIFSF1 JT UIF QPQVMBUJPO TJ[F
5 JT UIF OVNCFS PG UPPMT
 BOEα
 β
 BOE γ BSF QBSBNFUFST UP CF FTUJNBUFE�
5P ĕOE BO FRVJMJCSJVN OVNCFS PG UPPMT 5
 KVTU TFU UIF FRVBUJPO BCPWF FRVBM UP [FSP BOE TPMWF GPS 5�
ćJT ZJFMET�

5̂ =
α1β

γ

Tools

Innovation rate

Diminishing returns 
(“elasticity”)

Population

Loss rate
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• Solve for steady state expected number of tools
• Where ∆T = 0
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'ĶĴłĿĲ ƉƉ�Ɖƈ� 1PTUFSJPS QSFEJDUJPOT GPS UIF
TDJFOUJĕD NPEFM PG UIF 0DFBOJD UPPM DPVOUT�
$PNQBSF UP UIF SJHIU IBOE QMPU JO 'ĶĴ�
łĿĲ ƉƉ�Ƒ� 4JODF UIJT NPEFM GPSDFT UIF USFOET UP
QBTT UISPVHI UIF PSJHJO
 BT JUNVTU
 JUT CFIBWJPS
JT NPSF TFOTJCMF
 JO BEEJUJPO UP IBWJOH QBSBN�
FUFST XJUI NFBOJOH PVUTJEF B MJOFBS NPEFM�

8IBU XF XBOU JT B EZOBNJD NPEFM PG UIF DVMUVSBM FWPMVUJPO PG UPPMT� 5PPMT BSFO�U DSFBUFE
BMM BU PODF� *OTUFBE UIFZ EFWFMPQ PWFS UJNF� *OOPWBUJPO QSPDFTTFT BU UIFN UP B QPQVMBUJPO�
1SPDFTTFT PG MPTT SFNPWF UIFN� ćFTF GPSDFT CBMBODF UP QSPEVDF UPPM LJUT PG EJČFSFOU TJ[FT�
ćF TJNQMFTU NPEFM BTTVNFT UIBU JOOPWBUJPO JT QSPQPSUJPOBM UP QPQVMBUJPO TJ[F XJUI TPNF EJ�
NJOJTIJOH SFUVSOT 	BO FMBTUJDJUZ
� *U BMTP BTTVNFT UIBU UPPM MPTT JT QSPQPSUJPOBM UP UIF OVNCFS
PG UPPMT
 XJUI OP EJNJOJTIJOH SFUVSOT� *G ZPV SFDBMM UIF OFVUSBM FWPMVUJPO EFCBUF GSPN $IBQ�
UFS �
 UIJT JT B NPEFM PG UIBU UZQF�UIF UIFPSFUJDBM NPEFM JT NPSF FMBCPSBUF UIBO UIF TUBUJTUJDBM
NPEFM XF�MM EFSJWF GSPN JU�

ćF0WFSUIJOLJOH CPY CFMPX QSFTFOUT UIFNBUIFNBUJDBM WFSTJPO PG UIJT NPEFM BOE TIPXT
ZPV UIF DPEF UP CVJME JU JO 0'�(� ćF NPEFM FOET VQ JO (ǎǎǡǎǎ� -FU�T DBMM UIJT UIF TDJFOUJĕD
NPEFM BOE UIF QSFWJPVT (ǎǎǡǎǍ UIF HFPDFOUSJD NPEFM� 'ĶĴłĿĲ ƉƉ�Ɖƈ TIPXT UIF QPTUFSJPS
QSFEJDUJPOT GPS UIF TDJFOUJĕD NPEFM
 PO UIF OBUVSBM TDBMF PG QPQVMBUJPO TJ[F� $PNQBSJOH JU
XJUI UIF BOBMPHPVT QMPU JO 'ĶĴłĿĲ ƉƉ�Ƒ
 OPUJDF UIBU UIF USFOE GPS IJHI DPOUBDU TPDJFUJFT BMXBZT
USFOET BCPWF UIF USFOE GPS MPX DPOUBDU TPDJFUJFT� #PUI USFOET BMXBZT QBTT UISPVHI UIF PSJHJO
OPX
 BT UIFZ NVTU� ćF TDJFOUJĕD NPEFM JT TUJMM GBS GSPN QFSGFDU� #VU JU QSPWJEFT B CFUUFS
GPVOEBUJPO UP MFBSO GSPN� ćF QBSBNFUFST IBWF DMFBSFS NFBOJOHT OPX� ćFZ BSFO�U KVTU CJUT
PG NBDIJOFSZ JO UIF CPUUPN PG B UJEF QSFEJDUJPO FOHJOF�

:PVNJHIU BTL IPX UIF TDJFOUJĕDNPEFM DPNQBSFT UP UIF HFPDFOUSJD NPEFM� ćF FYQFDUFE
BDDVSBDZ PVU PG TBNQMF
 XIFUIFS ZPV VTF -00*4 PS 8"*$
 JT B GFX QPJOUT CFUUFS UIBO UIF
HFPDFOUSJD NPEFM� *U JT TUJMM UVHHFE BSPVOE CZ )BXBJJ BOE 5POHB� 8F�MM SFUVSO UP UIFTF EBUB
JO B MBUFS DIBQUFS BOE BQQSPBDI DPOUBDU SBUF B EJČFSFOU XBZ
 CZ UBLJOH BDDPVOU PG IPX DMPTF
UIFTF TPDJFUJFT BSF UP POF BOPUIFS�

0WFSUIJOLJOH� .PEFMJOH UPPM JOOPWBUJPO� 5BLJOH UIF WFSCBM NPEFM JO UIF NBJO UFYU BCPWF
 XF DBO
XSJUF UIBU UIF DIBOHF JO UIF FYQFDUFE OVNCFS PG UPPMT JO POF UJNF TUFQ JT�

∆5 = α1β − γ5
XIFSF1 JT UIF QPQVMBUJPO TJ[F
5 JT UIF OVNCFS PG UPPMT
 BOEα
 β
 BOE γ BSF QBSBNFUFST UP CF FTUJNBUFE�
5P ĕOE BO FRVJMJCSJVN OVNCFS PG UPPMT 5
 KVTU TFU UIF FRVBUJPO BCPWF FRVBM UP [FSP BOE TPMWF GPS 5�
ćJT ZJFMET�

5̂ =
α1β

γ

No ad hoc link function!
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8F�SF HPJOH UP VTF UIJT JOTJEF B 1PJTTPONPEFM OPX� ćFOPJTF BSPVOE UIF PVUDPNFXJMM TUJMM CF 1PJTTPO

CFDBVTF UIBU JT TUJMM UIF NBYJNVN FOUSPQZ EJTUSJCVUJPO JO UIJT DPOUFYU�/*/�'Ǿ/**'. JT B DPVOU XJUI
OP DMFBS VQQFS CPVOE� #VU UIF MJOFBS NPEFM JT HPOF�

5J ∼ 1PJTTPO(λJ)

λJ = α1β
J /γ

/PUJDF UIBU UIFSF JT OP MJOL GVODUJPO� "MM XF IBWF UP EP UP FOTVSF UIBU λ SFNBJOT QPTJUJWF JT UP NBLF
TVSF UIF QBSBNFUFST BSF QPTJUJWF� *O UIF DPEF CFMPX
 *�MM VTF FYQPOFOUJBM QSJPST GPS β BOE γ BOE B MPH�
/PSNBM GPS α� ćFO UIFZ BMM IBWF UP CF QPTJUJWF� *O CVJMEJOH UIF NPEFM
 XF BMTP XBOU UP BMMPX TPNF PS
BMM PG UIF QBSBNFUFST UP WBSZ CZ DPOUBDU SBUF� 4JODF DPOUBDU SBUF JT TVQQPTF UP NFEJBUF UIF JOĘVFODF PG
QPQVMBUJPO TJ[F
 MFU�T BMMPX α BOE β� *U DPVME BMTP JOĘVFODF γ
 CFDBVTF USBEF OFUXPSLT NJHIU QSFWFOU
UPPMT GSPN WBOJTIJOH PWFS UJNF� #VU XF�MM MFBWF UIBU BT BO FYFSDJTF GPS UIF SFBEFS� )FSF�T UIF DPEF�

3 DPEF
�������/Ǐ ʚǶ '$./ǿ �ʙ�ɶ/*/�'Ǿ/**'.Ǣ �ʙ�ɶ+*+0'�/$*)Ǣ �$�ʙ�ɶ�*)/��/Ǿ$� Ȁ

(ǎǎǡǎǎ ʚǶ 0'�(ǿ
�'$./ǿ

� ʡ �+*$.ǿ '�(��� ȀǢ
'�(��� ʚǶ  3+ǿ�ȁ�$�ȂȀȉ�ʟ�ȁ�$�Ȃȅ"Ǣ
�ȁ�$�Ȃ ʡ �)*-(ǿǎǢǎȀǢ
�ȁ�$�Ȃ ʡ � 3+ǿǎȀǢ
" ʡ � 3+ǿǎȀ

ȀǢ ��/�ʙ��/Ǐ Ǣ �#�$).ʙǑ Ǣ '*"Ǿ'$&ʙ���� Ȁ

*�WF JOWFOUFE UIF FYBDU QSJPST CFIJOE UIF TDFOFT� -FU�T OPU HFU EJTUSBDUFE XJUI UIPTF� * FODPVSBHF ZPV
UP QMBZ BSPVOE� ćF MFTTPO IFSF JT JO IPX XF CVJME JO UIF QSFEJDUPS WBSJBCMFT� 6TJOH QSJPS TJNVMBUJPOT
UP EFTJHO UIF QSJPST JT UIF TBNF
 BMUIPVHI FBTJFS OPX UIBU UIF QBSBNFUFST NFBO TPNFUIJOH� 'JOBMMZ

UIF DPEF UP QSPEVDF QPTUFSJPS QSFEJDUJPOT JT OP EJČFSFOU UIBO UIF DPEF JO UIF NBJO UFYU VTFE UP QMPU
QSFEJDUJPOT GPS (ǎǎǡǎǍ�

������� /FHBUJWF CJOPNJBM 	HBNNB�1PJTTPO
NPEFMT� 5ZQJDBMMZ UIFSF JT B MPU PG VOFYQMBJOFE
WBSJBUJPO JO 1PJTTPO NPEFMT� 1SFTVNBCMZ UIJT BEEJUJPOBM WBSJBUJPO BSJTFT GSPN VOPCTFSWFE
JOĘVFODFT UIBU WBSZ GSPN DBTF UP DBTF
 HFOFSBUJOH WBSJBUJPO JO UIF USVF λ�T� *HOPSJOH UIJT WBSJ�
BUJPO
 PS SBUF IFUFSPHFOFJUZ
 DBO DBVTF DPOGPVOET KVTU MJLF JU DBO GPS CJOPNJBM NPEFMT� 4P B
WFSZ DPNNPO FYUFOTJPO PG 1PJTTPO (-.T JT UP TXBQ UIF 1PJTTPO EJTUSJCVUJPO GPS TPNFUIJOH
DBMMFE UIF ĻĲĴĮŁĶŃĲ įĶĻļĺĶĮĹ EJTUSJCVUJPO� ćF JT SFBMMZ B 1PJTTPO EJTUSJCVUJPO JO EJTHVJTF

BOE JU JT BMTP TPNFUJNFT DBMMFE UIF ĴĮĺĺĮ�1ļĶŀŀļĻ EJTUSJCVUJPO GPS UIJT SFBTPO� *U JT B 1PJT�
TPO JO EJTHVJTF
 CFDBVTF JU JT B NJYUVSF PG EJČFSFOU 1PJTTPO EJTUSJCVUJPOT� 8F�MM XPSL XJUI
NJYUVSFT JO UIF OFYU DIBQUFS�

������� &YBNQMF� &YQPTVSF BOE UIF PČTFU� ćF QBSBNFUFS λ JT UIF FYQFDUFE WBMVF PG B 1PJT�
TPO NPEFM
 CVU JU�T BMTP DPNNPOMZ UIPVHIU PG BT B SBUF� #PUI JOUFSQSFUBUJPOT BSF DPSSFDU
 BOE
SFBMJ[JOH UIJT BMMPXT VT UP NBLF 1PJTTPO NPEFMT GPS XIJDI UIF ĲŅĽļŀłĿĲ WBSJFT BDSPTT DBTFT
J� 4VQQPTF GPS FYBNQMF UIBU B OFJHICPSJOH NPOBTUFSZ QFSGPSNT XFFLMZ UPUBMT PG DPNQMFUFE
NBOVTDSJQUT XIJMF ZPVS NPOBTUFSZ EPFT EBJMZ UPUBMT� *G ZPV DPNF JOUP QPTTFTTJPO PG CPUI
TFUT PG SFDPSET
 IPX DPVME ZPV BOBMZ[F CPUI JO UIF TBNF NPEFM
 HJWFO UIBU UIF DPVOUT BSF
BHHSFHBUFE PWFS EJČFSFOU BNPVOUT PG UJNF
 EJČFSFOU FYQPTVSFT 
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8F�SF HPJOH UP VTF UIJT JOTJEF B 1PJTTPONPEFM OPX� ćFOPJTF BSPVOE UIF PVUDPNFXJMM TUJMM CF 1PJTTPO

CFDBVTF UIBU JT TUJMM UIF NBYJNVN FOUSPQZ EJTUSJCVUJPO JO UIJT DPOUFYU�/*/�'Ǿ/**'. JT B DPVOU XJUI
OP DMFBS VQQFS CPVOE� #VU UIF MJOFBS NPEFM JT HPOF�

5J ∼ 1PJTTPO(λJ)

λJ = α1β
J /γ

/PUJDF UIBU UIFSF JT OP MJOL GVODUJPO� "MM XF IBWF UP EP UP FOTVSF UIBU λ SFNBJOT QPTJUJWF JT UP NBLF
TVSF UIF QBSBNFUFST BSF QPTJUJWF� *O UIF DPEF CFMPX
 *�MM VTF FYQPOFOUJBM QSJPST GPS β BOE γ BOE B MPH�
/PSNBM GPS α� ćFO UIFZ BMM IBWF UP CF QPTJUJWF� *O CVJMEJOH UIF NPEFM
 XF BMTP XBOU UP BMMPX TPNF PS
BMM PG UIF QBSBNFUFST UP WBSZ CZ DPOUBDU SBUF� 4JODF DPOUBDU SBUF JT TVQQPTF UP NFEJBUF UIF JOĘVFODF PG
QPQVMBUJPO TJ[F
 MFU�T BMMPX α BOE β� *U DPVME BMTP JOĘVFODF γ
 CFDBVTF USBEF OFUXPSLT NJHIU QSFWFOU
UPPMT GSPN WBOJTIJOH PWFS UJNF� #VU XF�MM MFBWF UIBU BT BO FYFSDJTF GPS UIF SFBEFS� )FSF�T UIF DPEF�

3 DPEF
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(ǎǎǡǎǎ ʚǶ 0'�(ǿ
�'$./ǿ
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*�WF JOWFOUFE UIF FYBDU QSJPST CFIJOE UIF TDFOFT� -FU�T OPU HFU EJTUSBDUFE XJUI UIPTF� * FODPVSBHF ZPV
UP QMBZ BSPVOE� ćF MFTTPO IFSF JT JO IPX XF CVJME JO UIF QSFEJDUPS WBSJBCMFT� 6TJOH QSJPS TJNVMBUJPOT
UP EFTJHO UIF QSJPST JT UIF TBNF
 BMUIPVHI FBTJFS OPX UIBU UIF QBSBNFUFST NFBO TPNFUIJOH� 'JOBMMZ

UIF DPEF UP QSPEVDF QPTUFSJPS QSFEJDUJPOT JT OP EJČFSFOU UIBO UIF DPEF JO UIF NBJO UFYU VTFE UP QMPU
QSFEJDUJPOT GPS (ǎǎǡǎǍ�

������� /FHBUJWF CJOPNJBM 	HBNNB�1PJTTPO
NPEFMT� 5ZQJDBMMZ UIFSF JT B MPU PG VOFYQMBJOFE
WBSJBUJPO JO 1PJTTPO NPEFMT� 1SFTVNBCMZ UIJT BEEJUJPOBM WBSJBUJPO BSJTFT GSPN VOPCTFSWFE
JOĘVFODFT UIBU WBSZ GSPN DBTF UP DBTF
 HFOFSBUJOH WBSJBUJPO JO UIF USVF λ�T� *HOPSJOH UIJT WBSJ�
BUJPO
 PS SBUF IFUFSPHFOFJUZ
 DBO DBVTF DPOGPVOET KVTU MJLF JU DBO GPS CJOPNJBM NPEFMT� 4P B
WFSZ DPNNPO FYUFOTJPO PG 1PJTTPO (-.T JT UP TXBQ UIF 1PJTTPO EJTUSJCVUJPO GPS TPNFUIJOH
DBMMFE UIF ĻĲĴĮŁĶŃĲ įĶĻļĺĶĮĹ EJTUSJCVUJPO� ćF JT SFBMMZ B 1PJTTPO EJTUSJCVUJPO JO EJTHVJTF

BOE JU JT BMTP TPNFUJNFT DBMMFE UIF ĴĮĺĺĮ�1ļĶŀŀļĻ EJTUSJCVUJPO GPS UIJT SFBTPO� *U JT B 1PJT�
TPO JO EJTHVJTF
 CFDBVTF JU JT B NJYUVSF PG EJČFSFOU 1PJTTPO EJTUSJCVUJPOT� 8F�MM XPSL XJUI
NJYUVSFT JO UIF OFYU DIBQUFS�

������� &YBNQMF� &YQPTVSF BOE UIF PČTFU� ćF QBSBNFUFS λ JT UIF FYQFDUFE WBMVF PG B 1PJT�
TPO NPEFM
 CVU JU�T BMTP DPNNPOMZ UIPVHIU PG BT B SBUF� #PUI JOUFSQSFUBUJPOT BSF DPSSFDU
 BOE
SFBMJ[JOH UIJT BMMPXT VT UP NBLF 1PJTTPO NPEFMT GPS XIJDI UIF ĲŅĽļŀłĿĲ WBSJFT BDSPTT DBTFT
J� 4VQQPTF GPS FYBNQMF UIBU B OFJHICPSJOH NPOBTUFSZ QFSGPSNT XFFLMZ UPUBMT PG DPNQMFUFE
NBOVTDSJQUT XIJMF ZPVS NPOBTUFSZ EPFT EBJMZ UPUBMT� *G ZPV DPNF JOUP QPTTFTTJPO PG CPUI
TFUT PG SFDPSET
 IPX DPVME ZPV BOBMZ[F CPUI JO UIF TBNF NPEFM
 HJWFO UIBU UIF DPVOUT BSF
BHHSFHBUFE PWFS EJČFSFOU BNPVOUT PG UJNF
 EJČFSFOU FYQPTVSFT 
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8F�SF HPJOH UP VTF UIJT JOTJEF B 1PJTTPONPEFM OPX� ćFOPJTF BSPVOE UIF PVUDPNFXJMM TUJMM CF 1PJTTPO

CFDBVTF UIBU JT TUJMM UIF NBYJNVN FOUSPQZ EJTUSJCVUJPO JO UIJT DPOUFYU�/*/�'Ǿ/**'. JT B DPVOU XJUI
OP DMFBS VQQFS CPVOE� #VU UIF MJOFBS NPEFM JT HPOF�

5J ∼ 1PJTTPO(λJ)

λJ = α1β
J /γ

/PUJDF UIBU UIFSF JT OP MJOL GVODUJPO� "MM XF IBWF UP EP UP FOTVSF UIBU λ SFNBJOT QPTJUJWF JT UP NBLF
TVSF UIF QBSBNFUFST BSF QPTJUJWF� *O UIF DPEF CFMPX
 *�MM VTF FYQPOFOUJBM QSJPST GPS β BOE γ BOE B MPH�
/PSNBM GPS α� ćFO UIFZ BMM IBWF UP CF QPTJUJWF� *O CVJMEJOH UIF NPEFM
 XF BMTP XBOU UP BMMPX TPNF PS
BMM PG UIF QBSBNFUFST UP WBSZ CZ DPOUBDU SBUF� 4JODF DPOUBDU SBUF JT TVQQPTF UP NFEJBUF UIF JOĘVFODF PG
QPQVMBUJPO TJ[F
 MFU�T BMMPX α BOE β� *U DPVME BMTP JOĘVFODF γ
 CFDBVTF USBEF OFUXPSLT NJHIU QSFWFOU
UPPMT GSPN WBOJTIJOH PWFS UJNF� #VU XF�MM MFBWF UIBU BT BO FYFSDJTF GPS UIF SFBEFS� )FSF�T UIF DPEF�

3 DPEF
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*�WF JOWFOUFE UIF FYBDU QSJPST CFIJOE UIF TDFOFT� -FU�T OPU HFU EJTUSBDUFE XJUI UIPTF� * FODPVSBHF ZPV
UP QMBZ BSPVOE� ćF MFTTPO IFSF JT JO IPX XF CVJME JO UIF QSFEJDUPS WBSJBCMFT� 6TJOH QSJPS TJNVMBUJPOT
UP EFTJHO UIF QSJPST JT UIF TBNF
 BMUIPVHI FBTJFS OPX UIBU UIF QBSBNFUFST NFBO TPNFUIJOH� 'JOBMMZ

UIF DPEF UP QSPEVDF QPTUFSJPS QSFEJDUJPOT JT OP EJČFSFOU UIBO UIF DPEF JO UIF NBJO UFYU VTFE UP QMPU
QSFEJDUJPOT GPS (ǎǎǡǎǍ�

������� /FHBUJWF CJOPNJBM 	HBNNB�1PJTTPO
NPEFMT� 5ZQJDBMMZ UIFSF JT B MPU PG VOFYQMBJOFE
WBSJBUJPO JO 1PJTTPO NPEFMT� 1SFTVNBCMZ UIJT BEEJUJPOBM WBSJBUJPO BSJTFT GSPN VOPCTFSWFE
JOĘVFODFT UIBU WBSZ GSPN DBTF UP DBTF
 HFOFSBUJOH WBSJBUJPO JO UIF USVF λ�T� *HOPSJOH UIJT WBSJ�
BUJPO
 PS SBUF IFUFSPHFOFJUZ
 DBO DBVTF DPOGPVOET KVTU MJLF JU DBO GPS CJOPNJBM NPEFMT� 4P B
WFSZ DPNNPO FYUFOTJPO PG 1PJTTPO (-.T JT UP TXBQ UIF 1PJTTPO EJTUSJCVUJPO GPS TPNFUIJOH
DBMMFE UIF ĻĲĴĮŁĶŃĲ įĶĻļĺĶĮĹ EJTUSJCVUJPO� ćF JT SFBMMZ B 1PJTTPO EJTUSJCVUJPO JO EJTHVJTF

BOE JU JT BMTP TPNFUJNFT DBMMFE UIF ĴĮĺĺĮ�1ļĶŀŀļĻ EJTUSJCVUJPO GPS UIJT SFBTPO� *U JT B 1PJT�
TPO JO EJTHVJTF
 CFDBVTF JU JT B NJYUVSF PG EJČFSFOU 1PJTTPO EJTUSJCVUJPOT� 8F�MM XPSL XJUI
NJYUVSFT JO UIF OFYU DIBQUFS�

������� &YBNQMF� &YQPTVSF BOE UIF PČTFU� ćF QBSBNFUFS λ JT UIF FYQFDUFE WBMVF PG B 1PJT�
TPO NPEFM
 CVU JU�T BMTP DPNNPOMZ UIPVHIU PG BT B SBUF� #PUI JOUFSQSFUBUJPOT BSF DPSSFDU
 BOE
SFBMJ[JOH UIJT BMMPXT VT UP NBLF 1PJTTPO NPEFMT GPS XIJDI UIF ĲŅĽļŀłĿĲ WBSJFT BDSPTT DBTFT
J� 4VQQPTF GPS FYBNQMF UIBU B OFJHICPSJOH NPOBTUFSZ QFSGPSNT XFFLMZ UPUBMT PG DPNQMFUFE
NBOVTDSJQUT XIJMF ZPVS NPOBTUFSZ EPFT EBJMZ UPUBMT� *G ZPV DPNF JOUP QPTTFTTJPO PG CPUI
TFUT PG SFDPSET
 IPX DPVME ZPV BOBMZ[F CPUI JO UIF TBNF NPEFM
 HJWFO UIBU UIF DPVOUT BSF
BHHSFHBUFE PWFS EJČFSFOU BNPVOUT PG UJNF
 EJČFSFOU FYQPTVSFT 
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'ĶĴłĿĲ ƉƉ�Ɖƈ� 1PTUFSJPS QSFEJDUJPOT GPS UIF
TDJFOUJĕD NPEFM PG UIF 0DFBOJD UPPM DPVOUT�
$PNQBSF UP UIF SJHIU IBOE QMPU JO 'ĶĴ�
łĿĲ ƉƉ�Ƒ� 4JODF UIJT NPEFM GPSDFT UIF USFOET UP
QBTT UISPVHI UIF PSJHJO
 BT JUNVTU
 JUT CFIBWJPS
JT NPSF TFOTJCMF
 JO BEEJUJPO UP IBWJOH QBSBN�
FUFST XJUI NFBOJOH PVUTJEF B MJOFBS NPEFM�

8IBU XF XBOU JT B EZOBNJD NPEFM PG UIF DVMUVSBM FWPMVUJPO PG UPPMT� 5PPMT BSFO�U DSFBUFE
BMM BU PODF� *OTUFBE UIFZ EFWFMPQ PWFS UJNF� *OOPWBUJPO QSPDFTTFT BU UIFN UP B QPQVMBUJPO�
1SPDFTTFT PG MPTT SFNPWF UIFN� ćFTF GPSDFT CBMBODF UP QSPEVDF UPPM LJUT PG EJČFSFOU TJ[FT�
ćF TJNQMFTU NPEFM BTTVNFT UIBU JOOPWBUJPO JT QSPQPSUJPOBM UP QPQVMBUJPO TJ[F XJUI TPNF EJ�
NJOJTIJOH SFUVSOT 	BO FMBTUJDJUZ
� *U BMTP BTTVNFT UIBU UPPM MPTT JT QSPQPSUJPOBM UP UIF OVNCFS
PG UPPMT
 XJUI OP EJNJOJTIJOH SFUVSOT� *G ZPV SFDBMM UIF OFVUSBM FWPMVUJPO EFCBUF GSPN $IBQ�
UFS �
 UIJT JT B NPEFM PG UIBU UZQF�UIF UIFPSFUJDBM NPEFM JT NPSF FMBCPSBUF UIBO UIF TUBUJTUJDBM
NPEFM XF�MM EFSJWF GSPN JU�

ćF0WFSUIJOLJOH CPY CFMPX QSFTFOUT UIFNBUIFNBUJDBM WFSTJPO PG UIJT NPEFM BOE TIPXT
ZPV UIF DPEF UP CVJME JU JO 0'�(� ćF NPEFM FOET VQ JO (ǎǎǡǎǎ� -FU�T DBMM UIJT UIF TDJFOUJĕD
NPEFM BOE UIF QSFWJPVT (ǎǎǡǎǍ UIF HFPDFOUSJD NPEFM� 'ĶĴłĿĲ ƉƉ�Ɖƈ TIPXT UIF QPTUFSJPS
QSFEJDUJPOT GPS UIF TDJFOUJĕD NPEFM
 PO UIF OBUVSBM TDBMF PG QPQVMBUJPO TJ[F� $PNQBSJOH JU
XJUI UIF BOBMPHPVT QMPU JO 'ĶĴłĿĲ ƉƉ�Ƒ
 OPUJDF UIBU UIF USFOE GPS IJHI DPOUBDU TPDJFUJFT BMXBZT
USFOET BCPWF UIF USFOE GPS MPX DPOUBDU TPDJFUJFT� #PUI USFOET BMXBZT QBTT UISPVHI UIF PSJHJO
OPX
 BT UIFZ NVTU� ćF TDJFOUJĕD NPEFM JT TUJMM GBS GSPN QFSGFDU� #VU JU QSPWJEFT B CFUUFS
GPVOEBUJPO UP MFBSO GSPN� ćF QBSBNFUFST IBWF DMFBSFS NFBOJOHT OPX� ćFZ BSFO�U KVTU CJUT
PG NBDIJOFSZ JO UIF CPUUPN PG B UJEF QSFEJDUJPO FOHJOF�

:PVNJHIU BTL IPX UIF TDJFOUJĕDNPEFM DPNQBSFT UP UIF HFPDFOUSJD NPEFM� ćF FYQFDUFE
BDDVSBDZ PVU PG TBNQMF
 XIFUIFS ZPV VTF -00*4 PS 8"*$
 JT B GFX QPJOUT CFUUFS UIBO UIF
HFPDFOUSJD NPEFM� *U JT TUJMM UVHHFE BSPVOE CZ )BXBJJ BOE 5POHB� 8F�MM SFUVSO UP UIFTF EBUB
JO B MBUFS DIBQUFS BOE BQQSPBDI DPOUBDU SBUF B EJČFSFOU XBZ
 CZ UBLJOH BDDPVOU PG IPX DMPTF
UIFTF TPDJFUJFT BSF UP POF BOPUIFS�

0WFSUIJOLJOH� .PEFMJOH UPPM JOOPWBUJPO� 5BLJOH UIF WFSCBM NPEFM JO UIF NBJO UFYU BCPWF
 XF DBO
XSJUF UIBU UIF DIBOHF JO UIF FYQFDUFE OVNCFS PG UPPMT JO POF UJNF TUFQ JT�

∆5 = α1β − γ5
XIFSF1 JT UIF QPQVMBUJPO TJ[F
5 JT UIF OVNCFS PG UPPMT
 BOEα
 β
 BOE γ BSF QBSBNFUFST UP CF FTUJNBUFE�
5P ĕOE BO FRVJMJCSJVN OVNCFS PG UPPMT 5
 KVTU TFU UIF FRVBUJPO BCPWF FRVBM UP [FSP BOE TPMWF GPS 5�
ćJT ZJFMET�

5̂ =
α1β

γ
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'ĶĴłĿĲ ƉƉ�Ƒ� 1PTUFSJPS QSFEJDUJPOT GPS UIF 0DFBOJD UPPMT NPEFM� 'JMMFE
QPJOUT BSF TPDJFUJFT XJUI IJTUPSJDBMMZ IJHI DPOUBDU� 0QFO QPJOUT BSF UIPTF
XJUI MPX DPOUBDU� 1PJOU TJ[F JT TDBMFE CZ SFMBUJWF -00*4 1BSFUP L WBMVFT�
-BSHFS QPJOUT BSF NPSF JOĘVFOUJBM� ćF TPMJE DVSWF JT UIF QPTUFSJPS NFBO
GPS IJHI DPOUBDU TPDJFUJFT� ćF EBTIFE DVSWF JT UIF TBNF GPS MPX DPOUBDU TP�
DJFUJFT� ��� DPNQBUJCJMJUZ JOUFSWBMT BSF TIPXO CZ UIF TIBEFE SFHJPOT� -Fę�
4UBOEBSEJ[FE MPH QPQVMBUJPO TDBMF
 BT JO UIF NPEFM DPEF� 3JHIU� 4BNF QSF�
EJDUJPOT PO UIF OBUVSBM QPQVMBUJPO TDBMF�
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ćF SFTVMU JT TIPXO JO 'ĶĴłĿĲ ƉƉ�Ƒ� 0QFO QPJOUT BSF MPX DPOUBDU TPDJFUJFT� 'JMMFE QPJOUT BSF
IJHI DPOUBDU TPDJFUJFT� ćF QPJOUT BSF TDBMFE CZ UIFJS 1BSFUP L WBMVFT� ćF EBTIFE DVSWF JT
UIF MPX DPOUBDU QPTUFSJPS NFBO� ćF TPMJE DVSWF JT UIF IJHI DPOUBDU QPTUFSJPS NFBO�

ćJT QMPU JT KPJOFE PO JUT SJHIU CZ UIF TBNF QSFEJDUJPOT TIPXO PO UIF OBUVSBM TDBMF
 XJUI
SBX QPQVMBUJPO TJ[FT PO UIF IPSJ[POUBM� ćF DPEF UP EP UIBU JT WFSZ TJNJMBS
 CVU ZPV OFFE UP
DPOWFSU UIF �Ǿ. , UP UIF OBUVSBM TDBMF
 CZ SFWFSTJOH UIF TUBOEBSEJ[BUJPO
 BOE UIFO ZPV DBO
KVTU SFQMBDF �Ǿ. , XJUI UIF DPOWFSUFE TFRVFODF JO UIF '$) . BOE .#�� DPNNBOET�

3 DPEF
����� +'*/ǿ �ɶ+*+0'�/$*) Ǣ �ɶ/*/�'Ǿ/**'. Ǣ 3'��ʙǫ+*+0'�/$*)ǫ Ǣ 4'��ʙǫ/*/�' /**'.ǫ Ǣ

�*'ʙ-�)"$Ǐ Ǣ +�#ʙ$! '. ǿ ��/ɶ�$�ʙʙǎ Ǣ ǎ Ǣ ǎǓ Ȁ Ǣ '2�ʙǏ Ǣ

Scienti!c model Statistical model

Model violations now mean something.
Parameters now mean something.



Additional count distributions

• Multinomial/categorical: generalized binomial, 
more than 2 un-ordered outcomes

• Geometric: number of trials until speci!c event
• Mixtures, coping with heterogeneity:

• Beta-binomial: varying probabilities
• gamma-Poisson: aka negative-Binomial, varying rates
• others (e.g. Dirichlet-multinomial)


