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Monsters and mixtures

• More complicated GLMs:
• Monsters: Specialized, complex 

distributions
• ordered categories, ranks

• Mixtures: Blends of stochastic processes
• Varying means, probabilities, rates
• Varying process: zero-in!ation, 

hurdles



Mixtures

• Some outcomes mix di"erent processes
• replace parameter of likelihood with distribution of its 

own
• Over-dispersion: counts o#en more variable than 

expected, because probabilities/rates are variable
• beta-binomial, gamma-Poisson (negative-binomial)

• Zero-in!ated mixtures



Zero-in!ated Poisson model
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'ĶĴłĿĲ ƉƉ�ƌ� -Fę� 4USVDUVSF PG UIF [FSP�JOĘBUFE MJLFMJIPPE DBMDVMBUJPO� #F�
HJOOJOH BU UIF UPQ UIF NPOLT ESJOL Q PG UIF UJNF PS JOTUFBE XPSL � − Q PG
UIF UJNF� %SJOLJOH NPOLT BMXBZT QSPEVDF BO PCTFSWBUJPO Z = �� 8PSLJOH
NPOLTNBZ QSPEVDF FJUIFS Z = � PS Z > �� 3JHIU� 'SFRVFODZ EJTUSJCVUJPO PG
[FSP�JOĘBUFE PCTFSWBUJPOT� ćF CMVF MJOF TFHNFOU PWFS [FSP TIPXT UIF Z = �
PCTFSWBUJPOT UIBU BSPTF GSPN ESJOLJOH� *O SFBM EBUB XF UZQJDBMMZ DBOOPU TFF
XIJDI [FSPT DPNF GSPN XIJDI QSPDFTT�

4JODF ESJOLJOH NPOLT OFWFS QSPEVDF Z > � UIF FYQSFTTJPO BCPWF JT KVTU UIF DIBODF UIF
NPOLT CPUI XPSL � − Q BOE ĕOJTI Z NBOVTDSJQUT�

%FĕOF ;*1PJTTPO BT UIF EJTUSJCVUJPO BCPWF XJUI QBSBNFUFST Q 	QSPCBCJMJUZ PG B [FSP
 BOE
λ 	NFBO PG 1PJTTPO
 UP EFTDSJCF JU�T TIBQF� ćFO B [FSP�JOĘBUFE 1PJTTPO SFHSFTTJPO UBLFT UIF
GPSN�

ZJ ∼ ;*1PJTTPO(QJ,λJ)

MPHJU(QJ) = αQ + βQYJ

MPH(λJ) = αλ + βλYJ

/PUJDF UIBU UIFSF BSF UXP MJOFBS NPEFMT BOE UXP MJOL GVODUJPOT POF GPS FBDI QSPDFTT JO UIF
;*1PJTTPO� ćF QBSBNFUFST PG UIF MJOFBS NPEFMT EJČFS CFDBVTF BOZ QSFEJDUPS TVDI BT Y NBZ
CF BTTPDJBUFE EJČFSFOUMZ XJUI FBDI QBSU PG UIF NJYUVSF� *O GBDU ZPV EPO�U FWFO IBWF UP VTF
UIF TBNF QSFEJDUPST JO CPUI NPEFMT�ZPV DBO DPOTUSVDU UIF UXP MJOFBS NPEFMT IPXFWFS ZPV
XJTI EFQFOEJOH VQPO ZPVS IZQPUIFTJT�

8F IBWF FWFSZUIJOH XF OFFE OPX FYDFQU GPS TPNF BDUVBM EBUB� 4P MFU�T TJNVMBUF UIF
NPOLT� ESJOLJOH BOE XPSLJOH� ćFO ZPV�MM TFF UIF DPEF VTFE UP SFDPWFS UIF QBSBNFUFS WBMVFT
VTFE JO UIF TJNVMBUJPO�
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Linear models 
are independent



Simulate, validate, cromulate

• As models get more complicated, no 
guarantees you can

• specify model correctly
• estimate actual process reliably
• Bayes not magic, just logic

• Simulate “dummy data”
• recover estimates
• understand the model

• Try parameter combinations hostile to 
estimation, so you know limits of the 
golem



Other mixtures

• Can ZIBinomial, too
• Also “hurdle” models, aka zero-augmented
• Continuous mixtures for overdispersed counts

• beta-binomial
• gamma-Poisson

• Multilevel models are a sort of mixture



Ordered categories

• How much do you like this class? (1–7)
• How important is income of a potential spouse? 

(1–10)
• How o#en do you see bats?

(never, sometimes, frequently)
• Depth harbor seals dive? (shallow, middle, deep)



Ordered categories

• Discrete outcomes
• De!ned minimum and maximum
• De!ned order
• “Distances” between categories unknown



Moral intuitions

• data(Trolley)
• 331 individuals, 30 scenarios, 

9930 responses
• How do responses vary with 

action, intention, contact?
• Age, gender, individual? 1 2 3 4 5 6 7
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Ordered logit

• A log-cumulative-odds link probability model
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PEET� -Fę� )JTUPHSBN PG EJTDSFUF SFTQPOTF JO UIF TBNQMF� .JEEMF� $VNV�
MBUJWF QSPQPSUJPO PG FBDI SFTQPOTF� 3JHIU� MPHBSJUIN PG DVNVMBUJWF PEET
PG FBDI SFTQPOTF� /PUF UIBU UIF MPH�DVNVMBUJWF�PEET PG SFTQPOTF WBMVF � JT
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Ordered logit

• A log-cumulative-odds link probability model
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UIF MBTU DIBQUFS XIFO ZPV NFU CJOPNJBM (-.ÔT UIBU UIF MPH�PEET PG BOZ
FWFOU & JT KVTU�

MPH 1S(&)
� − 1S(&) .

5IJT JT TJNQMZ UIF MPHBSJUIN PG UIF PEET� #BDL UIFSF 	QBHF ���
 * FY�
QMBJOFE UIF BEWBOUBHFT PG NPEFMJOH UIF MPH�PEET BT BO BEEJUJWF DPNCJ�
OBUJPO PG QBSBNFUFST BOE WBSJBCMFT� "MM PG UIPTF SFBTPOT NBUUFS IFSF JO
UIF TBNF XBZT�

4P XF XBOU UP XPSL XJUI MPH�PEET BHBJO� #VU UIFSFÔT BMTP BOPUIFS
EFTJSBCMF QSPQFSUZ PG MPH�PEET XIJDI XJMM IFMQ VT OPX UIBU XF IBWF JO
FGGFDU B NVMUJOPNJBM EJTUSJCVUJPO XJUI NPSF UIBO UXP NVUVBMMZ FYDMV�
TJWF PVUDPNFT� 8F TIPVME GPDVT PO UIF DVNVMBUJWF MPH�PEET PG FBDI QPT�
TJCMF WBMVF� -FU NF FYQMBJO XIZ� 5IF QSPCBCJMJUZ EFOTJUZ XF BSF BGUFS IBT
B OVNCFS PG EJTDSFUF PSEFSFE PCTFSWBCMF WBMVFT� 0VS HPBM JT UP HFU B GPS�
NVMBÒB QSPCBCJMJUZ EFOTJUZÒUIBU UFMMT VT UIF MJLFMJIPPE PG FBDI WBMVF�
5IJT GVODUJPO XJMM CF MJLF UIF GQRUP BOE GELQRP BOE GSRLV PG FBSMJFS
(-.ÔT� *U XJMM IFMQ VT JO HFUUJOH UP UIJT HPBM JG XF TUBSU XJUI DVNVMBUJWF
QSPCBCJMJUZ UIPVHI JOTUFBE PG UIF EJTDSFUF QSPCBCJMJUZ PG FBDI PCTFSW�
BCMF WBMVF� $VNVMBUJWF QSPCBCJMJUZ JT KVTU UIF QSPCBCJMJUZ PG BOZ WBMVF PS
TNBMMFS WBMVF� 8IZ HP DVNVMBUJWF BU UIF TUBSU IFSF #FDBVTF DVNVMBUJWF
QSPCBCJMJUZ OBUVSBMMZ DPOTUSBJOT JUTFMG UP OFWFS FYDFFEJOH B UPUBM QSPCB�
CJMJUZ PG POF� "OE CFDBVTF UIJT JT BO PSEFSFE EFOTJUZ XF LOPX UIBU UIF
DVNVMBUJWF MPH�PEET PG UIF MBSHFTU PCTFSWBCMF WBMVF NVTU CF +∞ XIJDI
JT UIF TBNF BT DVNVMBUJWF QSPCBCJMJUZ PG POF� 5IJT BODIPST UIF EJTUSJ�
CVUJPO BOE TUBOEBSEJ[FT JU BU UIF TBNF UJNF� *G ZPV TUBSU JOTUFBE XJUI
EJTDSFUF JOEJWJEVBM QSPCBCJMJUJFT PG FBDI PVUDPNF UIFO ZPVÔE IBWF UP
MBUFS TUBOEBSEJ[F UIFTF QSPCBCJMJUJFT UP FOTVSF UIFZ TVN UP FYBDUMZ POF� *U
UVSOT PVU UP CF FBTJFS UP KVTU TUBSU XJUI UIF DVNVMBUJWF QSPCBCJMJUZ BOE
UIFO XPSL CBDLXBSET UP UIF JOEJWJEVBM QSPCBCJMJUJFT� * LOPX UIJT TFFNT
XFJSE� #VU *ÔMM XBML ZPV UISPVHI JU���

8IBU XF XBOU JT GPS UIF DVNVMBUJWF MPH�PEET PG BO PCTFSWFE WBMVF ZJ
UP CF FRVBM�UP�PS�MFTT�UIBO TPNF QPTTJCMF WBMVF L UP CF�

MPH 1S(ZJ ≤ L)
� − 1S(ZJ ≤ L) = φL, 	���


XIFSF φL JT B DPOUJOVPVT WBMVF EJGGFSFOU GPS FBDI PCTFSWBCMF WBMVF L�
8FÔMM NBLF UIJT WBMVF JOUP B MJOFBS NPEFM JO B CJU� 'PS OPX JUÔT KVTU B
QMBDFIPMEFS� 5IF BCPWF GVODUJPO JT KVTU B EJSFDU FNCPEJNFOU PG UIF MPH�
PEET BOE DVNVMBUJWF EFOTJUZ PCKFDUJWFT XFÔWF TUBUFE TP GBS� *U BDUVBMMZ
TBZT OPUIJOH FMTF BU BMM� /PX XF TPMWF GPS UIF DVNVMBUJWF QSPCBCJMJUZ
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Ordered logit

• A log-cumulative-odds link probability model
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8IBU XF XBOU JT GPS UIF DVNVMBUJWF MPH�PEET PG BO PCTFSWFE WBMVF ZJ
UP CF FRVBM�UP�PS�MFTT�UIBO TPNF QPTTJCMF WBMVF L UP CF�

MPH 1S(ZJ ≤ L)
� − 1S(ZJ ≤ L) = φL, 	���


XIFSF φL JT B DPOUJOVPVT WBMVF EJGGFSFOU GPS FBDI PCTFSWBCMF WBMVF L�
8FÔMM NBLF UIJT WBMVF JOUP B MJOFBS NPEFM JO B CJU� 'PS OPX JUÔT KVTU B
QMBDFIPMEFS� 5IF BCPWF GVODUJPO JT KVTU B EJSFDU FNCPEJNFOU PG UIF MPH�
PEET BOE DVNVMBUJWF EFOTJUZ PCKFDUJWFT XFÔWF TUBUFE TP GBS� *U BDUVBMMZ
TBZT OPUIJOH FMTF BU BMM� /PX XF TPMWF GPS UIF DVNVMBUJWF QSPCBCJMJUZ
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EFOTJUZ JUTFMG� %P UIJT CZ UBLJOH 	���
 BOE TPMWJOH GPS 1S(ZJ ≤ L)� "GUFS B
MJUUMF BMHFCSB ZPV HFU�

1S(ZJ ≤ L) = FYQ(φL)

� + FYQ(φL)
.

:PV NJHIU SFDPHOJ[F UIJT QSPCBCJMJUZ BT UIF MPHJTUJD TBNF BT JO UIF MBTU
DIBQUFS� *U BSPTF JO UIF TBNF XBZ FTUBCMJTIJOH UIF MPHJTUJD GVODUJPO BT
UIF JOWFSTF MJOL GPS UIF CJOPNJBM NPEFM� #VU OPX XF IBWF B DVNVMBUJWF
MPHJTUJD TJODF UIF QSPCBCJMJUZ 1S(ZJ ≤ L) JT DVNVMBUJWF�

#VU XF TUJMM OFFE MJLFMJIPPET XIJDI BSF OPU DVNVMBUJWF� 4P IPX EP
ZPV VTF UIJT UIJOH 8FMM JUÔT B QSPCBCJMJUZ EFOTJUZ TP ZPV DBO VTF JU UP
EFGJOF UIF MJLFMJIPPE PG BOZ PCTFSWBUJPO ZJ� #Z EFGJOJUJPO JO B EJTDSFUF
QSPCBCJMJUZ EFOTJUZ UIF MJLFMJIPPE PG BOZ PCTFSWBUJPO ZJ = L NVTU CF�

1S(ZJ = L) = 1S(ZJ ≤ L)− 1S(ZJ ≤ L− �). 	���

5IJT KVTU TBZT UIBU TJODF UIF MPHJTUJD JT DVNVMBUJWF XF DBO DPNQVUF UIF
EJTDSFUF QSPCBCJMJUZ PG FYBDUMZ ZJ = L CZ TVCUSBDUJOH UIF DVNVMBUJWF QSPC�
BCJMJUZ PG POF PCTFSWBCMF WBMVF MPXFS UIBO L�

������ 1VUUJOH UIF (-. JO UIF φ� 8FÔSF BMNPTU SFBEZ UP XBML UISPVHI
BDUVBMMZ XSJUJOH UIF DPEF UP GJU NPEFMT UP UIJT EJTUSJCVUJPO� #VU CFGPSF
XF HFU UP DPEJOH UIFSF JT POF NPSF DPODFQUVBM TUFQ� 5P CVJME BEEJUJWF
NPEFMT PG UIF MPH�PEET WBMVFT φL XFÔMM OFFE UP EJTUJOHVJTI UIF JOUFSDFQU
BU FBDI WBMVF L GSPN UIF SFTU PG UIF BEEJUJWF NPEFM�

*O UIF TJNQMFTU DBTF UIFSF BSF OP QSFEJDUPS WBSJBCMFT BOE TP FBDI
PCTFSWBCMF WBMVF L IBT B VOJRVF MPH�PEET WBMVF φL UIBU KVTU USBOTMBUFT
CFUXFFO UIF DVNVMBUJWF QSPCBCJMJUZ TDBMF BOE UIF MPH�PEET TDBMF PG UIF
NPEFM� 'PS FYBNQMF DPOTJEFS B DBTF JO XIJDI UIF PCTFSWBCMF WBMVFT BSF
UIF OVNCFST � � BOE �� /PX UIF NBYJNVN MJLFMJIPPE FTUJNBUF PG UIF
DVNVMBUJWF QSPCBCJMJUZ PG PCTFSWJOH B Ö�× JT KVTU HPJOH UP CF UIF PCTFSWFE
QSPQPSUJPO PG �ÔT JO UIF EBUB� 5IF FTUJNBUF PG UIF DVNVMBUJWF QSPCBCJMJUZ
PG B ��PS�MFTT JT HPJOH UP CF UIF QSPQPSUJPO PG UIF PCTFSWFE WBMVFT UIBU
BSF � PS �� 5IF DVNVMBUJWF QSPCBCJMJUZ PG B � NVTU CF FYBDUMZ � CFDBVTF
JUÔT UIF NBYJNVN WBMVF� 4P JG UIFSF BSF TBZ ��� PCTFSWBUJPOT BOE ��
PG UIFN BSF Ö�× BOE �� PG UIFN BSF Ö�× UIFO UIF FTUJNBUFE DVNVMBUJWF
QSPCBCJMJUJFT PG � � BOE � BSF� ������ 	�����
���� �� $SVODIFE JOUP
QSPQPSUJPOT UIPTF WBMVFT BSF � ���� ��� BOE �� /PX UIF φ WBMVF DPS�
SFTQPOEJOH UP FBDI JT KVTU UIF DVNVMBUJWF MPH�PEET PG FBDI� 4P ZPV DBO
DPNQVUF UIFN EJSFDUMZ GSPN UIFTF QSPQPSUJPOT KVTU CZ VTJOH UIF GPSNVMB
GPS MPH�PEET� 'PS FYBNQMF UIF MPH�PEET GPS Ö�× NVTU CF�

φ� = MPH �.�
� − �.� ≈ �.��.
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EFOTJUZ JUTFMG� %P UIJT CZ UBLJOH 	���
 BOE TPMWJOH GPS 1S(ZJ ≤ L)� "GUFS B
MJUUMF BMHFCSB ZPV HFU�

1S(ZJ ≤ L) = FYQ(φL)

� + FYQ(φL)
.

:PV NJHIU SFDPHOJ[F UIJT QSPCBCJMJUZ BT UIF MPHJTUJD TBNF BT JO UIF MBTU
DIBQUFS� *U BSPTF JO UIF TBNF XBZ FTUBCMJTIJOH UIF MPHJTUJD GVODUJPO BT
UIF JOWFSTF MJOL GPS UIF CJOPNJBM NPEFM� #VU OPX XF IBWF B DVNVMBUJWF
MPHJTUJD TJODF UIF QSPCBCJMJUZ 1S(ZJ ≤ L) JT DVNVMBUJWF�

#VU XF TUJMM OFFE MJLFMJIPPET XIJDI BSF OPU DVNVMBUJWF� 4P IPX EP
ZPV VTF UIJT UIJOH 8FMM JUÔT B QSPCBCJMJUZ EFOTJUZ TP ZPV DBO VTF JU UP
EFGJOF UIF MJLFMJIPPE PG BOZ PCTFSWBUJPO ZJ� #Z EFGJOJUJPO JO B EJTDSFUF
QSPCBCJMJUZ EFOTJUZ UIF MJLFMJIPPE PG BOZ PCTFSWBUJPO ZJ = L NVTU CF�

1S(ZJ = L) = 1S(ZJ ≤ L)− 1S(ZJ ≤ L− �). 	���

5IJT KVTU TBZT UIBU TJODF UIF MPHJTUJD JT DVNVMBUJWF XF DBO DPNQVUF UIF
EJTDSFUF QSPCBCJMJUZ PG FYBDUMZ ZJ = L CZ TVCUSBDUJOH UIF DVNVMBUJWF QSPC�
BCJMJUZ PG POF PCTFSWBCMF WBMVF MPXFS UIBO L�

������ 1VUUJOH UIF (-. JO UIF φ� 8FÔSF BMNPTU SFBEZ UP XBML UISPVHI
BDUVBMMZ XSJUJOH UIF DPEF UP GJU NPEFMT UP UIJT EJTUSJCVUJPO� #VU CFGPSF
XF HFU UP DPEJOH UIFSF JT POF NPSF DPODFQUVBM TUFQ� 5P CVJME BEEJUJWF
NPEFMT PG UIF MPH�PEET WBMVFT φL XFÔMM OFFE UP EJTUJOHVJTI UIF JOUFSDFQU
BU FBDI WBMVF L GSPN UIF SFTU PG UIF BEEJUJWF NPEFM�

*O UIF TJNQMFTU DBTF UIFSF BSF OP QSFEJDUPS WBSJBCMFT BOE TP FBDI
PCTFSWBCMF WBMVF L IBT B VOJRVF MPH�PEET WBMVF φL UIBU KVTU USBOTMBUFT
CFUXFFO UIF DVNVMBUJWF QSPCBCJMJUZ TDBMF BOE UIF MPH�PEET TDBMF PG UIF
NPEFM� 'PS FYBNQMF DPOTJEFS B DBTF JO XIJDI UIF PCTFSWBCMF WBMVFT BSF
UIF OVNCFST � � BOE �� /PX UIF NBYJNVN MJLFMJIPPE FTUJNBUF PG UIF
DVNVMBUJWF QSPCBCJMJUZ PG PCTFSWJOH B Ö�× JT KVTU HPJOH UP CF UIF PCTFSWFE
QSPQPSUJPO PG �ÔT JO UIF EBUB� 5IF FTUJNBUF PG UIF DVNVMBUJWF QSPCBCJMJUZ
PG B ��PS�MFTT JT HPJOH UP CF UIF QSPQPSUJPO PG UIF PCTFSWFE WBMVFT UIBU
BSF � PS �� 5IF DVNVMBUJWF QSPCBCJMJUZ PG B � NVTU CF FYBDUMZ � CFDBVTF
JUÔT UIF NBYJNVN WBMVF� 4P JG UIFSF BSF TBZ ��� PCTFSWBUJPOT BOE ��
PG UIFN BSF Ö�× BOE �� PG UIFN BSF Ö�× UIFO UIF FTUJNBUFE DVNVMBUJWF
QSPCBCJMJUJFT PG � � BOE � BSF� ������ 	�����
���� �� $SVODIFE JOUP
QSPQPSUJPOT UIPTF WBMVFT BSF � ���� ��� BOE �� /PX UIF φ WBMVF DPS�
SFTQPOEJOH UP FBDI JT KVTU UIF DVNVMBUJWF MPH�PEET PG FBDI� 4P ZPV DBO
DPNQVUF UIFN EJSFDUMZ GSPN UIFTF QSPQPSUJPOT KVTU CZ VTJOH UIF GPSNVMB
GPS MPH�PEET� 'PS FYBNQMF UIF MPH�PEET GPS Ö�× NVTU CF�

φ� = MPH �.�
� − �.� ≈ �.��.



Ordered logit
����� 03%&3&% $"5&(03*$"- 065$0.&4 ���

DPEF BMM UIF SPVUJOF JOUFSNFEJBUF DBMDVMBUJPOT BCPWF� 4P UP ĕU UIF CBTJD NPEFM JODPSQPSBUJOH
OP QSFEJDUPS WBSJBCMFT�

3 DPEF
�����(ǎǏǡǒ ʚǶ 0'�(ǿ

�'$./ǿ
� ʡ �*-�'*"$/ǿ Ǎ Ǣ �0/+*$)/. ȀǢ
�0/+*$)/. ʡ �)*-(ǿ Ǎ Ǣ ǎǡǒ Ȁ

Ȁ Ǣ
��/�ʙ'$./ǿ �ʙ�ɶ- .+*). ȀǢ �#�$).ʙǑ Ǣ �*- .ʙǐ Ȁ

ćBU [FSP JO UIF �*-�'*"$/ JT B QMBDFIPMEFS GPS UIF MJOFBS NPEFM UIBU XF�MM DPOTUSVDU MBUFS�
*G ZPV XBOU UP VTF UIJT NPEFM JO ,0�+ JOTUFBE ZPV�MM OFFE UP TQFDJGZ UIF ./�-/ WBMVFT GPS
UIF DVUQPJOUT� 0UIFSXJTF JU�MM IBWF B WFSZ IBSE UJNF HFUUJOH TUBSUFE� ćF FYBDU WBMVFT BSFO�U
JNQPSUBOU CVU UIFJS PSEFSJOH PO UIF MPH�DVNVMBUJWF�PEET TDBMF JT JNQPSUBOU� ćJT DPEF XJMM
XPSL�

3 DPEF
�����(ǎǏǡǒ, ʚǶ ,0�+ǿ

�'$./ǿ
- .+*). ʡ �*-�'*"$/ǿ Ǎ Ǣ �ǿ�ǎǢ�ǏǢ�ǐǢ�ǑǢ�ǒǢ�ǓȀ ȀǢ
�ǿ�ǎǢ�ǏǢ�ǐǢ�ǑǢ�ǒǢ�ǓȀ ʡ �)*-(ǿ Ǎ Ǣ ǎǡǒ Ȁ

Ȁ Ǣ ��/�ʙ� Ǣ
./�-/ʙ'$./ǿ�ǎʙǶǏǢ�ǏʙǶǎǢ�ǐʙǍǢ�ǑʙǎǢ�ǒʙǏǢ�ǓʙǏǡǒȀ Ȁ

ćF QPTUFSJPS EJTUSJCVUJPO PG UIF DVUQPJOUT JT PO UIF MPH�DVNVMBUJWF�PEET TDBMF�
3 DPEF
�����+- �$.ǿ (ǎǏǡǒ Ǣ � +/#ʙǏ Ȁ

( �) .� ǒǡǒʉ ǖǑǡǒʉ )Ǿ !! �#�/
�0/+*$)/.ȁǎȂ ǶǎǡǖǏ ǍǡǍǐ ǶǎǡǖǓ ǶǎǡǕǔ ǎǑǓǍ ǎ
�0/+*$)/.ȁǏȂ ǶǎǡǏǔ ǍǡǍǏ Ƕǎǡǐǎ ǶǎǡǏǐ ǏǍǖǎ ǎ
�0/+*$)/.ȁǐȂ ǶǍǡǔǏ ǍǡǍǏ ǶǍǡǔǒ ǶǍǡǓǕ ǏǑǕǍ ǎ
�0/+*$)/.ȁǑȂ ǍǡǏǒ ǍǡǍǏ ǍǡǏǏ ǍǡǏǕ ǏǔǍǎ ǎ
�0/+*$)/.ȁǒȂ ǍǡǕǖ ǍǡǍǏ ǍǡǕǒ ǍǡǖǏ Ǐǐǔǐ ǎ
�0/+*$)/.ȁǓȂ ǎǡǔǔ ǍǡǍǐ ǎǡǔǏ ǎǡǕǎ ǏǐǑǒ ǎ

4JODF UIFSF JT B MPU PG EBUB IFSF UIF QPTUFSJPS GPS FBDI JOUFSDFQU JT RVJUF QSFDJTFMZ FTUJNBUFE
BT ZPV DBO TFF GSPN UIF UJOZ TUBOEBSE EFWJBUJPOT� 5P HFU DVNVMBUJWF QSPCBCJMJUJFT CBDL�

3 DPEF
�����$)1Ǿ'*"$/ǿ�* !ǿ(ǎǏǡǒȀȀ

�0/+*$)/.ȁǎȂ �0/+*$)/.ȁǏȂ �0/+*$)/.ȁǐȂ �0/+*$)/.ȁǑȂ �0/+*$)/.ȁǒȂ �0/+*$)/.ȁǓȂ
ǍǡǎǏǕǐǐǏǒ ǍǡǏǎǖǕǎǏǔ ǍǡǐǏǔǓǕǎǖ ǍǡǒǓǎǒǔǒǎ ǍǡǔǍǕǔǐǎǍ ǍǡǕǒǑǐǒǒǖ

"OE PG DPVSTF UIPTF BSF UIF TBNF BT UIF WBMVFT JO �0(Ǿ+-Ǿ& UIBU XF DPNQVUFE FBSMJFS� #VU
OPX XF BMTP IBWF B QPTUFSJPS EJTUSJCVUJPO BSPVOE UIFTF WBMVFT BOE XF�SF SFBEZ UP BEE QSF�
EJDUPS WBSJBCMFT JO UIF OFYU TFDUJPO�

������� "EEJOH QSFEJDUPS WBSJBCMFT� ćJT ĘVSSZ PG DPNQVUBUJPO IBT HPUUFO VT WFSZ MJUUMF TP
GBS BTJEF GSPN B #BZFTJBO SFQSFTFOUBUJPO PG B IJTUPHSBN� #VU BMM PG JU IBT CFFO OFDFTTBSZ
JO PSEFS UP QSFQBSF UIF NPEFM GPS UIF BEEJUJPO PG QSFEJDUPS WBSJBCMFT UIBU PCFZ UIF PSEFSFE
DPOTUSBJOU PO UIF PVUDPNFT�

��� ��� .0/45&34 "/% .*9563&4
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7 'ĶĴłĿĲ ƉƊ�ƍ� $VNVMBUJWF QSPCBCJMJUZ BOE PS�
EFSFE MJLFMJIPPE� ćF IPSJ[POUBM BYJT EJTQMBZT
QPTTJCMF PCTFSWBCMF PVUDPNFT GSPN � UISPVHI
�� ćF WFSUJDBM BYJT EJTQMBZT DVNVMBUJWF QSPCB�
CJMJUZ� ćF HSBZ CBST PWFS FBDI PVUDPNF TIPX
DVNVMBUJWF QSPCBCJMJUZ� ćFTF LFFQ HSPXJOH
XJUI FBDI TVDDFTTJWF PVUDPNF WBMVF� ćF CMVF
MJOF TFHNFOUT TIPX UIF EJTDSFUF QSPCBCJMJUZ PG
FBDI JOEJWJEVBM PVUDPNF� ćFTF BSF UIF MJLFMJ�
IPPET UIBU HP JOUP #BZFT� UIFPSFN�

MJLFMJIPPE CZ TVCUSBDUJPO�

QL = 1S(ZJ = L) = 1S(ZJ ≤ L)− 1S(ZJ ≤ L− �) 	����


ćF CMVF MJOF TFHNFOUT JO 'ĶĴłĿĲ ƉƊ�ƍ BSF UIFTF MJLFMJIPPET DPNQVUFE CZ TVCUSBDUJPO� 8JUI
UIFTF JO IBOE UIF QPTUFSJPS EJTUSJCVUJPO JT DPNQVUFE UIF VTVBM XBZ�

-FU�T HP BIFBE BOE TFF IPX JU�T EPOF JO DPEF GPSN� $POWFOUJPOT GPSXSJUJOHNBUIFNBUJDBM
GPSNT PG UIF PSEFSFE MPHJU WBSZ B MPU� 8F�MM VTF UIJT DPOWFOUJPO�

3J ∼ 0SEFSFE�MPHJU(φJ,κ) [probability of data]

φJ = � [linear model]

κL ∼ /PSNBM(�, �.�) [common prior for each intercept]

#VU XF DBO FYQSFTT UIF NPEFM NPSF MJUFSBMMZ BT XFMM�

3J ∼ $BUFHPSJDBM(Q) [probability of data]

Q� = R� [probabilities of each value L]
QL = RL − RL−� GPS , > L > �
Q, = �− RL−�

MPHJU(RL) = κL − φJ [cumulative logit link]

φJ = UFSNT PG MJOFBS NPEFM [linear model]

κL ∼ /PSNBM(�, �.�) [common prior for each intercept]

ćF 0SEFSFE EJTUSJCVUJPO JT SFBMMZ KVTU B DBUFHPSJDBM EJTUSJCVUJPO UIBU UBLFT B WFDUPS Q =
{Q�, Q�, Q�, Q�, Q�, Q�} PG QSPCBCJMJUJFT PG FBDI SFTQPOTF WBMVF CFMPX UIF NBYJNVN SFTQPOTF
	� JO UIJT FYBNQMF
� &BDI SFTQPOTF WBMVF L JO UIJT WFDUPS JT EFĕOFE CZ JUT MJOL UP BO JOUFSDFQU
QBSBNFUFS αL� 'JOBMMZ TPNF XFBLMZ SFHVMBSJ[JOH QSJPST BSF QMBDFE PO UIFTF JOUFSDFQUT� *O
UIJT FYBNQMF UIFSF JT B MPU PG EBUB TP KVTU BCPVU BOZ QSJPS XJMM CF PWFSXIFMNFE� "T BMXBZT JO
TNBMM TBNQMF DPOUFYUT ZPV�MM IBWF UP UIJOL NVDI IBSEFS BCPVU QSJPST� $POTJEFS GPS FYBNQMF
UIBU XF LOPX α� < α� CFGPSF XF FWFO TFF UIF EBUB�

*O DPEF GPSN GPS FJUIFS ,0�+ BOE 0'�( UIF MJOL GVODUJPO XJMM CF FNCFEEFE JO UIF MJLFMJ�
IPPE GVODUJPO BMSFBEZ� ćJT NBLFT UIF DBMDVMBUJPOT NPSF FďDJFOU BOE BWPJET GPSDJOH ZPV UP



Back to probability scale
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DPEF BMM UIF SPVUJOF JOUFSNFEJBUF DBMDVMBUJPOT BCPWF� 4P UP ĕU UIF CBTJD NPEFM JODPSQPSBUJOH
OP QSFEJDUPS WBSJBCMFT�

3 DPEF
�����(ǎǏǡǒ ʚǶ 0'�(ǿ

�'$./ǿ
� ʡ �*-�'*"$/ǿ Ǎ Ǣ �0/+*$)/. ȀǢ
�0/+*$)/. ʡ �)*-(ǿ Ǎ Ǣ ǎǡǒ Ȁ

Ȁ Ǣ
��/�ʙ'$./ǿ �ʙ�ɶ- .+*). ȀǢ �#�$).ʙǑ Ǣ �*- .ʙǐ Ȁ

ćBU [FSP JO UIF �*-�'*"$/ JT B QMBDFIPMEFS GPS UIF MJOFBS NPEFM UIBU XF�MM DPOTUSVDU MBUFS�
*G ZPV XBOU UP VTF UIJT NPEFM JO ,0�+ JOTUFBE ZPV�MM OFFE UP TQFDJGZ UIF ./�-/ WBMVFT GPS
UIF DVUQPJOUT� 0UIFSXJTF JU�MM IBWF B WFSZ IBSE UJNF HFUUJOH TUBSUFE� ćF FYBDU WBMVFT BSFO�U
JNQPSUBOU CVU UIFJS PSEFSJOH PO UIF MPH�DVNVMBUJWF�PEET TDBMF JT JNQPSUBOU� ćJT DPEF XJMM
XPSL�

3 DPEF
�����(ǎǏǡǒ, ʚǶ ,0�+ǿ

�'$./ǿ
- .+*). ʡ �*-�'*"$/ǿ Ǎ Ǣ �ǿ�ǎǢ�ǏǢ�ǐǢ�ǑǢ�ǒǢ�ǓȀ ȀǢ
�ǿ�ǎǢ�ǏǢ�ǐǢ�ǑǢ�ǒǢ�ǓȀ ʡ �)*-(ǿ Ǎ Ǣ ǎǡǒ Ȁ

Ȁ Ǣ ��/�ʙ� Ǣ
./�-/ʙ'$./ǿ�ǎʙǶǏǢ�ǏʙǶǎǢ�ǐʙǍǢ�ǑʙǎǢ�ǒʙǏǢ�ǓʙǏǡǒȀ Ȁ

ćF QPTUFSJPS EJTUSJCVUJPO PG UIF DVUQPJOUT JT PO UIF MPH�DVNVMBUJWF�PEET TDBMF�
3 DPEF
�����+- �$.ǿ (ǎǏǡǒ Ǣ � +/#ʙǏ Ȁ

( �) .� ǒǡǒʉ ǖǑǡǒʉ )Ǿ !! �#�/
�0/+*$)/.ȁǎȂ ǶǎǡǖǏ ǍǡǍǐ ǶǎǡǖǓ ǶǎǡǕǔ ǎǑǓǍ ǎ
�0/+*$)/.ȁǏȂ ǶǎǡǏǔ ǍǡǍǏ Ƕǎǡǐǎ ǶǎǡǏǐ ǏǍǖǎ ǎ
�0/+*$)/.ȁǐȂ ǶǍǡǔǏ ǍǡǍǏ ǶǍǡǔǒ ǶǍǡǓǕ ǏǑǕǍ ǎ
�0/+*$)/.ȁǑȂ ǍǡǏǒ ǍǡǍǏ ǍǡǏǏ ǍǡǏǕ ǏǔǍǎ ǎ
�0/+*$)/.ȁǒȂ ǍǡǕǖ ǍǡǍǏ ǍǡǕǒ ǍǡǖǏ Ǐǐǔǐ ǎ
�0/+*$)/.ȁǓȂ ǎǡǔǔ ǍǡǍǐ ǎǡǔǏ ǎǡǕǎ ǏǐǑǒ ǎ

4JODF UIFSF JT B MPU PG EBUB IFSF UIF QPTUFSJPS GPS FBDI JOUFSDFQU JT RVJUF QSFDJTFMZ FTUJNBUFE
BT ZPV DBO TFF GSPN UIF UJOZ TUBOEBSE EFWJBUJPOT� 5P HFU DVNVMBUJWF QSPCBCJMJUJFT CBDL�

3 DPEF
�����$)1Ǿ'*"$/ǿ�* !ǿ(ǎǏǡǒȀȀ

�0/+*$)/.ȁǎȂ �0/+*$)/.ȁǏȂ �0/+*$)/.ȁǐȂ �0/+*$)/.ȁǑȂ �0/+*$)/.ȁǒȂ �0/+*$)/.ȁǓȂ
ǍǡǎǏǕǐǐǏǒ ǍǡǏǎǖǕǎǏǔ ǍǡǐǏǔǓǕǎǖ ǍǡǒǓǎǒǔǒǎ ǍǡǔǍǕǔǐǎǍ ǍǡǕǒǑǐǒǒǖ

"OE PG DPVSTF UIPTF BSF UIF TBNF BT UIF WBMVFT JO �0(Ǿ+-Ǿ& UIBU XF DPNQVUFE FBSMJFS� #VU
OPX XF BMTP IBWF B QPTUFSJPS EJTUSJCVUJPO BSPVOE UIFTF WBMVFT BOE XF�SF SFBEZ UP BEE QSF�
EJDUPS WBSJBCMFT JO UIF OFYU TFDUJPO�

������� "EEJOH QSFEJDUPS WBSJBCMFT� ćJT ĘVSSZ PG DPNQVUBUJPO IBT HPUUFO VT WFSZ MJUUMF TP
GBS BTJEF GSPN B #BZFTJBO SFQSFTFOUBUJPO PG B IJTUPHSBN� #VU BMM PG JU IBT CFFO OFDFTTBSZ
JO PSEFS UP QSFQBSF UIF NPEFM GPS UIF BEEJUJPO PG QSFEJDUPS WBSJBCMFT UIBU PCFZ UIF PSEFSFE
DPOTUSBJOU PO UIF PVUDPNFT�
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DPEF BMM UIF SPVUJOF JOUFSNFEJBUF DBMDVMBUJPOT BCPWF� 4P UP ĕU UIF CBTJD NPEFM JODPSQPSBUJOH
OP QSFEJDUPS WBSJBCMFT�

3 DPEF
�����(ǎǏǡǒ ʚǶ 0'�(ǿ
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Ȁ Ǣ
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ćBU [FSP JO UIF �*-�'*"$/ JT B QMBDFIPMEFS GPS UIF MJOFBS NPEFM UIBU XF�MM DPOTUSVDU MBUFS�
*G ZPV XBOU UP VTF UIJT NPEFM JO ,0�+ JOTUFBE ZPV�MM OFFE UP TQFDJGZ UIF ./�-/ WBMVFT GPS
UIF DVUQPJOUT� 0UIFSXJTF JU�MM IBWF B WFSZ IBSE UJNF HFUUJOH TUBSUFE� ćF FYBDU WBMVFT BSFO�U
JNQPSUBOU CVU UIFJS PSEFSJOH PO UIF MPH�DVNVMBUJWF�PEET TDBMF JT JNQPSUBOU� ćJT DPEF XJMM
XPSL�

3 DPEF
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ćF QPTUFSJPS EJTUSJCVUJPO PG UIF DVUQPJOUT JT PO UIF MPH�DVNVMBUJWF�PEET TDBMF�
3 DPEF
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( �) .� ǒǡǒʉ ǖǑǡǒʉ )Ǿ !! �#�/
�0/+*$)/.ȁǎȂ ǶǎǡǖǏ ǍǡǍǐ ǶǎǡǖǓ ǶǎǡǕǔ ǎǑǓǍ ǎ
�0/+*$)/.ȁǏȂ ǶǎǡǏǔ ǍǡǍǏ Ƕǎǡǐǎ ǶǎǡǏǐ ǏǍǖǎ ǎ
�0/+*$)/.ȁǐȂ ǶǍǡǔǏ ǍǡǍǏ ǶǍǡǔǒ ǶǍǡǓǕ ǏǑǕǍ ǎ
�0/+*$)/.ȁǑȂ ǍǡǏǒ ǍǡǍǏ ǍǡǏǏ ǍǡǏǕ ǏǔǍǎ ǎ
�0/+*$)/.ȁǒȂ ǍǡǕǖ ǍǡǍǏ ǍǡǕǒ ǍǡǖǏ Ǐǐǔǐ ǎ
�0/+*$)/.ȁǓȂ ǎǡǔǔ ǍǡǍǐ ǎǡǔǏ ǎǡǕǎ ǏǐǑǒ ǎ

4JODF UIFSF JT B MPU PG EBUB IFSF UIF QPTUFSJPS GPS FBDI JOUFSDFQU JT RVJUF QSFDJTFMZ FTUJNBUFE
BT ZPV DBO TFF GSPN UIF UJOZ TUBOEBSE EFWJBUJPOT� 5P HFU DVNVMBUJWF QSPCBCJMJUJFT CBDL�

3 DPEF
�����$)1Ǿ'*"$/ǿ�* !ǿ(ǎǏǡǒȀȀ

�0/+*$)/.ȁǎȂ �0/+*$)/.ȁǏȂ �0/+*$)/.ȁǐȂ �0/+*$)/.ȁǑȂ �0/+*$)/.ȁǒȂ �0/+*$)/.ȁǓȂ
ǍǡǎǏǕǐǐǏǒ ǍǡǏǎǖǕǎǏǔ ǍǡǐǏǔǓǕǎǖ ǍǡǒǓǎǒǔǒǎ ǍǡǔǍǕǔǐǎǍ ǍǡǕǒǑǐǒǒǖ

"OE PG DPVSTF UIPTF BSF UIF TBNF BT UIF WBMVFT JO �0(Ǿ+-Ǿ& UIBU XF DPNQVUFE FBSMJFS� #VU
OPX XF BMTP IBWF B QPTUFSJPS EJTUSJCVUJPO BSPVOE UIFTF WBMVFT BOE XF�SF SFBEZ UP BEE QSF�
EJDUPS WBSJBCMFT JO UIF OFYU TFDUJPO�

������� "EEJOH QSFEJDUPS WBSJBCMFT� ćJT ĘVSSZ PG DPNQVUBUJPO IBT HPUUFO VT WFSZ MJUUMF TP
GBS BTJEF GSPN B #BZFTJBO SFQSFTFOUBUJPO PG B IJTUPHSBN� #VU BMM PG JU IBT CFFO OFDFTTBSZ
JO PSEFS UP QSFQBSF UIF NPEFM GPS UIF BEEJUJPO PG QSFEJDUPS WBSJBCMFT UIBU PCFZ UIF PSEFSFE
DPOTUSBJOU PO UIF PVUDPNFT�



Adding predictor variables
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ćF MBTU UXP SFQSFTFOU JOUFSBDUJPOT�UIF JOĘVFODF PG JOUFOUJPONBZ EFQFOE VQPO UIF TJNVMUB�
OFPVT QSFTFODF PG BDUJPO PS DPOUBDU� *�MM VTF UIF JOEJDBUPS WBSJBCMFT EJSFDUMZ UIJT UJNF JOTUFBE
PG BO JOEFY WBSJBCMF� ćJT XJMM MFU NF TIPX ZPV B VTFGVM USJDL GPS EFĕOJOH JOUFSBDUJPOT UIBU
DBO NBLF ZPVS NPEFMT FBTJFS UP SFBE BOE EFCVH�

ćF MPH�DVNVMBUJWF�PEET PG FBDI SFTQPOTF L XJMM OPX CF�

MPH 1S(ZJ ≤ L)
�− 1S(ZJ ≤ L) = αL − φJ

φJ = β""J + β$$J + B*,J*J
B*,J = β* + β*""J + β*$$J

XIFSF"J JOEJDBUFT UIF WBMVF PG ��/$*) PO SPX J *J JOEJDBUFT UIF WBMVF PG $)/ )/$*) PO SPX J
BOE $J JOEJDBUFT UIF WBMVF PG �*)/��/ PO SPX J� 8IBU XF�WF EPOF IFSF JT EFĕOF UIF MPH�PEET
PG FBDI QPTTJCMF SFTQPOTF UP CF BO BEEJUJWFNPEFM PG UIF GFBUVSFT PG UIF TUPSZ DPSSFTQPOEJOH UP
FBDI SFTQPOTF� 'PS UIF JOUFSBDUJPOT PG JOUFOUJPO XJUI BDUJPO BOE DPOUBDU * VTFE BO BDDFTTPSZ
MJOFBS NPEFM B*� ćJT KVTU NBLFT UIF OPUBUJPO DMFBSFS CZ EFĕOJOH UIF SFMBUJPOTIJQ CFUXFFO
JOUFOUJPO BOE SFTQPOTF BT B GVODUJPO PG UIF PUIFS WBSJBCMFT� :PV DPVME TVCTUJUVUF B* JOUP φJ
XJUIPVU DIBOHJOH BOZUIJOH�

:PV ĕU UIJT NPEFM KVTU BT ZPV�E FYQFDU CZ BEEJOH UIF TMPQFT BOE QSFEJDUPS WBSJBCMFT UP
UIF +#$ QBSBNFUFS JOTJEF �*-�'*"$/� )FSF�T B XPSLJOH NPEFM�

3 DPEF
�������/ ʚǶ '$./ǿ
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( �) .� ǒǡǒʉ ǖǑǡǒʉ )Ǿ !! �#�/

�
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�
� ǶǍǡǑǐ ǍǡǍǕ ǶǍǡǒǓ ǶǍǡǐǎ ǖǏǔ ǎ
�� ǶǍǡǐǑ ǍǡǍǔ ǶǍǡǑǒ ǶǍǡǏǑ ǎǎǓǕ ǎ
�
 ǶǍǡǏǖ ǍǡǍǓ ǶǍǡǐǕ ǶǍǡǏǍ ǕǍǓ ǎ
�� ǶǍǡǑǔ ǍǡǍǒ ǶǍǡǒǓ ǶǍǡǐǖ ǎǍǑǏ ǎ
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ćF MBTU UXP SFQSFTFOU JOUFSBDUJPOT�UIF JOĘVFODF PG JOUFOUJPONBZ EFQFOE VQPO UIF TJNVMUB�
OFPVT QSFTFODF PG BDUJPO PS DPOUBDU� *�MM VTF UIF JOEJDBUPS WBSJBCMFT EJSFDUMZ UIJT UJNF JOTUFBE
PG BO JOEFY WBSJBCMF� ćJT XJMM MFU NF TIPX ZPV B VTFGVM USJDL GPS EFĕOJOH JOUFSBDUJPOT UIBU
DBO NBLF ZPVS NPEFMT FBTJFS UP SFBE BOE EFCVH�

ćF MPH�DVNVMBUJWF�PEET PG FBDI SFTQPOTF L XJMM OPX CF�

MPH 1S(ZJ ≤ L)
�− 1S(ZJ ≤ L) = αL − φJ

φJ = β""J + β$$J + B*,J*J
B*,J = β* + β*""J + β*$$J

XIFSF"J JOEJDBUFT UIF WBMVF PG ��/$*) PO SPX J *J JOEJDBUFT UIF WBMVF PG $)/ )/$*) PO SPX J
BOE $J JOEJDBUFT UIF WBMVF PG �*)/��/ PO SPX J� 8IBU XF�WF EPOF IFSF JT EFĕOF UIF MPH�PEET
PG FBDI QPTTJCMF SFTQPOTF UP CF BO BEEJUJWFNPEFM PG UIF GFBUVSFT PG UIF TUPSZ DPSSFTQPOEJOH UP
FBDI SFTQPOTF� 'PS UIF JOUFSBDUJPOT PG JOUFOUJPO XJUI BDUJPO BOE DPOUBDU * VTFE BO BDDFTTPSZ
MJOFBS NPEFM B*� ćJT KVTU NBLFT UIF OPUBUJPO DMFBSFS CZ EFĕOJOH UIF SFMBUJPOTIJQ CFUXFFO
JOUFOUJPO BOE SFTQPOTF BT B GVODUJPO PG UIF PUIFS WBSJBCMFT� :PV DPVME TVCTUJUVUF B* JOUP φJ
XJUIPVU DIBOHJOH BOZUIJOH�

:PV ĕU UIJT NPEFM KVTU BT ZPV�E FYQFDU CZ BEEJOH UIF TMPQFT BOE QSFEJDUPS WBSJBCMFT UP
UIF +#$ QBSBNFUFS JOTJEF �*-�'*"$/� )FSF�T B XPSLJOH NPEFM�

3 DPEF
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�
� ǶǎǡǏǑ ǍǡǍǖ Ƕǎǡǐǖ ǶǎǡǍǕ ǎǍǐǕ ǎ
�
� ǶǍǡǑǐ ǍǡǍǕ ǶǍǡǒǓ ǶǍǡǐǎ ǖǏǔ ǎ
�� ǶǍǡǐǑ ǍǡǍǔ ǶǍǡǑǒ ǶǍǡǏǑ ǎǎǓǕ ǎ
�
 ǶǍǡǏǖ ǍǡǍǓ ǶǍǡǐǕ ǶǍǡǏǍ ǕǍǓ ǎ
�� ǶǍǡǑǔ ǍǡǍǒ ǶǍǡǒǓ ǶǍǡǐǖ ǎǍǑǏ ǎ
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ćF MBTU UXP SFQSFTFOU JOUFSBDUJPOT�UIF JOĘVFODF PG JOUFOUJPONBZ EFQFOE VQPO UIF TJNVMUB�
OFPVT QSFTFODF PG BDUJPO PS DPOUBDU� *�MM VTF UIF JOEJDBUPS WBSJBCMFT EJSFDUMZ UIJT UJNF JOTUFBE
PG BO JOEFY WBSJBCMF� ćJT XJMM MFU NF TIPX ZPV B VTFGVM USJDL GPS EFĕOJOH JOUFSBDUJPOT UIBU
DBO NBLF ZPVS NPEFMT FBTJFS UP SFBE BOE EFCVH�

ćF MPH�DVNVMBUJWF�PEET PG FBDI SFTQPOTF L XJMM OPX CF�

MPH 1S(ZJ ≤ L)
�− 1S(ZJ ≤ L) = αL − φJ

φJ = β""J + β$$J + B*,J*J
B*,J = β* + β*""J + β*$$J

XIFSF"J JOEJDBUFT UIF WBMVF PG ��/$*) PO SPX J *J JOEJDBUFT UIF WBMVF PG $)/ )/$*) PO SPX J
BOE $J JOEJDBUFT UIF WBMVF PG �*)/��/ PO SPX J� 8IBU XF�WF EPOF IFSF JT EFĕOF UIF MPH�PEET
PG FBDI QPTTJCMF SFTQPOTF UP CF BO BEEJUJWFNPEFM PG UIF GFBUVSFT PG UIF TUPSZ DPSSFTQPOEJOH UP
FBDI SFTQPOTF� 'PS UIF JOUFSBDUJPOT PG JOUFOUJPO XJUI BDUJPO BOE DPOUBDU * VTFE BO BDDFTTPSZ
MJOFBS NPEFM B*� ćJT KVTU NBLFT UIF OPUBUJPO DMFBSFS CZ EFĕOJOH UIF SFMBUJPOTIJQ CFUXFFO
JOUFOUJPO BOE SFTQPOTF BT B GVODUJPO PG UIF PUIFS WBSJBCMFT� :PV DPVME TVCTUJUVUF B* JOUP φJ
XJUIPVU DIBOHJOH BOZUIJOH�

:PV ĕU UIJT NPEFM KVTU BT ZPV�E FYQFDU CZ BEEJOH UIF TMPQFT BOE QSFEJDUPS WBSJBCMFT UP
UIF +#$ QBSBNFUFS JOTJEF �*-�'*"$/� )FSF�T B XPSLJOH NPEFM�

3 DPEF
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�
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*�WF TVQQSFTTFE UIF DVUQPJOUT� ćFZ BSFO�U PG NVDI JOUFSFTU BU UIF NPNFOU� #VU MPPL BU UIF
QPTUFSJPS EJTUSJCVUJPOT PG UIF TMPQFT� ćFZ BSF BMM SFMJBCMZ OFHBUJWF� &BDI PG UIFTF TUPSZ GFB�
UVSFT SFEVDFT UIF SBUJOH�UIF BDDFQUBCJMJUZ PG UIF TUPSZ� 1MPUUJOH UIF NBSHJOBM QPTUFSJPS EJT�
USJCVUJPOT NBLFT UIF SFMBUJWF FČFDU TJ[FT NVDI DMFBSFS�

3 DPEF
����� +'*/ǿ +- �$.ǿ(ǎǏǡǓȀ Ǣ 3'$(ʙ�ǿǶǎǡǑǢǍȀ Ȁ

bA
bI
bC
bIA
bIC

-1.4 -1.2 -1.0 -0.8 -0.6 -0.4 -0.2 0.0
Value

ćF DPNCJOBUJPO PG JOUFOUJPO BOE DPOUBDU JT UIF XPSTU� ćJT JT DVSJPVT CFDBVTF JU TFFNT UIBU
OFJUIFS JOUFOUJPO OPS DPOUBDU CZ JUTFMG IBT B MBSHF JNQBDU PO SBUJOHT�

"T BMXBZT UIJT XJMM BMM CF FWFO FBTJFS UP TFF JG XF QMPU UIF QPTUFSJPS QSFEJDUJPOT� ćFSF JT
OP QFSGFDU XBZ UP QMPU UIF QSFEJDUJPOT PG UIFTF MPH�DVNVMBUJWF�PEET NPEFMT� 8IZ #FDBVTF
FBDI QSFEJDUJPO JT SFBMMZ B WFDUPS PG QSPCBCJMJUJFT POF GPS FBDI QPTTJCMF PVUDPNF WBMVF� 4P
BT B QSFEJDUPS WBSJBCMF DIBOHFT WBMVF UIF FOUJSF WFDUPS DIBOHFT� ćJT LJOE PG UIJOH DBO CF
WJTVBMJ[FE JO TFWFSBM EJČFSFOU XBZT�

0OF DPNNPO BOE VTFGVM XBZ JT UP VTF UIF IPSJ[POUBM BYJT GPS B QSFEJDUPS WBSJBCMF BOE UIF
WFSUJDBM BYJT GPS DVNVMBUJWF QSPCBCJMJUZ� ćFO ZPV DBO QMPU B DVSWF GPS FBDI SFTQPOTF WBMVF
BT JU DIBOHFT BDSPTT WBMVFT PG UIF QSFEJDUPS WBSJBCMF� "ęFS QMPUUJOH B DVSWF GPS FBDI SFTQPOTF
WBMVF ZPV�MM FOE VQ NBQQJOH UIF EJTUSJCVUJPO PG SFTQPOTFT BT JU DIBOHFT BDSPTT WBMVFT PG UIF
QSFEJDUPS WBSJBCMF�

4P MFU�T EP UIBU� 'JSTU MFU�T NBLF BO FNQUZ QMPU�

3 DPEF
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/PXXF�MM TFU VQ B EBUB MJTU UIBU DPOUBJOT UIF EJČFSFOU DPNCJOBUJPOT PG QSFEJDUPS WBMVFT� ćFO
XF QBTT JU UP '$)& UP HFU +#$ TBNQMFT GPS FBDI DPNCJOBUJPO� /PX MPPQ PWFS UIF ĕSTU ���
TBNQMFT JO +*./ BOE QMPU UIFJS QSFEJDUJPOT BDSPTT WBMVFT PG $)/ )/$*)�

3 DPEF
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'JOBMMZ MPPQ PWFS UIF ĕSTU �� TBNQMFT JO BOE QMPU UIFJS QSFEJDUJPOT BDSPTT WBMVFT PG $)/ )Ƕ
/$*)� ćF USJDL IFSF JT UP VTF +*-�'*"$/ UP DPNQVUF UIF DVNVMBUJWF QSPCBCJMJUZ GPS FBDI
QPTTJCMF PVUDPNF WBMVF GSPN � UP � VTJOH UIF TBNQMFT JO +#$ BOE UIF �0/+*$)/.�



Plotting ordered logits

• Oh, bother: Posterior prediction a vector 
of probabilities, one for each level of 
outcome

• How to plot this?

• Several useful options



Figure 12.6
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'ĶĴłĿĲ ƉƊ�Ǝ� 1PTUFSJPS QSFEJDUJPOT PG UIF PSEFSFE DBUFHPSJDBM NPEFM XJUI
JOUFSBDUJPOT (ǎǏǡǓ� &BDI QMPU TIPXT IPX UIF EJTUSJCVUJPO PG QSFEJDUFE SF�
TQPOTFT WBSJFT CZ $)/ )/$*)� ćF UPQ SPX TIPXT UIF EJTUSJCVUJPO PG QPT�
UFSJPS QSPCBCJMJUJFT PG FBDI PVUDPNF BDSPTT WBMVFT PG $)/ )/$*) GPS EJČFS�
FOU WBMVFT PG UIF PUIFS QSFEJDUPST� ćF CPUUPN SPX TIPXT UIF TBNF JOUFSBD�
UJPOT CVU WJTVBMJ[FE BT IJTUPHSBNT PG TJNVMBUFE PVUDPNFT� ćF CMBDL MJOF
TFHNFOUT BSF $)/ )/$*) FRVBM UP �� ćF CMVF TFHNFOUT BSF XIFO $)/ )Ƕ
/$*) JT FRVBM UP ��

3 DPEF
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Ȅ

#Z NPEJGZJOH UIF BCPWF DPEF UP DIBOHF UIF WBMVFT JO &� BOE &� ZPV DBO NBLF B USJQUZDI
	QBHF ���
 GPS NPEFM (ǎǏǡǓ� ćF SFTVMUT BSF TIPXO JO UIF UPQ SPX PG 'ĶĴłĿĲ ƉƊ�Ǝ XJUI B
MJUUMF FYUSB EFDPSBUJPO UP TIPX UIF SBX EBUB BT QPJOUT PO UIF NBSHJOT� *O FBDI QMPU UIF CMBDL
MJOFT JOEJDBUF UIF CPVOEBSJFT CFUXFFO SFTQPOTF WBMVFT OVNCFSFE � UISPVHI � CPUUPN UP
UPQ� ćF UIJDLOFTT PG UIF MJOFT DPSSFTQPOET UP UIF WBSJBUJPO JO QSFEJDUJPOT EVF UP WBSJBUJPO
JO TBNQMFT GSPN UIF QPTUFSJPS� 4JODF UIFSF JT TP NVDI EBUB JO UIJT FYBNQMF UIF QBUI PG UIF
QSFEJDUFE CPVOEBSJFT JT RVJUF DFSUBJO� ćF IPSJ[POUBM BYJT SFQSFTFOUT WBMVFT PG $)/ )/$*)



Ordered categorical predictors
• Not just outcomes, also predictors
• Ordinary metric predictor assumes each unit 

change same change (on linear scale)
• Ordered category predictor: Each level could have 

di!erent size of in"uence, but all e!ects in same 
direction (monotonic)

• Example: Education
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PSEJOBM WBMVF JT UIF TBNF� -VDLJMZ XF EPO�U IBWF UP� 8F DBO DPOTUSVDU PSEFSFE FČFDUT BT XFMM
BT PSEFSFE PVUDPNFT����

ćF 5SPMMFZ EBUB GSPN UIF QSFWJPVT TFDUJPO DPOUBJOT B HPPE FYBNQMF� -FU�T MPPL BU UIF
 �0 WBSJBCMF XIJDI DPOUBJOT MFWFMT PG DPNQMFUFE FEVDBUJPO GPS FBDI JOEJWJEVBM�

3 DPEF
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��/�ǿ�-*'' 4Ȁ
� ʚǶ �-*'' 4
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ćFSF BSF � EJČFSFOU MFWFMT PG DPNQMFUFE FEVDBUJPO JO UIF TBNQMF� 6OGPSUVOBUFMZ UIFZ BSFO�U
BDUVBMMZ JO PSEFS GSPN MPXFTU UP IJHIFTU� ćJT JT UZQJDBM XJUI 3 XIFO JU DPOTUSVDUT B !��/*-
WBSJBCMF GSPN DIBSBDUFS EBUB� 4P UIF ĕSTU TUFQ JT UP DPEF UIFTF JOUP BO PSEFSFE WBSJBCMF XJUI
UIF MPXFTU MFWFM CFJOH � BOE UIF IJHIFTU �� ćFOXF�MM UIJOL BCPVU DPOTUSVDUJOH PSEFSFE FČFDUT
PVU PG JU�

ćF QSPQFS PSEFS JT� <�> &MFNFOUBSZ 4DIPPM <�> .JEEMF 4DIPPM <�> 4PNF )JHI 4DIPPM
<�> )JHI 4DIPPM (SBEVBUF <�> 4PNF $PMMFHF <�> #BDIFMPS�T %FHSFF <�> .BTUFS�T %FHSFF BOE
<�> (SBEVBUF %FHSFF� 8F DBO KVTU NBLF B WFDUPS PG OFX WBMVFT UP NBQ POUP UIPTF MJLF UIJT�

3 DPEF
����� �0Ǿ' 1 '. ʚǶ �ǿ Ǔ Ǣ ǎ Ǣ Ǖ Ǣ Ǒ Ǣ ǔ Ǣ Ǐ Ǣ ǒ Ǣ ǐ Ȁ

�ɶ �0Ǿ) 2 ʚǶ  �0Ǿ' 1 '.ȁ �ɶ �0 Ȃ

/PX  �0Ǿ) 2 DPOUBJOT WBMVFT GSPN � UP � JO UIF SJHIU PSEFS PG BTDFOEJOH DPNQMFUFE FEVDB�
UJPO�

/PX GPS UIF GVO QBSU� ćF OPUJPO XJUI PSEFSFE QSFEJDUPS WBSJBCMFT JT UIBU FBDI TUFQ VQ JO
WBMVF DPNFT XJUI JUT PXO JODSFNFOUBM PS NBSHJOBM FČFDU PO UIF PVUDPNF 	PS MJOFBS NPEFM
�
4P UIBU JNQMJFT XF XBOU UP JOGFS VTJOH B QBSBNFUFS FBDI PG UIPTF JODSFNFOUBM FČFDUT� 8JUI
� FEVDBUJPO MFWFMT XF�MM OFFE � QBSBNFUFST� ćF ĕSTU MFWFM 	&MFNFOUBSZ 4DIPPM
 XJMM CF BC�
TPSCFE JOUP UIF JOUFSDFQU� ćFO UIF ĕSTU JODSFNFOU DPNFT GSPN NPWJOH GSPN &MFNFOUBSZ
4DIPPM UP .JEEMF 4DIPPM� *O UIBU DBTF XF�MM BEE UIF ĕSTU FČFDU UP UIF MJOFBS NPEFM�

φJ = δ� + PUIFS TUVČ
XIFSF UIF QBSBNFUFS δ� JT UIF FČFDU PG DPNQMFUJOH .JEEMF 4DIPPM BOE iPUIFS TUVČw JT BMM PG
UIF PUIFS UFSNT ZPVXBOU JO ZPVS MJOFBSNPEFM� "OPUIFS JOEJWJEVBM HPFT PO UP ĕOJTI UIF UIJSE
MFWFM 4PNF )JHI 4DIPPM BOE UIBU JOEJWJEVBM�T MJOFBS NPEFM JT�

φJ = δ� + δ� + PUIFS TUVČ
XIFSF δ� JT UIF JODSFNFOUBM FČFDU PG ĕOJTIJOH TPNF 	CVU OPU BMM
 )JHI 4DIPPM� *U HPFT PO
MJLF UIJT BEEJOH BOPUIFS JODSFNFOUBM FČFDU GPS FBDI DPNQMFUFE MFWFM� "O JOEJWJEVBM XJUI B
(SBEVBUF %FHSFF MFWFM � HFUT UIF MJOFBS NPEFM�

φJ =
�∑

K=�
δK + PUIFS TUVČ

"OE UIJT TVN PG BMM UIF δ QBSBNFUFST JT UIF NBYJNVN FEVDBUJPO FČFDU� *U XJMM CF WFSZ DPO�
WFOJFOU GPS JOUFSQSFUBUJPO JG XF DBMM UIJT NBYJNVN TVN BO PSEJOBSZ DPFďDJFOU MJLF β& BOE



Ordered categorical predictors

• Strategy
• Each level gets a unique parameter
• Parameters sum to total maximum e!ect of education
• Assign prior to total e!ect and to proportions of total 

e!ect
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PSEJOBM WBMVF JT UIF TBNF� -VDLJMZ XF EPO�U IBWF UP� 8F DBO DPOTUSVDU PSEFSFE FČFDUT BT XFMM
BT PSEFSFE PVUDPNFT����

ćF 5SPMMFZ EBUB GSPN UIF QSFWJPVT TFDUJPO DPOUBJOT B HPPE FYBNQMF� -FU�T MPPL BU UIF
 �0 WBSJBCMF XIJDI DPOUBJOT MFWFMT PG DPNQMFUFE FEVDBUJPO GPS FBDI JOEJWJEVBM�

3 DPEF
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ćFSF BSF � EJČFSFOU MFWFMT PG DPNQMFUFE FEVDBUJPO JO UIF TBNQMF� 6OGPSUVOBUFMZ UIFZ BSFO�U
BDUVBMMZ JO PSEFS GSPN MPXFTU UP IJHIFTU� ćJT JT UZQJDBM XJUI 3 XIFO JU DPOTUSVDUT B !��/*-
WBSJBCMF GSPN DIBSBDUFS EBUB� 4P UIF ĕSTU TUFQ JT UP DPEF UIFTF JOUP BO PSEFSFE WBSJBCMF XJUI
UIF MPXFTU MFWFM CFJOH � BOE UIF IJHIFTU �� ćFOXF�MM UIJOL BCPVU DPOTUSVDUJOH PSEFSFE FČFDUT
PVU PG JU�

ćF QSPQFS PSEFS JT� <�> &MFNFOUBSZ 4DIPPM <�> .JEEMF 4DIPPM <�> 4PNF )JHI 4DIPPM
<�> )JHI 4DIPPM (SBEVBUF <�> 4PNF $PMMFHF <�> #BDIFMPS�T %FHSFF <�> .BTUFS�T %FHSFF BOE
<�> (SBEVBUF %FHSFF� 8F DBO KVTU NBLF B WFDUPS PG OFX WBMVFT UP NBQ POUP UIPTF MJLF UIJT�

3 DPEF
����� �0Ǿ' 1 '. ʚǶ �ǿ Ǔ Ǣ ǎ Ǣ Ǖ Ǣ Ǒ Ǣ ǔ Ǣ Ǐ Ǣ ǒ Ǣ ǐ Ȁ

�ɶ �0Ǿ) 2 ʚǶ  �0Ǿ' 1 '.ȁ �ɶ �0 Ȃ

/PX  �0Ǿ) 2 DPOUBJOT WBMVFT GSPN � UP � JO UIF SJHIU PSEFS PG BTDFOEJOH DPNQMFUFE FEVDB�
UJPO�

/PX GPS UIF GVO QBSU� ćF OPUJPO XJUI PSEFSFE QSFEJDUPS WBSJBCMFT JT UIBU FBDI TUFQ VQ JO
WBMVF DPNFT XJUI JUT PXO JODSFNFOUBM PS NBSHJOBM FČFDU PO UIF PVUDPNF 	PS MJOFBS NPEFM
�
4P UIBU JNQMJFT XF XBOU UP JOGFS VTJOH B QBSBNFUFS FBDI PG UIPTF JODSFNFOUBM FČFDUT� 8JUI
� FEVDBUJPO MFWFMT XF�MM OFFE � QBSBNFUFST� ćF ĕSTU MFWFM 	&MFNFOUBSZ 4DIPPM
 XJMM CF BC�
TPSCFE JOUP UIF JOUFSDFQU� ćFO UIF ĕSTU JODSFNFOU DPNFT GSPN NPWJOH GSPN &MFNFOUBSZ
4DIPPM UP .JEEMF 4DIPPM� *O UIBU DBTF XF�MM BEE UIF ĕSTU FČFDU UP UIF MJOFBS NPEFM�

φJ = δ� + PUIFS TUVČ
XIFSF UIF QBSBNFUFS δ� JT UIF FČFDU PG DPNQMFUJOH .JEEMF 4DIPPM BOE iPUIFS TUVČw JT BMM PG
UIF PUIFS UFSNT ZPVXBOU JO ZPVS MJOFBSNPEFM� "OPUIFS JOEJWJEVBM HPFT PO UP ĕOJTI UIF UIJSE
MFWFM 4PNF )JHI 4DIPPM BOE UIBU JOEJWJEVBM�T MJOFBS NPEFM JT�

φJ = δ� + δ� + PUIFS TUVČ
XIFSF δ� JT UIF JODSFNFOUBM FČFDU PG ĕOJTIJOH TPNF 	CVU OPU BMM
 )JHI 4DIPPM� *U HPFT PO
MJLF UIJT BEEJOH BOPUIFS JODSFNFOUBM FČFDU GPS FBDI DPNQMFUFE MFWFM� "O JOEJWJEVBM XJUI B
(SBEVBUF %FHSFF MFWFM � HFUT UIF MJOFBS NPEFM�

φJ =
�∑

K=�
δK + PUIFS TUVČ

"OE UIJT TVN PG BMM UIF δ QBSBNFUFST JT UIF NBYJNVN FEVDBUJPO FČFDU� *U XJMM CF WFSZ DPO�
WFOJFOU GPS JOUFSQSFUBUJPO JG XF DBMM UIJT NBYJNVN TVN BO PSEJOBSZ DPFďDJFOU MJLF β& BOE



Ordered categorical predictors

• Make all deltas sum to 1, and use leading coe!cient 
for maximum e"ect:

��� ��� .0/45&34 "/% .*9563&4

UIFO MFU UIF δ QBSBNFUFST CF GSBDUJPOT PG JU� *G XF BMTP NBLF B EVNNZ δ� = � UIFO XF DBO
XSJUF JU BMM WFSZ DPNQBDUMZ� -JLF UIJT�

φJ = β&

&J−�∑

K=�
δK + PUIFS TUVČ

XIFSF &J JT UIF DPNQMFUFE FEVDBUJPO MFWFM PG JOEJWJEVBM J� /PX UIF TVN PG BMM FČFDUT
∑�

K δK =
� BOE XF DBO JOUFSQSFU UIF NBYJNVN FEVDBUJPO FČFDU CZ MPPLJOH BU β&� *O UIF DBTF PG BO
JOEJWJEVBM XJUI &J = � β& EPFT�U BQQFBS JO UIF MJOFBS NPEFM CFDBVTF β&δ� = ��

ćJT β& NPWF BMTP IFMQT VT EFĕOF QSJPST� *G UIF QSJPS FYQFDUBUJPO JT UIBU BMM PG UIF MFWFMT
IBWF UIF TBNF JODSFNFOUBM FČFDU UIFO XF XBOU BMM UIF δK�T UP IBWF UIF TBNF QSJPS� 8F DBO EP
UIBU OPX BOE TUJMM TFU B TFQBSBUF QSJPS GPS NBYJNVN FČFDU PO β&� β& DBO CF OFHBUJWF BT XFMM
JO XIJDI DBTF BMM PG UIF JODSFNFOUBM FČFDUT BSF JODSFNFOUBMMZ OFHBUJWF�

* BQQSFDJBUF UIBU BMM PG UIJT JT SBUIFS CJ[BSSF� 8F BSF EFFQ JOTJEF UIF UJEF QSFEJDUJPO FO�
HJOF 	$IBQUFS ��
 OPX� 6OEFSTUBOEJOH BMXBZT DPNFT XJUI VTF BOE QSBDUJDF� 4P MFU�T CVJME
FEVDBUJPO JOUP UIF PSEFSFE MPHJU NPEFM BT BO PSEFSFE QSFEJDUPS� 'JSTU IFSF�T B NBUIFNBUJDBM
WFSTJPO PG UIF GVMM NPEFM� ćF QSPCBCJMJUZ PG UIF PVUDPNF BOE UIF MJOFBS NPEFM BSF�

3J ∼ 0SEFSFE�MPHJU(φJ,κ)

φJ = β&

&J−�∑

K=�
δK + β""* + β**J + β$$J

"OE TP XF OFFE B CVODI PG QSJPST� ćF QSJPST GPS UIF DVUQPJOUT BSF PO UIF MPHJU TDBMF TP XF�MM
VTF PVS SFHVMBS	�J[JOH
 QSJPS XJUI TUBOEBSE EFWJBUJPO ���� ćF TMPQFT HFU OBSSPXFS QSJPST�
FBDI PG UIFTF JT B MPH�PEET EJČFSFODF�

κL ∼ /PSNBM(�, �.�)
β",β*,β$,β& ∼ /PSNBM(�, �)

δ ∼ %JSJDIMFU(α)

ćF MBTU MJOF JT UIF OFX QBSU� ćF QSJPS GPS UIF δ WFDUPS JT B %ĶĿĶİĵĹĲŁ ıĶŀŁĿĶįłŁĶļĻ����
ćF %JSJDIMFU EJTUSJCVUJPO JT UIF NVMUJWBSJBUF FYUFOTJPO PG UIF CFUB EJTUSJCVUJPO� 8F NFU
UIF CFUB EJTUSJCVUJPO FBSMJFS JO UIJT DIBQUFS� -JLF UIF CFUB UIF %JSJDIMFU JT B EJTUSJCVUJPO GPS
QSPCBCJMJUJFT WBMVFT CFUXFFO [FSP BOE POF UIBU BMM TVN UP POF� ćF CFUB JT B EJTUSJCVUJPO
GPS UXP QSPCBCJMJUJFT� ćF %JSJDIMFU JT B EJTUSJCVUJPO GPS BOZ OVNCFS� "OE KVTU MJLF UIF CFUB
UIF %JSJDIMFU JT QBSBNFUFSJ[FE CZ QTFVEP�DPVOUT PG PCTFSWBUJPOT� *O UIF CFUB UIFTF XFSF UIF
QBSBNFUFST α BOE β UIF QSJPS DPVOUT PG TVDDFTT BOE GBJMVSFT SFTQFDUJWFMZ� *O UIF %JSJDIMFU
UIFSF JT B KVTU B MPOH WFDUPS α XJUI QTFVEP�DPVOUT GPS FBDI QPTTJCJMJUZ� *G XF BTTJHO UIF TBNF
WBMVF UP FBDI JU JT B VOJGPSN QSJPS� ćF MBSHFS UIF α WBMVFT UIF NPSF QSJPS JOGPSNBUJPO UIBU
UIF QSPCBCJMJUJFT BSF BMM UIF TBNF�

8F�MM VTF B WFSZ XFBL QSJPS XJUI FBDI WBMVF JOTJEF α CFJOH �� -FU�T TJNVMBUF GSPN UIJT
QSJPS BOE WJTVBMJ[F UIF JNQMJDBUJPOT GPS QSJPS WFDUPST PG δ WBMVFT�

3 DPEF
����� '$�-�-4ǿ"/**'.Ȁ
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maximum e!ect 
of education



Ordered categorical predictors

• Make all deltas sum to 1, and use leading coe!cient 
for maximum e"ect:

��� ��� .0/45&34 "/% .*9563&4

UIFO MFU UIF δ QBSBNFUFST CF GSBDUJPOT PG JU� *G XF BMTP NBLF B EVNNZ δ� = � UIFO XF DBO
XSJUF JU BMM WFSZ DPNQBDUMZ� -JLF UIJT�

φJ = β&

&J−�∑

K=�
δK + PUIFS TUVČ

XIFSF &J JT UIF DPNQMFUFE FEVDBUJPO MFWFM PG JOEJWJEVBM J� /PX UIF TVN PG BMM FČFDUT
∑�

K δK =
� BOE XF DBO JOUFSQSFU UIF NBYJNVN FEVDBUJPO FČFDU CZ MPPLJOH BU β&� *O UIF DBTF PG BO
JOEJWJEVBM XJUI &J = � β& EPFT�U BQQFBS JO UIF MJOFBS NPEFM CFDBVTF β&δ� = ��

ćJT β& NPWF BMTP IFMQT VT EFĕOF QSJPST� *G UIF QSJPS FYQFDUBUJPO JT UIBU BMM PG UIF MFWFMT
IBWF UIF TBNF JODSFNFOUBM FČFDU UIFO XF XBOU BMM UIF δK�T UP IBWF UIF TBNF QSJPS� 8F DBO EP
UIBU OPX BOE TUJMM TFU B TFQBSBUF QSJPS GPS NBYJNVN FČFDU PO β&� β& DBO CF OFHBUJWF BT XFMM
JO XIJDI DBTF BMM PG UIF JODSFNFOUBM FČFDUT BSF JODSFNFOUBMMZ OFHBUJWF�

* BQQSFDJBUF UIBU BMM PG UIJT JT SBUIFS CJ[BSSF� 8F BSF EFFQ JOTJEF UIF UJEF QSFEJDUJPO FO�
HJOF 	$IBQUFS ��
 OPX� 6OEFSTUBOEJOH BMXBZT DPNFT XJUI VTF BOE QSBDUJDF� 4P MFU�T CVJME
FEVDBUJPO JOUP UIF PSEFSFE MPHJU NPEFM BT BO PSEFSFE QSFEJDUPS� 'JSTU IFSF�T B NBUIFNBUJDBM
WFSTJPO PG UIF GVMM NPEFM� ćF QSPCBCJMJUZ PG UIF PVUDPNF BOE UIF MJOFBS NPEFM BSF�

3J ∼ 0SEFSFE�MPHJU(φJ,κ)

φJ = β&

&J−�∑

K=�
δK + β""* + β**J + β$$J

"OE TP XF OFFE B CVODI PG QSJPST� ćF QSJPST GPS UIF DVUQPJOUT BSF PO UIF MPHJU TDBMF TP XF�MM
VTF PVS SFHVMBS	�J[JOH
 QSJPS XJUI TUBOEBSE EFWJBUJPO ���� ćF TMPQFT HFU OBSSPXFS QSJPST�
FBDI PG UIFTF JT B MPH�PEET EJČFSFODF�

κL ∼ /PSNBM(�, �.�)
β",β*,β$,β& ∼ /PSNBM(�, �)

δ ∼ %JSJDIMFU(α)

ćF MBTU MJOF JT UIF OFX QBSU� ćF QSJPS GPS UIF δ WFDUPS JT B %ĶĿĶİĵĹĲŁ ıĶŀŁĿĶįłŁĶļĻ����
ćF %JSJDIMFU EJTUSJCVUJPO JT UIF NVMUJWBSJBUF FYUFOTJPO PG UIF CFUB EJTUSJCVUJPO� 8F NFU
UIF CFUB EJTUSJCVUJPO FBSMJFS JO UIJT DIBQUFS� -JLF UIF CFUB UIF %JSJDIMFU JT B EJTUSJCVUJPO GPS
QSPCBCJMJUJFT WBMVFT CFUXFFO [FSP BOE POF UIBU BMM TVN UP POF� ćF CFUB JT B EJTUSJCVUJPO
GPS UXP QSPCBCJMJUJFT� ćF %JSJDIMFU JT B EJTUSJCVUJPO GPS BOZ OVNCFS� "OE KVTU MJLF UIF CFUB
UIF %JSJDIMFU JT QBSBNFUFSJ[FE CZ QTFVEP�DPVOUT PG PCTFSWBUJPOT� *O UIF CFUB UIFTF XFSF UIF
QBSBNFUFST α BOE β UIF QSJPS DPVOUT PG TVDDFTT BOE GBJMVSFT SFTQFDUJWFMZ� *O UIF %JSJDIMFU
UIFSF JT B KVTU B MPOH WFDUPS α XJUI QTFVEP�DPVOUT GPS FBDI QPTTJCJMJUZ� *G XF BTTJHO UIF TBNF
WBMVF UP FBDI JU JT B VOJGPSN QSJPS� ćF MBSHFS UIF α WBMVFT UIF NPSF QSJPS JOGPSNBUJPO UIBU
UIF QSPCBCJMJUJFT BSF BMM UIF TBNF�

8F�MM VTF B WFSZ XFBL QSJPS XJUI FBDI WBMVF JOTJEF α CFJOH �� -FU�T TJNVMBUF GSPN UIJT
QSJPS BOE WJTVBMJ[F UIF JNQMJDBUJPOT GPS QSJPS WFDUPST PG δ WBMVFT�

3 DPEF
����� '$�-�-4ǿ"/**'.Ȁ
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UIFO MFU UIF δ QBSBNFUFST CF GSBDUJPOT PG JU� *G XF BMTP NBLF B EVNNZ δ� = � UIFO XF DBO
XSJUF JU BMM WFSZ DPNQBDUMZ� -JLF UIJT�

φJ = β&

&J−�∑

K=�
δK + PUIFS TUVČ

XIFSF &J JT UIF DPNQMFUFE FEVDBUJPO MFWFM PG JOEJWJEVBM J� /PX UIF TVN PG BMM FČFDUT
∑�

K δK =
� BOE XF DBO JOUFSQSFU UIF NBYJNVN FEVDBUJPO FČFDU CZ MPPLJOH BU β&� *O UIF DBTF PG BO
JOEJWJEVBM XJUI &J = � β& EPFT�U BQQFBS JO UIF MJOFBS NPEFM CFDBVTF β&δ� = ��

ćJT β& NPWF BMTP IFMQT VT EFĕOF QSJPST� *G UIF QSJPS FYQFDUBUJPO JT UIBU BMM PG UIF MFWFMT
IBWF UIF TBNF JODSFNFOUBM FČFDU UIFO XF XBOU BMM UIF δK�T UP IBWF UIF TBNF QSJPS� 8F DBO EP
UIBU OPX BOE TUJMM TFU B TFQBSBUF QSJPS GPS NBYJNVN FČFDU PO β&� β& DBO CF OFHBUJWF BT XFMM
JO XIJDI DBTF BMM PG UIF JODSFNFOUBM FČFDUT BSF JODSFNFOUBMMZ OFHBUJWF�

* BQQSFDJBUF UIBU BMM PG UIJT JT SBUIFS CJ[BSSF� 8F BSF EFFQ JOTJEF UIF UJEF QSFEJDUJPO FO�
HJOF 	$IBQUFS ��
 OPX� 6OEFSTUBOEJOH BMXBZT DPNFT XJUI VTF BOE QSBDUJDF� 4P MFU�T CVJME
FEVDBUJPO JOUP UIF PSEFSFE MPHJU NPEFM BT BO PSEFSFE QSFEJDUPS� 'JSTU IFSF�T B NBUIFNBUJDBM
WFSTJPO PG UIF GVMM NPEFM� ćF QSPCBCJMJUZ PG UIF PVUDPNF BOE UIF MJOFBS NPEFM BSF�

3J ∼ 0SEFSFE�MPHJU(φJ,κ)

φJ = β&

&J−�∑

K=�
δK + β""* + β**J + β$$J

"OE TP XF OFFE B CVODI PG QSJPST� ćF QSJPST GPS UIF DVUQPJOUT BSF PO UIF MPHJU TDBMF TP XF�MM
VTF PVS SFHVMBS	�J[JOH
 QSJPS XJUI TUBOEBSE EFWJBUJPO ���� ćF TMPQFT HFU OBSSPXFS QSJPST�
FBDI PG UIFTF JT B MPH�PEET EJČFSFODF�

κL ∼ /PSNBM(�, �.�)
β",β*,β$,β& ∼ /PSNBM(�, �)

δ ∼ %JSJDIMFU(α)

ćF MBTU MJOF JT UIF OFX QBSU� ćF QSJPS GPS UIF δ WFDUPS JT B %ĶĿĶİĵĹĲŁ ıĶŀŁĿĶįłŁĶļĻ����
ćF %JSJDIMFU EJTUSJCVUJPO JT UIF NVMUJWBSJBUF FYUFOTJPO PG UIF CFUB EJTUSJCVUJPO� 8F NFU
UIF CFUB EJTUSJCVUJPO FBSMJFS JO UIJT DIBQUFS� -JLF UIF CFUB UIF %JSJDIMFU JT B EJTUSJCVUJPO GPS
QSPCBCJMJUJFT WBMVFT CFUXFFO [FSP BOE POF UIBU BMM TVN UP POF� ćF CFUB JT B EJTUSJCVUJPO
GPS UXP QSPCBCJMJUJFT� ćF %JSJDIMFU JT B EJTUSJCVUJPO GPS BOZ OVNCFS� "OE KVTU MJLF UIF CFUB
UIF %JSJDIMFU JT QBSBNFUFSJ[FE CZ QTFVEP�DPVOUT PG PCTFSWBUJPOT� *O UIF CFUB UIFTF XFSF UIF
QBSBNFUFST α BOE β UIF QSJPS DPVOUT PG TVDDFTT BOE GBJMVSFT SFTQFDUJWFMZ� *O UIF %JSJDIMFU
UIFSF JT B KVTU B MPOH WFDUPS α XJUI QTFVEP�DPVOUT GPS FBDI QPTTJCJMJUZ� *G XF BTTJHO UIF TBNF
WBMVF UP FBDI JU JT B VOJGPSN QSJPS� ćF MBSHFS UIF α WBMVFT UIF NPSF QSJPS JOGPSNBUJPO UIBU
UIF QSPCBCJMJUJFT BSF BMM UIF TBNF�

8F�MM VTF B WFSZ XFBL QSJPS XJUI FBDI WBMVF JOTJEF α CFJOH �� -FU�T TJNVMBUF GSPN UIJT
QSJPS BOE WJTVBMJ[F UIF JNQMJDBUJPOT GPS QSJPS WFDUPST PG δ WBMVFT�

3 DPEF
����� '$�-�-4ǿ"/**'.Ȁ

. /ǡ.  �ǿǎǕǍǒȀ
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Dirichlet (dee-ree-klay)

• Dirichlet: Distribution of N 
probabilities

• A distribution of distributions
• Generalization of beta distribution
• Shape determined by vector of N 

parameters
• Each parameter is a pseudo-count

• Large value means that category more 
probable

Johann Peter Gustav Lejeune Dirichlet
(1805–1859)


