TMAG683 Tillampad matematik

Ovningsuppgifter
28 oktober 2021

Fardin Saedpanah’s version of this document from spring 2020 is acknowledge. Particularly
relevant exercises are marked with (x).
Propositions or hints for solutions are given at the end of the file.

Thank you for reporting typos or errors via email.

1. LINJARA RUM, SKALARPRODUKT OCH L,~-NORMER

1.1 For ett heltal a, betrakta de delmingder av P@(0,1) som bestér av alla polynom
p(t) av grad < ¢ sddana att
a) 2p(0) = p(1)
b) p(t) =0
c) p(t) = p(1 —t) for alla t.

Vilka av dessa delmingder dr underrum i P (0,1)?

1.2 Visa att {p1(t), p2(t), ps(t)} ar en bas for P (R) da
a) pi(t) = (t+1)%, polt) = (t+2)2, ps(t) = (¢ +3)?
b) pr(t) = Lt = 2)(t - 3), palt) = —(t — 1)t — 3), ps(t) = L(t — 1)(t —2).
Ange ockséd koordinaterna fér polynomet ¢* i basen {pi, p2, p3}.

1.3 Visa att foljande funktioner ar linjart beroende (for ¢ € R):
a) sin(2t), cos(2t), sin®(t), cos?(t).
b) In(t5 + 1), In(t* — 2+ 1), In(¢2 + 1).

1.4 Visa att foljande funktioner ar linjart oberoende (for t € R):
a) sin(t), cos(t), sin(2t), cos(2t).

2 3
b) €', e, €.

1.5 Undersok om méangden {1 +¢3 3+t —2t2 —t + 3t — 3} ar linjirt beroende i P4 (R).

Kan elementen utgora en bas for P4)(R)?

1.6 De fyra forsta s.k. Hermite-polynomen ér {1, 2t, —2 + 4t%, —12t + 8t3}. Visa att de &r
linjart oberoende i P (R) och bestim koordinaterna for p(t) = 7 — 12t — 8¢ + 12¢3

i denna bas.
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1.7 Vi definierar skaléirprodukt och Lo-norm for tva funktioner f och g pa ett intervall
(a,b) enligt (f,g) f f(z)g(z)dz resp. || f|| = \/{f, f). | analogi med vektorer i R™

definierar vi “vinkeln” 6 mellan f och g genom

(f,9) = IIfII - lgll cos().

Vad édr cosinus fér “vinkeln” mellan funktionerna f(z) = 3x + 1 och g(z) = 52* + 3

pé intervallet (—1,1)7

1.8 Visa att foﬂ/z Vsinzcoszdr < 1.

1.9 (%) Visa att i C[—m, 7], med skaldrprodukten

(f.g) = / " f()g() da

ar funktionerna {1, sin(z), cos(x), sin(2z), cos(2x),..., sin(nz), cos(nx)} sinsemel-
lan ortogonala.

(Detta ar fundamentalt i teorin for Fourierserier.)
1.10 For vilka virden pa a € R r funktionerna 1 + at? och 4t — a ortogonala i P (0,1)?

1.11 Kan négon av fé')ljande tva kandidater vara en skaldrprodukt pa C'[a, b]?
= [, f'(
= [} ' da: + f(a)g(a).

1.12 Lat V = CJ[0, 1], dvs det linjara rummet som bestar av reellvarda kontinuerliga funk-

tioner pa intervallet [0,1]. Fér f och g i V' definierar vi skalarprodukten av f och g

-/  fle)g(x) da

och L,-normen for p = 1,2, 0o som

1l = (/ e |pdx) =12

[ f1 Loo(0,1) = max | f(z)].

z€[0,1]

sSom

och

Bestam (f, g), ||fllz,0,1) och [|g]|z,(0,1) for p = 1,2, 00 i féljande fall:
a) flz)=1+uz, glx)=2—2x

b) f(z) =1, g(x) =3

¢) f(z) =3, g(z) =3+2z
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d) f(z) =3z, g(z) = —4a?
e) f(z) ==, g( )=
) =

f) f(z g(x) = COS(:L‘) + sin(x).
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2. INTERPOLATION

2.1 (%) Bestdm den styckvis linjara interpolanten 7, f(x) da intervallet I delas in i tre
lika stora delintervall, da
a) f(x) =922 — 2% och I =0, 3]
b) f(x) = sin(x), och I = [0, 7]
¢) f()=1 och I =1[1,3].
Anvind ocksa foljande sats for att upskatta felet i approximationen i Li- och Ly.-
norm:
Let mpv(z) be the piecewise linear interpolant of the (sufficiently regular) function
v(x), for x € (a,b), on the partition Ty, of [0,T]. For p = 1,2, 00, one then has

|mho — U”Lp(a,b) <C Hh2v//HLp(a,b) .
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3. FINITA DIFFERENS-METODER

3.1 (%) Harled en finita differens-metod (dvs hérled uttrycket for approximationen a(t +

At) som funktion av a(t)) for differentialekvationen

du 1
— )= ——, O0<t<T
=@ 05t

u(0) = g

med

a) Explicit Euler-metoden.
b) Implicit Euler-metoden.
¢) Crank-Nicolson-metoden.

Implementera girna metoderna i Matlab och jamfor med den exakta lésningen

u(t) = Ju3 + 2t.

3.2 Visa genom att Taylor-utveckla propagatorn for ODE:n u(t) = Au(t), u(0) = g for
respektive metod att
a) Implicit Euler-metoden har trunkeringsfel av ordning (At)?2.

b) Crank-Nicolson-metoden har trunkeringsfel av ordning (At)3.

3.3 Visa att bade implicit Euler-metoden och Crank-Nicolson-metoden &r stabila for alla
At > 0 for ODE:n a(t) = Au(t) med A < 0 och u(0) = up.
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4. LAPLACE TRANSFORM (EXTRAUPPGIFTER)

() Use Laplace transforms to solve the following initial-value problems:

41y —y=1, y(0) =0, ¢(0)=1.

42 y" =3y +2y =0, y(0) =3, ¢(0)=4.
4.3 4y +y = -2, y(0) =0, ' (0)=1/2.
4.4 " + 2y +y =€, y(0) =0, ¢(0)=0.
4.5 y" + 2y + 3y = 3t, y(0) =0, ¢(0)=1.

Find the inverse Laplace transform of the following functions:

4.6 iz
A7 s
4.8 (227)2
49 .

s+3
4.10 lnSi—Q.
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5. FOURIER SERIES (EXTRAUPPGIFTER)

The function f in the following exercises is assumed to be 27-periodic, unless otherwise

explicitly stated.

5.1 Find the Fourier series expansions of
a) f(z) = [sin(z)].
b) f(z) = |cos(z)|.

5.2 () Use the Fourier series expansion for f(x) = 22, (-7 <z < 7):

2 X 1\n

B % + 4; ( n2) cos(nz),

to show that
a) ¥3 —mlr =123 >, 13 Sin(nx) —m <z <T.
b)l‘4—422_482n1( 7t

. 150
c) >t L4 = 5
5.3 We define the even and odd parts of a function f(z) b

@) = GlF@) + (-2)] and  fa) = () ~ F(-)]
Show that f.(z) is an even function, and f,(z) is an odd function.

cos(nx) —m < x <.

n

2 2

5.4 What are the even and odd parts of the following function?

f(:c):{x’ x <0

e " z > 0.

5.5 The function f(z) =2z, 0 <z <1 is periodic with period P = 1.
(a) Find the Fourier series expansion of f(x).
(b) Use the result in (a) to compute the sum

o0

1

n?’
n=1

5.6 Assume that the function f(z) =22, 0 <z < 2 is 2-periodic. Find the Fourier series

expansion of f(x).

5.7 (a) Find the Fourier series expansion of the 2-periodic function f defined in [—1,1]:

R 7] < 1/2
f(x)_{o, 1/2 < |z| < 1.

7
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(b) What is the series sum in the discontinuity points?

5.8 Assume that the function f(z) =z, 0 < x < 2, is 2-periodic.
(a) Find the complex Fourier series expansion of f(z).
(b) Use (a) to give the real (cosinus-sinus form) Fourier series expansion of f(x).

(¢) Find all solutions to the differential equation

5.9 The function f(x) = |z|?, for x| < 2, is 4-periodic. Find the Fourier series expansion
for both f and f’.

5.10 The data function f(x) = (2 — z), for 0 < z < 2, is 2-periodic. Find a 2-periodic

solution to the differential equation

y'(x) +y'(x) + 2y(z) = f(),

as a complex Fourier series.
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6. SEPARATION OF VARIABLES (EXTRAUPPGIFTER)

6.1 Solve the boundary value problem (Laplace’s equation)

Ugg + Uyy = 0, 0<z <2, 0 <y < oo,
w(0,y) = uy(2,9) =0,  limy o u(z,y) =0,
u(z,0)=0, 0<z<l, u(z,0)=1, l<z<2.

6.2 Solve the boundary value problem (Laplace’s equation)

Uy + Uyy = 0, 0<z<a, 0<y<hb,
U(O,y) = ux(a, y) = 07
u(z,0) =0, u(x,b) = 2% — 2az.

6.3 Solve the inhomogeneous boundary value problem

Ugpg + Uyy = Y, x>0, O0<y<l1
u(z,0) = u(z,1) =0,
uw(0,y) =y —v?, u is bounded as x — 0.

6.4 () Solve the initial-boundary value problem (heat equation)

Up = Ugy, O<z<m, t>0
u(0,t) =1, u(m,t) = —1,

u(z,0) = cos(z).

6.5 Solve the following initial-boundary value problem (wave equation)

Uy = CPUyy, 0<x</, t>0, ¢>0
u,(0,t) =0, u,(,t) =0,
u(z,0) =1, uy(z,0) = — cos(7x).

6.6 Solve the inhomogeneous initial-boundary value problem

Up = Ugy, 0<x</, t>0, ¢>0
u(0,t) =0, u(l,t) =1,
u(z,0) =27 — 1.

6.7 Solve the inhomogeneous problem
Uy = Ugpy, 0<x <1, t >0,
u(0,t) =1, u(1,t) =0,
u(z,0) =0, u(z,0) = 0.
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6.8 Solve the initial-boundary value problem

4

Uy = Ugy — sin(22L), O<z<t, t>0
u(z,0) = u(0,t) = u(¢,t) = 0.

6.9 Let u(z,t) be the solution to the following problem

Uy = CPUyy, O<z<m, t>0, ¢>0
u(0,t) = u(m,t) =0,
u(x,0) =0, u(z,0) = g(x).

Show that for ¢ > 0,

/ gz, £) 2 da < / lg(@)P de.
0 0

6.10 Solve the differential equation

Uy = Ugy — T2U, 0<z<l1, t>0, ¢>0
u(0,t) = u(l,t) =0,
u(z,0) =0, u(z,0) = cos(mz), 0<z<1.

6.11 A substance is diffusing in a straight cylindrical pipe of length ¢ with closed inter-
sections. Suppose that the symmetry axis of the cylinder is aligned with the z-axis.
If the density of substance at the point x at time t is denoted by p(z,t), then p(x,t)

satisfies the diffusion equation

Pt = Opmza

where C' is a constant. Determine p(z,t) if p(x,0) varies linearly from 0 to py as
goes from 0 to £.

6.12 (x) Solve the following inhomogeneous initial-boundary value problem

Up = Ugy + € ' sin(3), O<z<m, t>0
uw(0,t) =0, wu(mt)=1, wu(z,0)=2.
6.13 Compute the stationary temperature u(z,y) in the square plate

A={(x,y):0<z <100, 0 <y <100},

if the side y = 100 is kept at temperature 100° C' and all other sides at the temperature
0° C. Determine, in particular, the stationary temperature at the midpoint of the
plate.

Hint: The stationary heat equation satisfies Laplace’s equation.

10
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6.14 a) Determine the function u(z,t) satisfying:

4um:utt, O<$<27 t>0
u(z,0)=(1—2)0(1 —x)  w(z,0)=0, 0<z<2
u(0,t) = u(2,t) =0, t>0.

b) Determine u(z, 1).
6.15 Solve the problem

Uy + Uyy = 1, 0<z<l, O<y<l1
u(z,0) =0, u,(z,0) =0, O<z<l1
u(0,y) =0, u(l,y) =y* - 2y.

11
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7. CONVOLUTION

7.1 Compute (f * g)(t) when
1, 0<t<1
a) f(t) = and g(t) = t0(t).

0, otherwise

b) f(t) = (e7t — e 2)0(t) and g(t) = e'(t).

7.2 Use the convolution theorem to compute the inverse Laplace transform of

1 o o
a) F(s) = Py Hint: sin(a)sin(8) = L[cos(a — 8) — cos(a + B)].
1
PVEE) = aieioy

12


david.cohen@chalmers.se

TMAG683 HT 2021
David Cohen (david.cohen@chalmers.se) Chalmers & GU

13


david.cohen@chalmers.se

TMAG683 HT 2021
David Cohen (david.cohen@chalmers.se) Chalmers & GU

SVAR

1. LINJARA RUM

1.1 a) och c)

1.2 a) Koordinater for ¢* ar (3, —3,1).
b) Koordinater for t* &r (1,4,9).

1.3 Ledning: a) Anvind trigonometriska formler; b) faktorisera t° + 1.

1.4 Ledning: Satt linjirkombinationen = 0 (for alla t). Gor intelligenta val av ¢ som ger

ett ekvationssystem for koefficienterna med endast noll-l6sning.

1.5 De éar linjart oberoende men kan ej utgora en bas, ty dimensionen av Pz ar 4 (och
det riacker alltsa inte med 3 basvektorer for att spanna rummet).
1.6 Koordinaterna ar (3,3, —2,3/2).
_ 7
1.7 cos() = NG
1.8 Ledning: Anvand Cauchy—Schwarz olikhet.
1.9 Ledning: Anvand trigonometriska formler, alt. partialintegrera tva ganger.

1.10 a = =6
1.11 b) men ¢j a).

1.12
ANz | A 1s | s gl L, lgllz, 9| r (f,9)
)| 3 i 2 3 r 2 L
by | 1 1 1 3 3 3 3
)| 3 3 3 4 Ne 5 2
| 2 V3 3 2 NG 4 -3
o 1| L | e—1 Jie-1 | e 1
Hl o1 1 1|1 +sin(1) — cos(1) \/5(3 —cos(2)) | V2 |1+sin(1) - cos(1)

14
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2.1 a)

b)

c)

2. INTERPOLATION

8z, re€[0,1)
mf(r) =120 —4, x€[1,2)
60 — 20z, € [2,3].

Feluppskattningar: |m,f — fllr,03) < (54 + 12v6)c; ||mnf — flle(03) < 90c for

nagon interpolationskonstant c.

Sz, ze[0,%)
mf(r) = %(\/g—l)a:—i—l—‘/?g, r€[g,3)
22-V3)z+ 22 -2, zelf 1]
Feluppskattningar: ||, f — fllr,0,1) < g—éc; |mnf = fllzooz) < g—;c for nagon
interpolationskonstant c.
16-2z), =zel[ld)
mf(x) = &(7—22), wz€[3,2)
=9 —-2z), ze€[23]
Feluppskattningar: |7, f — f||L1(ng) < 2ue; ||muf — fHLOO(O’%) < ¢ for nigon

interpolationskonstant c.

15
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3. FINITA DIFFERENS-METODER

3.1 a) it + A) = i(t) + At/a(t).
b) a(t + Af) = 20 1\ /(2)* + At.

2
b (i) + 53t) /3 (30 + 53) 4 2

3.2 b) Lésning: Den exakta losningen pa intervallet [0, At] &r u(At) = wugexp (AAL), sa

o) i(t+ At)

propagatorn for den exakta losningen dr Py(At) = exp (AA¢).
Propagatorn for Crank—Nicolson-metoden for den givna differentialekvationen &r

_ 145)At
Fon(At) = 1-IaAe

Taylor-utveckling av Py (med variabeln AAt) ger
1 1
(1) exp (AAL) = 1+ AAt + §(>\At)2 + B(AAt)?’ +...
medan Taylor utveckling av ndmnaren i Poy ger

1+ 3AAL 1 1 1 1
—2— = (14 SAAL) [T+ SAAE+ (SAAL)? + (SAAD® + ..
— $AAL (+2 )(+2 +(2 )+<2 y+ )

=14+ AL+ %(AAtf - i(AAt)?’ +...

Om vi jamfor (2) med (1) ser vi att utvecklingarna ar lika till och med ordning

(At)?] vilket innebér att skillnaden, dvs trunkeringsfelet, &r av ordning (At)3.

3.3 Ledning: Visa att |P(At)| < 1 for alla At > 0, dir P(At) &r propagatorn for respektive
metod. Kom ihag att A < 0.

16
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4. LAPLACE-TRANSFORMER

4.1 y(t) =e' = 1.

4.2 y(t) = e* + 2¢'.

4.3 y(t) = =2+ 2cos(t/2) + sin(t/2).

4.4 y(t) = et — qe7f — L.

4.5 y(t) = %e*t cos /2t + ‘/Tie*t sin /2t +t — %

1.-2 1 —2
—_ = t — §te t‘

4.9 3sin(t) + 3t cos(t).

4.10 (e —e7?).

17
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5. FOURIER SERIES
2 4 XK cos(2nr)
5.1 A i )
a) |sinz| - 2 1
2 4K (—1)"cos(2na)
b _ 2.z |
) lcosal T T 4n? — 1
5.2 -
2.3 -
5.4
1| 2% +e®, r <0 1| 2% —e?, z <0
fe(z) =5 9 _ folz) =5 _ 9
2| 224+e% a>0. 2| e*—22, x>0
550) (o)~ 1- 23 Lsinannr)
5 a r)~1—=2 —sin(2nmx).
Tin
b) 7%/6.
4 41 A1 .
5.6 f(x =3 F;ﬁ s(nma —%;Esm(mm).
1 2 > n+1
5.7 a) f 5—1—}; 2n cos((2n — 1)mx)
) 1/2.
5.8 a) f(z)=1-— X:Lem7T
B s mm
) 1) =123 innen
x)=1—=Y —sin(nmz
Tin

¢) y( )—yh( )+ (),  yn(z) = Ae” + Be™,

1
= Z ynelnwxv Yo = _17 (1 + ”27T2)?Jn =——:H N 7£ 0
T

2.9
48 N2+ (=1 (n?r? - 2) nmw
flz)=2+ = 321 - 008(790).
24 12+ (1) (nr—2) . nm
fl(x) = - 2 o s1n(7x).

18
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5.10

INTT

1 e
=—-42 .
y(@) 3 N nz;éo n?m?(n?n? —inm — 2)

19
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6. SEPARATION OF VARIABLES

1

6.1 u(z,y) = Z - e~ “"Ysin(a,x), an, = (n+ 2);

n=0 n

—da® X1 1.7z sinh(n + )™
6.2 u(z,y) = sin(n + =) — - 224

(@9) 3 ;) (n+3)3 ( 2) a sinh(n+ 1)
= 7( 1

6.3 u(x,y) = y —y) + Z 2 ™ sin(nmy).

6.4 u(z,t) =1— 2 + Z ((—1)’“rl - 1> MG_M sin(kz).

T n=1
l t
6.5 u(x,t) =1— — cos(%) sin(%).

6.6 u(x,t) g——z:—e & “sin nZ:B).

2 = 1
6.7 t)=1—o—— — t) si .
u(z,t) T - Z: - cos(nmt) sin(nmz)

6 2 7r2t 2
6.8 u(z,t) = (2—> (eje? - 1) sin(ﬂ :
T

6.9 -

— k
6.10 u(z,t) = 8 E sin(2kmx) cos (\/ 4k? + 17rt).
T
k=1

po 4py ~— 1 _C@n—1)%r2 (2n — )7z
6.11 p(l‘,t) = - — —F= Z me 2 COS(T).
=1

22— (—1)" 1
6.12 u(z,t) = — Z ﬁe’"% sin(nx) + S (eft - e’9t> sin(3x).
T

n T 8
n=1
6.13
uf _ 400 i 1 Slnh((Qk - 1)7ry> sin((Qk - 1)7rx)
uz,y) = — £~ (2k — 1) sinh((2k — L)) 100 100
200 (—1)F1
50, 50 ~ 25°C.
( ) T Z (2]{? . 1) COSh( (2k;1)7r)

20
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41
6.14 a) u(x,t) = o) ; — (% — Sin(%)) cos(nt) sin(?).
LIS
b) u(z, 3) = ;; T sin(krz).

((n+ 3)m(1 — z)) — sinh((n + 3)7z) 1

615 ule,) = 307 0+ 55 > (n 1+ D sinh((n 1 D)) sin((n +3)my).

21
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7. CONVOLUTION

0, t<0
T1la) (fxg)t)=31/2, 0<t<l
t—1/2, t>1.

b) (f *g)(t) = g(e" — 37"+ 2e72)0(t)

7.2 a) gsin(t) — ¢ sin(2¢), b) st — 5= sin(3¢).

22
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