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WAW GOAL .  TyeoRencAL VALUATON
A}  CERTMN FEANAR AL ASSETS

Options and Mathematics: Lecture 1

November 3, 2020

Basic financial concepts

Financial assets

The course options and mathematics deals with the theoretical valuation of
financial assets, such as

e Stocks %\J \/éR - SEL L £€c
S Stock options

e Forward contracts

(\e~nesto RS

e Bonds

Exchange markets and OTC markets
Financial assets can be traded in
- = N
_—> ¢ Official exchange markets Stock WARETTS (N\Ist [ sASDAG Vo

VANWLA DeTWONS CALL/RVT (¢BoE )
e or Over The Counter (OTC)

- ‘f—w\x\qs MAR®RET (—C_N__%/

Troty oCT\ NS (y,\lp.yo oSTTWONLD)
FORWARDS | \nieless BaTE SWARS ..
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Asset price

\___> e bid price = maximum price that the buyer is willing to pay for the
asset

--——-> e ask price = minimum price at which the seller is willing to sell the

asset

———p When the bid-ask spread becomes zero, the exchange of the asset takes
place at the corresponding price.

Notation

——— e U = generic (financial) asset
IS [1“(t) = asset price at time { =

Remarks /

L. Special notation for some specific assets (e.g., S(t) = price of a stock
at time t)

2. Price are given in an unspecified unit of currency (e.g., dollars)
3. Price always refers to price per share of the asset

4. Any transaction in the market is subject to transaction costs (e.g., /
broker’s commissions) and transaction delays (trading in real mar-
kets is not instantaneous).
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Short-selling
An investor is said to short-sell N shares of an asset if the investor borrows
the shares from a third party and sell them immediately in the market.

The reason for short-selling an asset is the expectation that the price of the
asset will decrease in the future.

Example:

S g

R ARDo M

A\
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Long and short position
An investor is said to have a

//3 e long position on an asset if the investor owns the asset and will there-
fore profit from an increase of its price.

> short position if the investor will profit from a decrease of its value,
as it happens for instance when the investor is short-selling the asset.

Stock dividend

A stock may occasionally pay a dividend to its shareholders, usually in the
form of a cash deposit.

e Announcement day= day when it is announced that the stock with
///? pay the dividend D at time 7" in the future

__———> e Ex-dividend day= first day before the payment date at which buying
the stock does not entitle to the dividend

T _ e Payment day= the day T at which the dividend is payed

At the er-dividend day, the price of the stock often [(but not always!) drops

/ of roughly the same amount paid by the dividend.

Exercise 1.1[7]: Explain why it is reasonable to expect that at the ex-
dividend day the price of the stock will drop by the same amount paid by
the dividend..
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Portfolio position and portfolio process

A portfolio is the collection of all asset shares owned by the investor.

Consider an agent is investing on
_——— e a; shares of the asset U,
———— & a5 shares on Us,

= < 2 L
7 Q(_A,v o

—— 5 e ay shares on Uy

The vector A = (ay.as. ..., ay) € ZN is called a portfolio position. K

A positive number of shares correspond to a long position, while a neg-
7 ative number of shares corresponds to a short position

Portfolio value at time f#:

| Valt) =31, u,-l'l"""{f}.lC//

e «; > () means long position on U; (portfolio value increases when price
of U; increases)

e a; < 0 means short position on U; (portfolio value increases when price
of U; decreases)

Remark: Portfolios can be added using the linear structure of Z".

A= (Q’A‘Kz\~ pr R < (,bbi\k’z Lp-\

A—\' & S (°44'3>A\°'z+\>z LT O/N—\ EN\

\/M% ) = \/J\ (-kjs—\— \/& (JC)
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A portfolio process is a portfolio in which the position on the different
assets changes in time.

Suppose that the investor changes the position on the assets at some times
ST tar—1, where

U:?L(]‘(f]_‘{f-‘;ﬂ:“"{t”_l ‘(?L_”:T:

We call {0 =ty t,..., tar = T} a partition of the interval [0, 7. /
b A P ¢

M Y¥—3—+—+¥€ 3

Yz a D X T =%y
Denote t

e A, = initial (at t = 0) portfolio position

e A; = portfolio position in the interval (t;_1, 4], j=1,...,] M

As positions hold for one instance of time only are meaningless, we assume

.A[] == Al- i,(?,, l 1
o
Ay is the portfolio position in the closed interval [[).fl]‘ ( ¢
The vector (A4, ..., A is called a portfolio process.

Denoting by a;; the number of shares of the asset i in the portfolio A;. the
value of the portfolio process at all times is given by
UMuE o F Ai
Va, (1) = S8 anTI (1), for t € (0,1, /
) Vi, (t) = ZJ\:] apllHi(t), fort e (t, t,] &— VALug ofF AL

NALNT  RoTiFolLio ‘kacég; Vi) =9 — T !

Mt Mg L Vi (1) = SN a1 (1), for t € (tar—1,ta .
'
The initial value V(0) = V,, = V4, (0) of the portfolio, when it is positive,
is called the initial wealth of the investor. —
—_— /
—m——t .
6 Low & £oSITLNS

S po gl TosSiT oNS
a2
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Self-financing portfolio

A portfolio process is said to be self-financing if the portfolio assets pay no 3 \ M? |

dividends and if no cash is ever withdrawn or infused in the portfolio.
Example: Let U, Us, Uz be non-dividend paying assets in the interval [0, T].

Consider a portfolio process on these assets with initial position

Ay = (—400,200,100), & INTAAL

—_— — __—

whose value is /’T /
Vi, = —400 T (0) + 200 T2 (0) + 100 TI(0). / M
2

0
-— S - Aﬁ
This value can be positive, zero or negative. br_f - /7 j‘j,-
When V), = 0 we call it initial wealth of the investor. t/’_ J\

The value of the portfolio process in the interval [0,#] is

V(t) = —400 T (£) + 200 12 (t) + 100 T (¢). Lt
—
Suppose that at time t = #; the investor b\

> * buys 500 shares of U,

e sells & shares of Us,

e sells all the shares of Us.

In the interval (¢;,#s] the investor has a new portfolio which is given by

)),  with value V(¢) = 100 TI** (¢) + (200 — ) 12(¢)
K L -

I Yie iwnrranel
&*1\3(7—5

A = (100,200 — =,

Y
- 400 ¥%0° = A00

Q,\:NJ\\'[‘\:\ = N [;\’:
-\-5’(;‘ ;

Lecture 1 Page 8



Question: Can this new portfolio position be created without adding or re-
moving cash from the portfolio?

To answer this we take the limit of V(t) as t — ¢/

V(th) = linl V(t) = 10011 (¢,) + (200 — ) T1*2(t))
t—t]
z_/
V(t}) is the value of the portfolio “immediately after” changing the position
at time #;.

The difference between the value of the two portfolios immediately after and
immediately before the transaction is then

V() = V(t;) = 1001 (#;) + (200 — x) 1*2(¢,) (/

— (=400 T1 (#,) + 200 T2 (1) + 100 1145 (1))

= 50011 (1) — x I () — 100114 (1), = &
o

If V(t]) — V(t;) is positive, then the new portfolio cannot be created from
the old one without infusing extra cash.

If V(t]) — V(t;) is negative, then the new portfolio is less valuable than the
old one, the difference being equivalent to cash withdrawn from the portfolio.

For a self-financing portfolio processes we must have V(¢}) — V(t;) = 0, and
similarly o

V(tj-r} -V(t;)=0forall j=1,..., M — 1 (self-financing portfolio).

Thus the munber x of shares of Us to be sold at time #; in a self-financing
portfolio is

~

500TT (£,) — 100116 (¢,
N T (t) '

Of course, x will be an integer only in exceptional cases, which means that
(=] . )
perfect self-financing strategies in real markets are almost impossible.
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If ‘[{f;r) # V(t;), we say that at time t; the portfolio process generates the

cash flow
— (’& \ - \[ Q :*4 \>
C(tj) = -(V(t]) = V(L) = \/ N N\ S~

/

Portfolio generating a cash flow

e a positive cash flow corresponds to cash removed from the portfolio
ﬂ (causing a decrease of its value),

e a negative cash flow corresponds to cash added to the portfolio.

Remarks

1. The total cash flow generated by the portfolio process in the interval
[0,7] is Cior = z:;] C'(t;) and can be negative, positive or zero.

2. If an asset pays a dividend D at some time t, € (0,7"), then the portfolio
process generates the positive cash flow D at time ¢, if the portfolio is
long on the asset and the negative cash flow —D if it is short on the
asset

> 3. Cons.'t;%m. portfolio positions are self-financing provided the assets pay
no dividends.
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Portfolio return

Consider a self-financing portfolio process opened at time t = 0 and closed

/7 at time £ =T > 0.
Let V/(t) be the value of the portfolio at time ¢t € [0, 7.
We define

4

g R(T) = V(T)—V(0) return of the portfolio in the interval [0, '1"],4 »

If R(T) > 0 the investor makes a profit in the interval [0, 7.
If R(T') < 0 the investor incurs in a loss in the interval [0, 7T].
When V(0) > 0 we define

¢

V(T) — V(0)

)

rate of return of the portfolio in the interval [0, 7.

The total cash flow C' generated by a (non-self-financing) portfolio process
/ must be included in the computation of the return of the portfolio in the

interval [0, 7] according to the formula

({ Portfolio returns are commonly “annualized” by dividing the return R(T") by f

(R(T) = V(T) — V(0) + C.]

the time T expressed in fraction of years (e.g., 7= 6 months = 1/2 years).

—
Remark: 1 day = 1/252 years (markets are closed in the week-ends!)

N

N

) VA\{ 25¢
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Assets return

Consider now a portfolio that consists of a long position on one share of the
asset U in the interval [t, ¢ + k] and assume that the asset pays no dividend
in this time interval.

The annualized rate of return of this portfolio is given by

( T(t + h) — T(t) |
~/>} ‘KRhU) = BT (f) ‘

and is also called simply compounded rate of return of . /
In the limit & — 0" we obtain the continuously compounded (or instan- Lob

taneous) rate of return of the asset:

] , T+ h) = TIH(1) 1 dIM(t) < Q\ \ [
r(t) =l Bl = gy S, 2 BIONKE % 1

that is J‘t /

g 0

Asset returns are often computed using the logarithm of the price rather than
the price itself.

For instance the quantity

_— (Hh{t) = log IT“(t + h) — log IT¥(t) = log (%{t)r’i])/‘ (

.,

is called log-return of the asset I in the interval [¢,¢ + h]. Since ﬁ.;,(t) /h
and Ry (t) have the same limit when h — 07, namely

N o TTH (+ Y — Toe TTH(+ o TTH
lim lR;,{t‘) — lim log TI*(t + h) — log IT*(¢) _ dlog ITY (1) — (1),
h—0+ R h—s0+ h dt '

then r(t) is also called instantaneous log-return of the asset.

11
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