EXERCISE 5.1
(STRONG CONVERGENCE)

Show that in Theorem 5.2.1, the convergence rate is of order 1 if o is constant and b is C? in space

and C! in time.

Solution: By Proposition 5.1.2, we can write the Euler solution as an Ito process
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We can thus decompose the error as
EM = xM_ x, = / b(ps, XIM) — b(s, X,) ds

/0 b(ps, X)) = b(s, XIM) + b(s, X M) — b(s, X,) ds,

where the initial value x and volatility ¢ vanish since they are constant. Due to the continuity
assumptions on b, we can apply the mean value theorem to the second part and bound the derivative,
ie.
b(s, XM) = b(s, X,) = b,(XM — X,) = b, B < ( max b, b, )EM.
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Hence, we have that
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We seek to bound the LP-norm of the error. Thus, we apply Minkowski’s inequality to get
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The goal here is to apply Gronwall’s lemma and be done, but it requires first that ||a(t)||, < Ch,
since then the lemma gives us
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where C' comes from the integral in the lemma. Now we note that applying the Lipschitz continuity



of b, and inserting the definition of the Euler scheme, we get
(0= [ 10 X b5, X0 s

< C’b,g/ \s—tps|—|—|ng) —Xgh)|ds
0 N——

<h

t
< ChoTh+Chy / (XM — XM |ds
0

t
—Ch+C / 1b(9a XI)(5 — 04) + 0 (00 X)W, — W,y)| ds
0

t t
§Ch+CbmaX/|s—<ps|ds+CJ/ [Ws — W, |ds
0 >~ 0

<h

t
gcmc/ W, — W, | ds.
0

Hence, the norm of a(t) becomes (by applying a generalization of the convexity inequality)
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We are now done if the second term can be bounded by ChP. This is seen by
t
E((/ W,—W, S|ds)p>
0
¢ P
_ ]E((/ sen{W, — W, }(W, — W,,,) ds) )

gCthrCE( / W, — W,
0

t

0



