EXERCISE 5.3
(CONVERGENCE RATE OF WEAK CONVERGENCE)

We consider the model of geometric Brownian motion:
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with z > 0.

1. Compute E(XZ%).

Solution: We start by finding the exact solution for the equation. Apply It6’s formula on f(z) = In(x)
and note that
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In(X,) = In(X, — Xy — ——0°X? — 00X,
n(X:) =In(Xo) + ; XSM 2X20 ds—|—/ o X dW,
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=In(x) + (,u - 2) t+ oWy,

and thus X = zelh=0"/DT+oWr, Squaring this, we note that
X2 = 22e2nT—0*T+20Wr |
Now, we use the fact that for a random variable Z ~ N(0,£2) it holds that E(e¢?) = e2<°" . Since
Var(Wr) =T, we get
]E(X%) =E(z 2 2MT702T+20WT) — 22 2p,T7cr2T]E(62aWT)
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2. Let X be the related Euler scheme with time step h. Set y; = E((Xl(,};))2) Find a relation
between y; 1 and y;.

Solution: We have that (by looking at the Euler scheme for X ((ihll) ,, and moving the first term to
the left hand side)

E((X 1)1y, = Xi)?) = (X3 + o (X5 (Wipayn — Win))?)
E((HX(h)h+UX( )(W(H-l)h - Win))?)

(2 (X357) "1 + 0> (X33))* (Weisayn — Win)?)
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where in the third step the mixed term vanishes since the expected value of the Brownian increment
is 0. Next we note that

(XS (X = Xin')) = B (nX 500+ o X5 (Wiagayn = Wan)))

= E((X)*)uh = yipth,



where the second term vanished, once again, due to expectation 0 from the increments. Now, we

can find a relation by writing
_ m V) _ (h) 2
e =B((X( ) ) =B((xE - xX50))
(h) (h))2 (h) (x(R) (h) (h)2
( Xy = X00)? +2x <X<m>h - X5+ (x3)?)
yi(U*h® + 0®h) + 2yiph + y;
yi(1+ 2uh + 0h + p?h?).
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3. Deduce that E((X{")?) = E(X2) + O(h).

Solution: From previous exercise, we deduce

yir1 = (14 2p+0® + p*h)h)y; = (1+ 2p+ 0° + p?h)h) o

since yo = 22. Moreover, if we set the number of time steps to N, we have h = T//N, and thus

o+ o + 12T\
E{(X}h))z}:yzv: (1+ (2p - p=h) ) 22
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=E{X7}} +2? (6(2“+"2+“2h)T - 62“T+”2T)

—B(X}}) + o (7T - 1))
< B{X}} + (0,

which concludes the exercise. Above we began by using the fact that lim,, .. (1 + 2/n)™ = €* is a
monotone sequence. Further, we added and subtracted E{X2}, and in the end we utilized Taylor’s

formula to conclude that e*"” — 1 = p2hT + O(h?), which in total gave us the O(h)-term in the

end.



