
 

6 Prove the LPCaib error estimates for
the interpolation with p 1 and 10 2

Hf Thflecab E lb al'll f theca.by

Solution
ThfCx7 fla dacx t Hb dbCx

has da b
a

a

dbCx db x L
G b b a b a

useful identities da Xb I

alla t b dy X

a x da b x db 0

Assume f c Ck Ca by and fck abs cont 0h aib
The Taylor expansion around a point c is

fG fCc tf Cc x c t f c x c
k

Rk x f
fck nice

I
Rkl

T Lx t
k It

Then for a point x carb we have



fCa fix t f 4 1 Ca x f t ca t It

fCb Fk t f x b x t f Ct b E It

fCx th fLx Hx da x Ha AbLx f b

fCx Xa fix dah f G Ca x held IfkDla Adt
dblxiftxstdbcnfkxkb xltdbcxj.bg f Ct b Ddt

f x y da x db x f G da x ca x XbG b x

G O

daCxl f t ca f dt Xbla f 4 b Hdt

dah f A Ct a dt Ab x f Ct b Holt

Ifk n fast as O meat

Halal tf t 1ft aldt
t IdbG I If A 1lb Hdt

lb al f lb al

IXacxlltldbc.es lb al If t Idt

I

lb al I f Ct dt



PI llf thflluca.bg If tuft E

lb al If Ctydtdx b al Hf lluca.by

PI Il f th fHiyay If Mnf12 dx E

lb ai Hf ttYdtYdx E C s

E Sab lb al dx Sab Tdt If LHKdt

b as Hf cab

7 Write down a basis for the set of p w

quadratic polynomials Wf on a b and

plot a sample of the function
Solution

is a

Xi a i I Xii I Xin

I Ca b is partitioned equidistantly
a Xo Xz X L e Xn Z L xn e b

with Xi Xi h i e Xi Xi z hz



Our basis is the n

y
2 Xi 7 X Xi z

1h2 x e x y
X

2 xitz x x x 1h X E ki Xin
0 else

Yi x
4 Xi a Xi t 1h2 Xe Ki y x

0 else

Use this basis for problem 2 in assignment 1

Note If you use a different grid e g with

Xi Xi z h the basis functions will differ

from these Take extra care that your basis

functions evaluate to 1 and 0 in the right point

9 Let I aib and consider a partition of I

Xi into with mesh function h G hi Xi Xi n

Prove that any value off on the sub interval

can be used to define Mnf satisfying the
error bound

f Thf heap E EIm hillfthacei
tHhf'll cap

where h miaxhi Prove that choosing the midpoint
improves this bound by an extra factor of Iz



Solution Let Ii x y x Iti Ema and fit Ii
Define 17h f G f fi Xe Ii

f Ba x Xo

For x c Ii we have
Mean value thm

Hexi infix't It si't Iff's
we

If TNHx Gil E hi Hf'll I
x E hi

Hf Thfth e
E hill f Hooch

Hf nnfHL ca.bg
E
hf.iafmnllf thflleci.int

T.uam hiHf'HoocIisEfEiYmnHhf mist

Hhf'll vocab

If we choose fi as the midpoint then I hiz

instead and the second statement follows 1



5.71 Consider the two point BVP

u O O x 7
HA

ago 5 UCI 0

Let Tn Xj jh j O N h be a partition

of the interval 04 1 into N sub intervals and

let Vh be the corr space of con t p w linear fans
a UseUh N 3 and formulate a FEM for
b Compute a FE appr UE Vu if possible

Solution
VEH Val O

VI Find well sit
u v O n'Carex n 4 v'ex O

U 1 1 Cx dx u'll v n n o v o

O 5
f ve V

FEI Find Uhh U 05 Yik Siti

U 1 74 lx dx 5yj O j 0 N

Vin v c V p w linear



fi y cx yj Cx 5 Yj o j no
N

e If
n 4oiY

b

f
ao C f 1h

a ii E
ai ite 9 n i 1h

as n t
b Solving this yields h Igbo 1311

U x 15h yo x Why lx 5h yaCx



On 0 EXE Lh 15h yo 70h4 5 5

on h Ex E 2h why Shy 5 5

on 2h EXE 1 5hy 5 5

441 5 5 Same as exact solution f

5.17J Prove an a priori error estimate for the FEM

for the problem
u x th Lx f k 0 xd I

uco um 0

Solution
VF Multiply by re Hf and integrate
Find UE H Lo n

u v t n'v fr

i a un f Lv

Note that acn u is not symmetric U'v UV

if u v then h u 0

Let unevoh be the solution to a un v F v tve V

a u un U un u uh u un t n un h Un

H cu un ll o
410,7



11Cu Unt'll a cu un u un I Eary
9 4 un U r un

Galerkin Orthogonality
a u un v O f who

a Lu un u v h Un h v t cu v I

C S Dcu Un deco Hiu v t Lu VMacon t

E D heat EHLu un ll comHK
V Auco.ptKuunl'lLyoyll4vlLy

To ft 211Cu un ll econ Hu n'Huon
Imu Hr Hln v ll

Hln un Huon E 211Cu Vt'll Lyon
Take V Nyu

114 uh ll Lyon Ulu ah Huon
E them 3.2 E

E CHU Hyeon



8 Prove that specifying the information p
a p ca

pcb and 1076 suffices to determine polynomials

in P La b uniquely

Solution A polyn m P can be written

p CrXBtCzX2 CzX t G

p 3C X t 24 Xt Cz

Unknowns Cr Cz Cz C4

i n ii

This tin syst has a unique sort if detA 0

det A Cb a t 0 b ta
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P I C1tx uqx v'Cx dx sincxluxidx E

lol H1 0

Let xi37to be a partition of con with
equidistant step size h

Ga method Unix Silica
in

vcnespanlffjfj.nl
f x _f h ki n Xi y

feffximitt

y Cx
11h Xf Xi n X

Xi

In xefjexiixi.tn

A filth Engific.iq cxldx sihcxIyjlxldx

Eeg 4ikxhejcxldx fsincnq.CN
ai b j 1 m

stiffness matrix

aii fatxyyi.CAT
HN the t Axl



th t 2 x i ih

j ai iti ain i Southyilxlyi.INd

Hx Ff dx Ih 2izI

A ai ti ja m
µt2

100

coat
Io

n y
by sink g G dx

fi
t since

In 25th Xi Sin Xi Sth Xin

x ih

b tfisinkhi nihilism Y


