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2. Consider the following pseudo code

1 input: t0, v0, T, n

2 t = zeros(n+l,1l); y = zercs(n+l,1);

3 t{l) = t0; v(1) = v0; h = (T-t0)/n;

4 for i 1:n

3 T(i+tl) = t (i) +th;

6 v(i+l) = y(i)+h=(y (1)) "Z;

end
8 output: t,vy

Suppose that the input valuesare {0 = 0,0 =1, T =1, and n = 10.

(a) What is the initial-value problem being approximated numerically? (1p)
(b) What is the numerical method being used? (1p)
(c) What is the numerical value of the step size? (1p)
(d) What are the first values of the output £, y? (1p)
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5. Let V be an Hilbert space with inner product and norm denoted by (-,-), and [[||y.
On this space, let a bilinear form a(-, -) and a functional £(-) verifying the assumptions
of Lax-Milgram that we recall: There exist & > 0,8 > 0, k > 0 such that

la(u, )| < allully|loll, Yu,veV
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Consider the variational problem: Find # € V such that
a(u, @) =(p) YpeV

Let now V), C V be a finite dimensional subspace of V and u; € V), the solution to
Galerkin’s equation

a(uy, n) = U@n) Yo, € V).

(a) Show that the discrete solution u, exists and is unique in V. (2p)
(b) Show the following bound
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7. Let A < B and denote I =]A, B[. Consider the variational problem: Find u € H'(I)
such that
a(u,v) = (f,v) forall v e H'(I)

and the corresponding ¢G(1) approximation: Find u;, € V;, € H'(I) such that

a(uy, v) = (f,v) forall ve V.

One assumes that the bilinear form a is continuous, coercive and bounded on H'(I)
and that the given function f is nice enough.

Denote by I1,,: H'(I) — V), the interpolation operator.

(a) Show that a(u, —u,v) =0forallv e V. (1p)

(b) Next, show that |[ITu — upllg ) < ClILu — [, (2p)

(c) Finally, use the triangle inequality to get the estimate |[u —u||; 1) < Cl|[IT20—ul];p.
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6. Consider the domain Q c R? in Figure 1. Set A = (-1,0),B=(0,-1),C=(1,0),D =
(0,1),E = (0,0),Ty = CD,T'; = dQ\Ty. Let V ={v € H(Q): v =0 onTIy} and
consider the variational problem

Find u € V such thata(u,v) = {(v) forallve V,

where the the bilinear and linear forms are defined by

a(u,v) = rVu(x,y)-Vv(x,y)dxdy and {(v) = rv(x,y)dxdy.
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Figure 1: Courtesy from S.G. Rodriguez.

(a) Define the FE space V), for an approximation of the solution to this variational

problem by cG(1) FE on the grid defined in the figure. (2p)
(b) Provide a basis for the space V), and write the FE solution u;, with help of the
basis elements. (3p)

Hint: A piecewise linear continuous function on Q) is uniquely determined by its values
at the nodes A, B, C, D, E. In this part of the question, you don’t need to give an explicit
formula for the basis elements, some precise explanatory text is enough.

(c) Give the final linear system MC = L (3 eq. for 3 unknown) coming from the FE
problem corresponding to the above variational problem. (3Bp)
(d) Compute explicitely the first two diagonal terms in the matrix M. (3p)

Hint: Here you need explicit formulas for the basis elements. If you are not able to
derive explicit formulas for the basis functions on the nodes A, B, E, you can use the

following formulas
0 or (x,y) e TyUT
QOA(JC, y) = f ( y) ! !
—x for(x,y) € ToU T3
and
0 or (x,y) € Ty UT
potey) = {0 SrevEn I n
-y for(x,y) € T3 U Ty
and

—x—y+1 for(x,y)eT
x—=y+1 for(x,y)eT,
x+y+1  for(x,y)€Ts
—x+y+1 for(x,y)e T,

Qe(x, y) =4

Points will be deducted accordingly.
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