
Recurrent nets

Multilayer perceptrons are trained using an algorithm that iteratively reduces the output 
error by taking the local step that reduces the output most: 

     - equivalent to moving the decision boundary as explained earlier 
     - efficient implementation (gradients are evaluated using chain rule) 
     - relies on feed-forward layout (no feedbacks) 

Recurrent nets with feedbacks require new tricks: 
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Recurrent nets

Recurrent nets (with feedbacks) can learn time series. 

Unfolding in time allows to use the training method for layered feed-forward nets.
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Reservoir computing

Reservoir computer 

Only the output weights are trained. 

3

ri(t+ 1) = g

⇣X

j

wijrj(t) +
NX

k=1

w
(in)
ik xk(t)

⌘
,

Oi(t+ 1) =
MX

j=1

w
(out)
ij rj(t+ 1) ,

<latexit sha1_base64="KFNUAQLY5c162bUS7UMVfjKYrfw="></latexit><latexit sha1_base64="KFNUAQLY5c162bUS7UMVfjKYrfw="></latexit><latexit sha1_base64="KFNUAQLY5c162bUS7UMVfjKYrfw="></latexit><latexit sha1_base64="KFNUAQLY5c162bUS7UMVfjKYrfw="></latexit>



Lorenz attractor
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Lorenz attractor

Lorenz system                                                                  Lorenz attractor 

Maximal Lyapunov exponent 

Deterministic chaos:  
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Non-linear time-series prediction

Lorenz system                                                             Chaotic time series (            ) 

                                                                                   Prediction of reservoir computer 
                                                                                   (            ) valid for several 
                                                                                   Lyapunov times        
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<latexit sha1_base64="dhpJPHvdnZoFcbgLcTBKIsf/Ybg=">AAACOnicbVHLSgMxFE3qq9ZXq0s30SK4kDJTBLssuHFZsS9oh5LJZNrQTGZIMsUy9BPc6s/4I27diVs/wEw7C6f1QuBw7uvcEzfiTGnL+oCFre2d3b3ifung8Oj4pFw57aowloR2SMhD2XexopwJ2tFMc9qPJMWBy2nPnd6n+d6MSsVC0dbziDoBHgvmM4K1oZ6eR/VRuWrVrGWgTWBnoAqyaI0q8GLohSQOqNCEY6UGthVpJ8FSM8LpojSMFY0wmeIxHRgocECVkyy1LtCVYTzkh9I8odGS/duR4ECpeeCaygDriVrPpeR/uUGs/YaTMBHFmgqyWuTHHOkQpYcjj0lKNJ8bgIlkRisiEywx0cae3JZ0tlS+yl/Stp0klZwOz5VPo5RWN+YbplTOMPcWJWOqvW7hJujWa7ZVsx9vq81GZm8RnINLcA1scAea4AG0QAcQMAYv4BW8wXf4Cb/g96q0ALOeM5AL+PMLEP+tvw==</latexit><latexit sha1_base64="dhpJPHvdnZoFcbgLcTBKIsf/Ybg=">AAACOnicbVHLSgMxFE3qq9ZXq0s30SK4kDJTBLssuHFZsS9oh5LJZNrQTGZIMsUy9BPc6s/4I27diVs/wEw7C6f1QuBw7uvcEzfiTGnL+oCFre2d3b3ifung8Oj4pFw57aowloR2SMhD2XexopwJ2tFMc9qPJMWBy2nPnd6n+d6MSsVC0dbziDoBHgvmM4K1oZ6eR/VRuWrVrGWgTWBnoAqyaI0q8GLohSQOqNCEY6UGthVpJ8FSM8LpojSMFY0wmeIxHRgocECVkyy1LtCVYTzkh9I8odGS/duR4ECpeeCaygDriVrPpeR/uUGs/YaTMBHFmgqyWuTHHOkQpYcjj0lKNJ8bgIlkRisiEywx0cae3JZ0tlS+yl/Stp0klZwOz5VPo5RWN+YbplTOMPcWJWOqvW7hJujWa7ZVsx9vq81GZm8RnINLcA1scAea4AG0QAcQMAYv4BW8wXf4Cb/g96q0ALOeM5AL+PMLEP+tvw==</latexit><latexit sha1_base64="dhpJPHvdnZoFcbgLcTBKIsf/Ybg=">AAACOnicbVHLSgMxFE3qq9ZXq0s30SK4kDJTBLssuHFZsS9oh5LJZNrQTGZIMsUy9BPc6s/4I27diVs/wEw7C6f1QuBw7uvcEzfiTGnL+oCFre2d3b3ifung8Oj4pFw57aowloR2SMhD2XexopwJ2tFMc9qPJMWBy2nPnd6n+d6MSsVC0dbziDoBHgvmM4K1oZ6eR/VRuWrVrGWgTWBnoAqyaI0q8GLohSQOqNCEY6UGthVpJ8FSM8LpojSMFY0wmeIxHRgocECVkyy1LtCVYTzkh9I8odGS/duR4ECpeeCaygDriVrPpeR/uUGs/YaTMBHFmgqyWuTHHOkQpYcjj0lKNJ8bgIlkRisiEywx0cae3JZ0tlS+yl/Stp0klZwOz5VPo5RWN+YbplTOMPcWJWOqvW7hJujWa7ZVsx9vq81GZm8RnINLcA1scAea4AG0QAcQMAYv4BW8wXf4Cb/g96q0ALOeM5AL+PMLEP+tvw==</latexit><latexit sha1_base64="dhpJPHvdnZoFcbgLcTBKIsf/Ybg=">AAACOnicbVHLSgMxFE3qq9ZXq0s30SK4kDJTBLssuHFZsS9oh5LJZNrQTGZIMsUy9BPc6s/4I27diVs/wEw7C6f1QuBw7uvcEzfiTGnL+oCFre2d3b3ifung8Oj4pFw57aowloR2SMhD2XexopwJ2tFMc9qPJMWBy2nPnd6n+d6MSsVC0dbziDoBHgvmM4K1oZ6eR/VRuWrVrGWgTWBnoAqyaI0q8GLohSQOqNCEY6UGthVpJ8FSM8LpojSMFY0wmeIxHRgocECVkyy1LtCVYTzkh9I8odGS/duR4ECpeeCaygDriVrPpeR/uUGs/YaTMBHFmgqyWuTHHOkQpYcjj0lKNJ8bgIlkRisiEywx0cae3JZ0tlS+yl/Stp0klZwOz5VPo5RWN+YbplTOMPcWJWOqvW7hJujWa7ZVsx9vq81GZm8RnINLcA1scAea4AG0QAcQMAYv4BW8wXf4Cb/g96q0ALOeM5AL+PMLEP+tvw==</latexit>

x3
<latexit sha1_base64="4BZ6mkd6BC0Eb2cgKfuYhY3mNQ0=">AAACOnicbVG7TsMwFLXLq5RXCyOLoUJiQFUCSHSsxMJYRF9SG1WO47RWHSeynYoq6iewws/wI6xsiJUPwGkzkJYrWTo693XusRtxprRlfcDCxubW9k5xt7S3f3B4VK4cd1QYS0LbJOSh7LlYUc4EbWumOe1FkuLA5bTrTu7TfHdKpWKhaOlZRJ0AjwTzGcHaUE/Pw5thuWrVrEWgdWBnoAqyaA4r8GzghSQOqNCEY6X6thVpJ8FSM8LpvDSIFY0wmeAR7RsocECVkyy0ztGFYTzkh9I8odGC/duR4ECpWeCaygDrsVrNpeR/uX6s/bqTMBHFmgqyXOTHHOkQpYcjj0lKNJ8ZgIlkRisiYywx0cae3JZ0tlS+yl/Ssp0klZwOz5VPopRWV+YbJlROMffmJWOqvWrhOuhc12yrZj/eVhv1zN4iOAXn4BLY4A40wANogjYgYARewCt4g+/wE37B72VpAWY9JyAX8OcXEtOtwA==</latexit><latexit sha1_base64="4BZ6mkd6BC0Eb2cgKfuYhY3mNQ0=">AAACOnicbVG7TsMwFLXLq5RXCyOLoUJiQFUCSHSsxMJYRF9SG1WO47RWHSeynYoq6iewws/wI6xsiJUPwGkzkJYrWTo693XusRtxprRlfcDCxubW9k5xt7S3f3B4VK4cd1QYS0LbJOSh7LlYUc4EbWumOe1FkuLA5bTrTu7TfHdKpWKhaOlZRJ0AjwTzGcHaUE/Pw5thuWrVrEWgdWBnoAqyaA4r8GzghSQOqNCEY6X6thVpJ8FSM8LpvDSIFY0wmeAR7RsocECVkyy0ztGFYTzkh9I8odGC/duR4ECpWeCaygDrsVrNpeR/uX6s/bqTMBHFmgqyXOTHHOkQpYcjj0lKNJ8ZgIlkRisiYywx0cae3JZ0tlS+yl/Ssp0klZwOz5VPopRWV+YbJlROMffmJWOqvWrhOuhc12yrZj/eVhv1zN4iOAXn4BLY4A40wANogjYgYARewCt4g+/wE37B72VpAWY9JyAX8OcXEtOtwA==</latexit><latexit sha1_base64="4BZ6mkd6BC0Eb2cgKfuYhY3mNQ0=">AAACOnicbVG7TsMwFLXLq5RXCyOLoUJiQFUCSHSsxMJYRF9SG1WO47RWHSeynYoq6iewws/wI6xsiJUPwGkzkJYrWTo693XusRtxprRlfcDCxubW9k5xt7S3f3B4VK4cd1QYS0LbJOSh7LlYUc4EbWumOe1FkuLA5bTrTu7TfHdKpWKhaOlZRJ0AjwTzGcHaUE/Pw5thuWrVrEWgdWBnoAqyaA4r8GzghSQOqNCEY6X6thVpJ8FSM8LpvDSIFY0wmeAR7RsocECVkyy0ztGFYTzkh9I8odGC/duR4ECpWeCaygDrsVrNpeR/uX6s/bqTMBHFmgqyXOTHHOkQpYcjj0lKNJ8ZgIlkRisiYywx0cae3JZ0tlS+yl/Ssp0klZwOz5VPopRWV+YbJlROMffmJWOqvWrhOuhc12yrZj/eVhv1zN4iOAXn4BLY4A40wANogjYgYARewCt4g+/wE37B72VpAWY9JyAX8OcXEtOtwA==</latexit><latexit sha1_base64="4BZ6mkd6BC0Eb2cgKfuYhY3mNQ0=">AAACOnicbVG7TsMwFLXLq5RXCyOLoUJiQFUCSHSsxMJYRF9SG1WO47RWHSeynYoq6iewws/wI6xsiJUPwGkzkJYrWTo693XusRtxprRlfcDCxubW9k5xt7S3f3B4VK4cd1QYS0LbJOSh7LlYUc4EbWumOe1FkuLA5bTrTu7TfHdKpWKhaOlZRJ0AjwTzGcHaUE/Pw5thuWrVrEWgdWBnoAqyaA4r8GzghSQOqNCEY6X6thVpJ8FSM8LpvDSIFY0wmeAR7RsocECVkyy0ztGFYTzkh9I8odGC/duR4ECpWeCaygDrsVrNpeR/uX6s/bqTMBHFmgqyXOTHHOkQpYcjj0lKNJ8ZgIlkRisiYywx0cae3JZ0tlS+yl/Ssp0klZwOz5VPopRWV+YbJlROMffmJWOqvWrhOuhc12yrZj/eVhv1zN4iOAXn4BLY4A40wANogjYgYARewCt4g+/wE37B72VpAWY9JyAX8OcXEtOtwA==</latexit>

matplotlib.org 



Non-linear time-series prediction

Predictions of reservoir computer for 
different initialisations of the reservoir 
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Prediction of spatio-temporal chaos

8

Kuramoto-Sivashinsky system. 

Partial differential equation for 
scalar field  

with periodic boundary conditions 
in                 and  spatial inhomogeneity. 

y(x, t)
<latexit sha1_base64="qgQSEHsv11p/Zm6uKrCbX6KuNfQ=">AAACPXicbVHLSsNAFJ3UV62vVpduRotQoZREBLssuHFZoS9oQ5lMJu3YySTMTIoh9B/c6s/4HX6AO3Hr1kmbhWm9MHA493XuGSdkVCrT/DAKW9s7u3vF/dLB4dHxSbly2pNBJDDp4oAFYuAgSRjlpKuoYmQQCoJ8h5G+M7tP8/05EZIGvKPikNg+mnDqUYyUpnpx7bmursflqtkwlwE3gZWBKsiiPa4YFyM3wJFPuMIMSTm0zFDZCRKKYkYWpVEkSYjwDE3IUEOOfCLtZCl3Aa8040IvEPpxBZfs344E+VLGvqMrfaSmcj2Xkv/lhpHymnZCeRgpwvFqkRcxqAKY3g5dKghWLNYAYUG1VoinSCCstEO5LelsIT2Zv6Rj2UkqOR2eK5+FKS3r+idmRMwRcxclbaq1buEm6N00LLNhPd5WW83M3iI4B5egBixwB1rgAbRBF2DwBF7AK3gz3o1P48v4XpUWjKznDOTC+PkFEWGutg==</latexit><latexit sha1_base64="qgQSEHsv11p/Zm6uKrCbX6KuNfQ=">AAACPXicbVHLSsNAFJ3UV62vVpduRotQoZREBLssuHFZoS9oQ5lMJu3YySTMTIoh9B/c6s/4HX6AO3Hr1kmbhWm9MHA493XuGSdkVCrT/DAKW9s7u3vF/dLB4dHxSbly2pNBJDDp4oAFYuAgSRjlpKuoYmQQCoJ8h5G+M7tP8/05EZIGvKPikNg+mnDqUYyUpnpx7bmursflqtkwlwE3gZWBKsiiPa4YFyM3wJFPuMIMSTm0zFDZCRKKYkYWpVEkSYjwDE3IUEOOfCLtZCl3Aa8040IvEPpxBZfs344E+VLGvqMrfaSmcj2Xkv/lhpHymnZCeRgpwvFqkRcxqAKY3g5dKghWLNYAYUG1VoinSCCstEO5LelsIT2Zv6Rj2UkqOR2eK5+FKS3r+idmRMwRcxclbaq1buEm6N00LLNhPd5WW83M3iI4B5egBixwB1rgAbRBF2DwBF7AK3gz3o1P48v4XpUWjKznDOTC+PkFEWGutg==</latexit><latexit sha1_base64="qgQSEHsv11p/Zm6uKrCbX6KuNfQ=">AAACPXicbVHLSsNAFJ3UV62vVpduRotQoZREBLssuHFZoS9oQ5lMJu3YySTMTIoh9B/c6s/4HX6AO3Hr1kmbhWm9MHA493XuGSdkVCrT/DAKW9s7u3vF/dLB4dHxSbly2pNBJDDp4oAFYuAgSRjlpKuoYmQQCoJ8h5G+M7tP8/05EZIGvKPikNg+mnDqUYyUpnpx7bmursflqtkwlwE3gZWBKsiiPa4YFyM3wJFPuMIMSTm0zFDZCRKKYkYWpVEkSYjwDE3IUEOOfCLtZCl3Aa8040IvEPpxBZfs344E+VLGvqMrfaSmcj2Xkv/lhpHymnZCeRgpwvFqkRcxqAKY3g5dKghWLNYAYUG1VoinSCCstEO5LelsIT2Zv6Rj2UkqOR2eK5+FKS3r+idmRMwRcxclbaq1buEm6N00LLNhPd5WW83M3iI4B5egBixwB1rgAbRBF2DwBF7AK3gz3o1P48v4XpUWjKznDOTC+PkFEWGutg==</latexit><latexit sha1_base64="qgQSEHsv11p/Zm6uKrCbX6KuNfQ=">AAACPXicbVHLSsNAFJ3UV62vVpduRotQoZREBLssuHFZoS9oQ5lMJu3YySTMTIoh9B/c6s/4HX6AO3Hr1kmbhWm9MHA493XuGSdkVCrT/DAKW9s7u3vF/dLB4dHxSbly2pNBJDDp4oAFYuAgSRjlpKuoYmQQCoJ8h5G+M7tP8/05EZIGvKPikNg+mnDqUYyUpnpx7bmursflqtkwlwE3gZWBKsiiPa4YFyM3wJFPuMIMSTm0zFDZCRKKYkYWpVEkSYjwDE3IUEOOfCLtZCl3Aa8040IvEPpxBZfs344E+VLGvqMrfaSmcj2Xkv/lhpHymnZCeRgpwvFqkRcxqAKY3g5dKghWLNYAYUG1VoinSCCstEO5LelsIT2Zv6Rj2UkqOR2eK5+FKS3r+idmRMwRcxclbaq1buEm6N00LLNhPd5WW83M3iI4B5egBixwB1rgAbRBF2DwBF7AK3gz3o1P48v4XpUWjKznDOTC+PkFEWGutg==</latexit>

@ty = �y@xy �@2xy �@4xy +µcos(2⇡x/�)
<latexit sha1_base64="8EqaFkgeGOlUNy+/3k5ZXD7mfvo="></latexit><latexit sha1_base64="8EqaFkgeGOlUNy+/3k5ZXD7mfvo="></latexit><latexit sha1_base64="8EqaFkgeGOlUNy+/3k5ZXD7mfvo="></latexit><latexit sha1_base64="8EqaFkgeGOlUNy+/3k5ZXD7mfvo="></latexit>

0  x  L
<latexit sha1_base64="FcfMV8LosgzCGwxIUDkvgdWlVdg=">AAACSHicbVHLTgIxFO2ML8QHoEs3VWLiwpAZYyJLEjcuXGDCK4EJ6ZQ70EznYdshkglf4lZ/xj/wL9wZd3ZgFgLepOnJOffVUzfmTCrL+jTMre2d3b3CfvHg8Oi4VK6cdGSUCAptGvFI9FwigbMQ2oopDr1YAAlcDl3Xv8/07hSEZFHYUrMYnICMQ+YxSpSmhuWShQccnvHL8noclqtWzVoE3gR2Dqooj+awYpwPRhFNAggV5UTKvm3FykmJUIxymBcHiYSYUJ+Moa9hSAKQTrrYfI4vNTPCXiT0CRVesH8rUhJIOQtcnRkQNZHrWkb+p/UT5dWdlIVxoiCky0FewrGKcGYDHjEBVPGZBoQKpnfFdEIEoUqbtTIl6y2kJ1df0rKdNFs5a76S7scZLa/1p/ggpoSP5kVtqr1u4Sbo3NRsq2Y/3VYb9dzeAjpDF+gK2egONdADaqI2oihBr+gNvRsfxpfxbfwsU00jrzlFK2GavxzisRA=</latexit><latexit sha1_base64="FcfMV8LosgzCGwxIUDkvgdWlVdg=">AAACSHicbVHLTgIxFO2ML8QHoEs3VWLiwpAZYyJLEjcuXGDCK4EJ6ZQ70EznYdshkglf4lZ/xj/wL9wZd3ZgFgLepOnJOffVUzfmTCrL+jTMre2d3b3CfvHg8Oi4VK6cdGSUCAptGvFI9FwigbMQ2oopDr1YAAlcDl3Xv8/07hSEZFHYUrMYnICMQ+YxSpSmhuWShQccnvHL8noclqtWzVoE3gR2Dqooj+awYpwPRhFNAggV5UTKvm3FykmJUIxymBcHiYSYUJ+Moa9hSAKQTrrYfI4vNTPCXiT0CRVesH8rUhJIOQtcnRkQNZHrWkb+p/UT5dWdlIVxoiCky0FewrGKcGYDHjEBVPGZBoQKpnfFdEIEoUqbtTIl6y2kJ1df0rKdNFs5a76S7scZLa/1p/ggpoSP5kVtqr1u4Sbo3NRsq2Y/3VYb9dzeAjpDF+gK2egONdADaqI2oihBr+gNvRsfxpfxbfwsU00jrzlFK2GavxzisRA=</latexit><latexit sha1_base64="FcfMV8LosgzCGwxIUDkvgdWlVdg=">AAACSHicbVHLTgIxFO2ML8QHoEs3VWLiwpAZYyJLEjcuXGDCK4EJ6ZQ70EznYdshkglf4lZ/xj/wL9wZd3ZgFgLepOnJOffVUzfmTCrL+jTMre2d3b3CfvHg8Oi4VK6cdGSUCAptGvFI9FwigbMQ2oopDr1YAAlcDl3Xv8/07hSEZFHYUrMYnICMQ+YxSpSmhuWShQccnvHL8noclqtWzVoE3gR2Dqooj+awYpwPRhFNAggV5UTKvm3FykmJUIxymBcHiYSYUJ+Moa9hSAKQTrrYfI4vNTPCXiT0CRVesH8rUhJIOQtcnRkQNZHrWkb+p/UT5dWdlIVxoiCky0FewrGKcGYDHjEBVPGZBoQKpnfFdEIEoUqbtTIl6y2kJ1df0rKdNFs5a76S7scZLa/1p/ggpoSP5kVtqr1u4Sbo3NRsq2Y/3VYb9dzeAjpDF+gK2egONdADaqI2oihBr+gNvRsfxpfxbfwsU00jrzlFK2GavxzisRA=</latexit><latexit sha1_base64="FcfMV8LosgzCGwxIUDkvgdWlVdg=">AAACSHicbVHLTgIxFO2ML8QHoEs3VWLiwpAZYyJLEjcuXGDCK4EJ6ZQ70EznYdshkglf4lZ/xj/wL9wZd3ZgFgLepOnJOffVUzfmTCrL+jTMre2d3b3CfvHg8Oi4VK6cdGSUCAptGvFI9FwigbMQ2oopDr1YAAlcDl3Xv8/07hSEZFHYUrMYnICMQ+YxSpSmhuWShQccnvHL8noclqtWzVoE3gR2Dqooj+awYpwPRhFNAggV5UTKvm3FykmJUIxymBcHiYSYUJ+Moa9hSAKQTrrYfI4vNTPCXiT0CRVesH8rUhJIOQtcnRkQNZHrWkb+p/UT5dWdlIVxoiCky0FewrGKcGYDHjEBVPGZBoQKpnfFdEIEoUqbtTIl6y2kJ1df0rKdNFs5a76S7scZLa/1p/ggpoSP5kVtqr1u4Sbo3NRsq2Y/3VYb9dzeAjpDF+gK2egONdADaqI2oihBr+gNvRsfxpfxbfwsU00jrzlFK2GavxzisRA=</latexit>



Bistable Langevin equation (stochastic driving      ) 

Deterministic dynamics                                   .  Three fixed points                .  

                                                            linearly unstable 

                                                            linearly stable 

Prediction of transition (blue) 

Prediction of stochastic transitions
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dx = x(1� x2)dt +dw
<latexit sha1_base64="5ZpbEV4AT/rpiF1Iwsgryiz1Fa4="></latexit><latexit sha1_base64="5ZpbEV4AT/rpiF1Iwsgryiz1Fa4="></latexit><latexit sha1_base64="5ZpbEV4AT/rpiF1Iwsgryiz1Fa4="></latexit><latexit sha1_base64="5ZpbEV4AT/rpiF1Iwsgryiz1Fa4="></latexit>

x⇤ = 0,±1
<latexit sha1_base64="L7chcqbqeoBtGi/NHqzgI2PSvdg="></latexit><latexit sha1_base64="L7chcqbqeoBtGi/NHqzgI2PSvdg="></latexit><latexit sha1_base64="L7chcqbqeoBtGi/NHqzgI2PSvdg="></latexit><latexit sha1_base64="jmxsny6WVtqT/J6vGVP7QH6ev4Y=">AAACKXicbVHLSsNAFL2prxqrtms30SK4kJK40aXgxmWFvqANZTK5aYdMJmFmUiihP+DWn/FX3LgTf8NJ24WpXhg4nHPnPs4NMs6Udt0Pq7a3f3B4VD+2Txr26dl5szFQaS4p9mnKUzkKiELOBPY10xxHmUSSBByHQfxU6sMFSsVS0dPLDP2EzASLGCXaUN1ps+123HU4f4G3BW3YxrRlXU7ClOYJCk05UWrsuZn2CyI1oxxX9iRXmBEakxmODRQkQeUX6zlXzrVhQidKpXlCO2v294+CJEotk8BkJkTP1a5Wkv9p41xHD37BRJZrFHTTKMq5o1OnXNoJmUSq+dIAQiUzszp0TiSh2lhT6VLWlipS1U16nl+UI5fFK+lxVtLq1pwgRrkgPFzZxlNv18G/YHDX8dyO9+JCHS7gCm7Ag3t4hGfoQh8ohPAKb9a79Wl9bbyvWdsjtKAS1vcPNLuqEA==</latexit><latexit sha1_base64="Q3DVAb8BjiM1qronp22D+WF5Hfo=">AAACPnicbVHLSsNAFL3xWWvV1K2b0SK4KCVxoxtBcOOyQl/QxDKZTNohkwczk2IJ/RO3+jN+gZ/hTlw5abswrRcGDufcuY9zvZQzqSzr09ja3tnd268cVA9rR8cnZr3Wk0kmCO2ShCdi4GFJOYtpVzHF6SAVFEcep30vfCj0/pQKyZK4o2YpdSM8jlnACFaaGpnmy7ODpUJ3VhM5aYTskdmwWtYi0CawV6ABq2iP6sa54ycki2isCMdSDm0rVW6OhWKE03nVySRNMQnxmA41jHFEpZsvRp+jS834KEiEfrFCC/bvjxxHUs4iT2dGWE3kulaQ/2nDTAW3bs7iNFM0JstGQcaRSlDhA/KZoETxmQaYCKZnRWSCBSZKu1XqUtQWMpDlTTq2mxcjF8VL6WFa0LKprxJSMcXcn1e1qfa6hZugd92yrZb9ZEEFzuACrsCGG7iHR2hDFwhM4RXe4N34ML6M76X9W8bqDqdQCuPnF/gmsJw=</latexit><latexit sha1_base64="Q3DVAb8BjiM1qronp22D+WF5Hfo=">AAACPnicbVHLSsNAFL3xWWvV1K2b0SK4KCVxoxtBcOOyQl/QxDKZTNohkwczk2IJ/RO3+jN+gZ/hTlw5abswrRcGDufcuY9zvZQzqSzr09ja3tnd268cVA9rR8cnZr3Wk0kmCO2ShCdi4GFJOYtpVzHF6SAVFEcep30vfCj0/pQKyZK4o2YpdSM8jlnACFaaGpnmy7ODpUJ3VhM5aYTskdmwWtYi0CawV6ABq2iP6sa54ycki2isCMdSDm0rVW6OhWKE03nVySRNMQnxmA41jHFEpZsvRp+jS834KEiEfrFCC/bvjxxHUs4iT2dGWE3kulaQ/2nDTAW3bs7iNFM0JstGQcaRSlDhA/KZoETxmQaYCKZnRWSCBSZKu1XqUtQWMpDlTTq2mxcjF8VL6WFa0LKprxJSMcXcn1e1qfa6hZugd92yrZb9ZEEFzuACrsCGG7iHR2hDFwhM4RXe4N34ML6M76X9W8bqDqdQCuPnF/gmsJw=</latexit><latexit sha1_base64="USGO4XwZr+3/+WkAfF0Q9Dnwf3g="></latexit><latexit sha1_base64="L7chcqbqeoBtGi/NHqzgI2PSvdg="></latexit><latexit sha1_base64="L7chcqbqeoBtGi/NHqzgI2PSvdg="></latexit><latexit sha1_base64="L7chcqbqeoBtGi/NHqzgI2PSvdg="></latexit><latexit sha1_base64="L7chcqbqeoBtGi/NHqzgI2PSvdg="></latexit><latexit sha1_base64="L7chcqbqeoBtGi/NHqzgI2PSvdg="></latexit><latexit sha1_base64="L7chcqbqeoBtGi/NHqzgI2PSvdg="></latexit>

d
dt x = x(1� x2) ⌘ f (x)

<latexit sha1_base64="oQ9Tm7Nj3mWRuJQ/ffEpHrUKWy0="></latexit><latexit sha1_base64="oQ9Tm7Nj3mWRuJQ/ffEpHrUKWy0="></latexit><latexit sha1_base64="oQ9Tm7Nj3mWRuJQ/ffEpHrUKWy0="></latexit><latexit sha1_base64="oQ9Tm7Nj3mWRuJQ/ffEpHrUKWy0="></latexit>

x⇤ = 0
<latexit sha1_base64="e6V77ZCANm5dfF9szsix8W430cw=">AAACQXicbVHLSgMxFE181vpqdekmWgQXUmZEsBuh4MZlhb6wHUsmk2lDM5khyRTL0L9wqz/jV/gJ7sStGzPtLJzWC4HDua9zT9yIM6Ut6wOurW9sbm0Xdoq7e/sHh6XyUVuFsSS0RUIeyq6LFeVM0JZmmtNuJCkOXE477vguzXcmVCoWiqaeRtQJ8FAwnxGsDfX4/NTHSqNbZA1KFatqzQOtAjsDFZBFY1CGp30vJHFAhSYcK9WzrUg7CZaaEU5nxX6saITJGA9pz0CBA6qcZC55hs4N4yE/lOYJjebs344EB0pNA9dUBliP1HIuJf/L9WLt15yEiSjWVJDFIj/mSIcovR95TFKi+dQATCQzWhEZYYmJNi7ltqSzpfJV/pKm7SSp5HR4rnwcpbS6NL8xpnKCuTcrGlPtZQtXQfuqaltV++G6Uq9l9hbACTgDF8AGN6AO7kEDtAABAryAV/AG3+En/ILfi9I1mPUcg1zAn18EgLAj</latexit><latexit sha1_base64="e6V77ZCANm5dfF9szsix8W430cw=">AAACQXicbVHLSgMxFE181vpqdekmWgQXUmZEsBuh4MZlhb6wHUsmk2lDM5khyRTL0L9wqz/jV/gJ7sStGzPtLJzWC4HDua9zT9yIM6Ut6wOurW9sbm0Xdoq7e/sHh6XyUVuFsSS0RUIeyq6LFeVM0JZmmtNuJCkOXE477vguzXcmVCoWiqaeRtQJ8FAwnxGsDfX4/NTHSqNbZA1KFatqzQOtAjsDFZBFY1CGp30vJHFAhSYcK9WzrUg7CZaaEU5nxX6saITJGA9pz0CBA6qcZC55hs4N4yE/lOYJjebs344EB0pNA9dUBliP1HIuJf/L9WLt15yEiSjWVJDFIj/mSIcovR95TFKi+dQATCQzWhEZYYmJNi7ltqSzpfJV/pKm7SSp5HR4rnwcpbS6NL8xpnKCuTcrGlPtZQtXQfuqaltV++G6Uq9l9hbACTgDF8AGN6AO7kEDtAABAryAV/AG3+En/ILfi9I1mPUcg1zAn18EgLAj</latexit><latexit sha1_base64="e6V77ZCANm5dfF9szsix8W430cw=">AAACQXicbVHLSgMxFE181vpqdekmWgQXUmZEsBuh4MZlhb6wHUsmk2lDM5khyRTL0L9wqz/jV/gJ7sStGzPtLJzWC4HDua9zT9yIM6Ut6wOurW9sbm0Xdoq7e/sHh6XyUVuFsSS0RUIeyq6LFeVM0JZmmtNuJCkOXE477vguzXcmVCoWiqaeRtQJ8FAwnxGsDfX4/NTHSqNbZA1KFatqzQOtAjsDFZBFY1CGp30vJHFAhSYcK9WzrUg7CZaaEU5nxX6saITJGA9pz0CBA6qcZC55hs4N4yE/lOYJjebs344EB0pNA9dUBliP1HIuJf/L9WLt15yEiSjWVJDFIj/mSIcovR95TFKi+dQATCQzWhEZYYmJNi7ltqSzpfJV/pKm7SSp5HR4rnwcpbS6NL8xpnKCuTcrGlPtZQtXQfuqaltV++G6Uq9l9hbACTgDF8AGN6AO7kEDtAABAryAV/AG3+En/ILfi9I1mPUcg1zAn18EgLAj</latexit><latexit sha1_base64="e6V77ZCANm5dfF9szsix8W430cw=">AAACQXicbVHLSgMxFE181vpqdekmWgQXUmZEsBuh4MZlhb6wHUsmk2lDM5khyRTL0L9wqz/jV/gJ7sStGzPtLJzWC4HDua9zT9yIM6Ut6wOurW9sbm0Xdoq7e/sHh6XyUVuFsSS0RUIeyq6LFeVM0JZmmtNuJCkOXE477vguzXcmVCoWiqaeRtQJ8FAwnxGsDfX4/NTHSqNbZA1KFatqzQOtAjsDFZBFY1CGp30vJHFAhSYcK9WzrUg7CZaaEU5nxX6saITJGA9pz0CBA6qcZC55hs4N4yE/lOYJjebs344EB0pNA9dUBliP1HIuJf/L9WLt15yEiSjWVJDFIj/mSIcovR95TFKi+dQATCQzWhEZYYmJNi7ltqSzpfJV/pKm7SSp5HR4rnwcpbS6NL8xpnKCuTcrGlPtZQtXQfuqaltV++G6Uq9l9hbACTgDF8AGN6AO7kEDtAABAryAV/AG3+En/ILfi9I1mPUcg1zAn18EgLAj</latexit>

f 0(0) = 1
<latexit sha1_base64="mWmoA2r+3xm1NDmaD8dyqScYmqM=">AAACQHicbVHLSgMxFE3qq9ZXq0s30SJWkDIjgt0IBTcuK/Ql7VAymUwbJvMgyRTK0K9wqz/jX/gH7sStKzPtLJzWC4HDua9zT+yIM6kM4wMWNja3tneKu6W9/YPDo3LluCvDWBDaISEPRd/GknIW0I5iitN+JCj2bU57tveQ5ntTKiQLg7aaRdTy8ThgLiNYaerZvawZV+gemaNy1agbi0DrwMxAFWTRGlXg2dAJSezTQBGOpRyYRqSsBAvFCKfz0jCWNMLEw2M60DDAPpVWslA8RxeacZAbCv0ChRbs344E+1LOfFtX+lhN5GouJf/LDWLlNqyEBVGsaECWi9yYIxWi9HzkMEGJ4jMNMBFMa0VkggUmSpuU25LOFtKV+UvappWkktPhuXIvSml5rT/Do2KKuTMvaVPNVQvXQfembhp18+m22mxk9hbBKTgHNWCCO9AEj6AFOoAAH7yAV/AG3+En/ILfy9ICzHpOQC7gzy8+N66u</latexit><latexit sha1_base64="mWmoA2r+3xm1NDmaD8dyqScYmqM=">AAACQHicbVHLSgMxFE3qq9ZXq0s30SJWkDIjgt0IBTcuK/Ql7VAymUwbJvMgyRTK0K9wqz/jX/gH7sStKzPtLJzWC4HDua9zT+yIM6kM4wMWNja3tneKu6W9/YPDo3LluCvDWBDaISEPRd/GknIW0I5iitN+JCj2bU57tveQ5ntTKiQLg7aaRdTy8ThgLiNYaerZvawZV+gemaNy1agbi0DrwMxAFWTRGlXg2dAJSezTQBGOpRyYRqSsBAvFCKfz0jCWNMLEw2M60DDAPpVWslA8RxeacZAbCv0ChRbs344E+1LOfFtX+lhN5GouJf/LDWLlNqyEBVGsaECWi9yYIxWi9HzkMEGJ4jMNMBFMa0VkggUmSpuU25LOFtKV+UvappWkktPhuXIvSml5rT/Do2KKuTMvaVPNVQvXQfembhp18+m22mxk9hbBKTgHNWCCO9AEj6AFOoAAH7yAV/AG3+En/ILfy9ICzHpOQC7gzy8+N66u</latexit><latexit sha1_base64="mWmoA2r+3xm1NDmaD8dyqScYmqM=">AAACQHicbVHLSgMxFE3qq9ZXq0s30SJWkDIjgt0IBTcuK/Ql7VAymUwbJvMgyRTK0K9wqz/jX/gH7sStKzPtLJzWC4HDua9zT+yIM6kM4wMWNja3tneKu6W9/YPDo3LluCvDWBDaISEPRd/GknIW0I5iitN+JCj2bU57tveQ5ntTKiQLg7aaRdTy8ThgLiNYaerZvawZV+gemaNy1agbi0DrwMxAFWTRGlXg2dAJSezTQBGOpRyYRqSsBAvFCKfz0jCWNMLEw2M60DDAPpVWslA8RxeacZAbCv0ChRbs344E+1LOfFtX+lhN5GouJf/LDWLlNqyEBVGsaECWi9yYIxWi9HzkMEGJ4jMNMBFMa0VkggUmSpuU25LOFtKV+UvappWkktPhuXIvSml5rT/Do2KKuTMvaVPNVQvXQfembhp18+m22mxk9hbBKTgHNWCCO9AEj6AFOoAAH7yAV/AG3+En/ILfy9ICzHpOQC7gzy8+N66u</latexit><latexit sha1_base64="mWmoA2r+3xm1NDmaD8dyqScYmqM=">AAACQHicbVHLSgMxFE3qq9ZXq0s30SJWkDIjgt0IBTcuK/Ql7VAymUwbJvMgyRTK0K9wqz/jX/gH7sStKzPtLJzWC4HDua9zT+yIM6kM4wMWNja3tneKu6W9/YPDo3LluCvDWBDaISEPRd/GknIW0I5iitN+JCj2bU57tveQ5ntTKiQLg7aaRdTy8ThgLiNYaerZvawZV+gemaNy1agbi0DrwMxAFWTRGlXg2dAJSezTQBGOpRyYRqSsBAvFCKfz0jCWNMLEw2M60DDAPpVWslA8RxeacZAbCv0ChRbs344E+1LOfFtX+lhN5GouJf/LDWLlNqyEBVGsaECWi9yYIxWi9HzkMEGJ4jMNMBFMa0VkggUmSpuU25LOFtKV+UvappWkktPhuXIvSml5rT/Do2KKuTMvaVPNVQvXQfembhp18+m22mxk9hbBKTgHNWCCO9AEj6AFOoAAH7yAV/AG3+En/ILfy9ICzHpOQC7gzy8+N66u</latexit>

f 0(±1) = �2
<latexit sha1_base64="/BOZ7a45Y0BcKi4kvKlb0T+ae3Y="></latexit><latexit sha1_base64="/BOZ7a45Y0BcKi4kvKlb0T+ae3Y="></latexit><latexit sha1_base64="/BOZ7a45Y0BcKi4kvKlb0T+ae3Y="></latexit><latexit sha1_base64="/BOZ7a45Y0BcKi4kvKlb0T+ae3Y="></latexit>

x⇤ = ±1
<latexit sha1_base64="561jPRh38ntZ5bOuzXNGCUSXINs=">AAACRXicbVHLSgMxFE181vpqdekmWgQXUmZEsBuh4MZlhb6gMy2ZTKYNk3mQZIpl6H+41Z/xG/wId+JWM+0snNYLgcO5r3NPnJgzqQzjA25sbm3v7Jb2yvsHh0fHlepJV0aJILRDIh6JvoMl5SykHcUUp/1YUBw4nPYc/yHL96ZUSBaFbTWLqR3gccg8RrDS1PB5aGGp0D2y4gCZo0rNqBuLQOvAzEEN5NEaVeG55UYkCWioCMdSDkwjVnaKhWKE03nZSiSNMfHxmA40DHFApZ0uZM/RpWZc5EVCv1ChBfu3I8WBlLPA0ZUBVhO5msvI/3KDRHkNO2VhnCgakuUiL+FIRSjzALlMUKL4TANMBNNaEZlggYnSThW2ZLOF9GTxkrZpp5nkbHih3I8zWl7rH/GpmGLuzsvaVHPVwnXQvambRt18uq01G7m9JXAGLsAVMMEdaIJH0AIdQIAAL+AVvMF3+Am/4PeydAPmPaegEPDnFyHvsaU=</latexit><latexit sha1_base64="561jPRh38ntZ5bOuzXNGCUSXINs=">AAACRXicbVHLSgMxFE181vpqdekmWgQXUmZEsBuh4MZlhb6gMy2ZTKYNk3mQZIpl6H+41Z/xG/wId+JWM+0snNYLgcO5r3NPnJgzqQzjA25sbm3v7Jb2yvsHh0fHlepJV0aJILRDIh6JvoMl5SykHcUUp/1YUBw4nPYc/yHL96ZUSBaFbTWLqR3gccg8RrDS1PB5aGGp0D2y4gCZo0rNqBuLQOvAzEEN5NEaVeG55UYkCWioCMdSDkwjVnaKhWKE03nZSiSNMfHxmA40DHFApZ0uZM/RpWZc5EVCv1ChBfu3I8WBlLPA0ZUBVhO5msvI/3KDRHkNO2VhnCgakuUiL+FIRSjzALlMUKL4TANMBNNaEZlggYnSThW2ZLOF9GTxkrZpp5nkbHih3I8zWl7rH/GpmGLuzsvaVHPVwnXQvambRt18uq01G7m9JXAGLsAVMMEdaIJH0AIdQIAAL+AVvMF3+Am/4PeydAPmPaegEPDnFyHvsaU=</latexit><latexit sha1_base64="561jPRh38ntZ5bOuzXNGCUSXINs=">AAACRXicbVHLSgMxFE181vpqdekmWgQXUmZEsBuh4MZlhb6gMy2ZTKYNk3mQZIpl6H+41Z/xG/wId+JWM+0snNYLgcO5r3NPnJgzqQzjA25sbm3v7Jb2yvsHh0fHlepJV0aJILRDIh6JvoMl5SykHcUUp/1YUBw4nPYc/yHL96ZUSBaFbTWLqR3gccg8RrDS1PB5aGGp0D2y4gCZo0rNqBuLQOvAzEEN5NEaVeG55UYkCWioCMdSDkwjVnaKhWKE03nZSiSNMfHxmA40DHFApZ0uZM/RpWZc5EVCv1ChBfu3I8WBlLPA0ZUBVhO5msvI/3KDRHkNO2VhnCgakuUiL+FIRSjzALlMUKL4TANMBNNaEZlggYnSThW2ZLOF9GTxkrZpp5nkbHih3I8zWl7rH/GpmGLuzsvaVHPVwnXQvambRt18uq01G7m9JXAGLsAVMMEdaIJH0AIdQIAAL+AVvMF3+Am/4PeydAPmPaegEPDnFyHvsaU=</latexit><latexit sha1_base64="561jPRh38ntZ5bOuzXNGCUSXINs=">AAACRXicbVHLSgMxFE181vpqdekmWgQXUmZEsBuh4MZlhb6gMy2ZTKYNk3mQZIpl6H+41Z/xG/wId+JWM+0snNYLgcO5r3NPnJgzqQzjA25sbm3v7Jb2yvsHh0fHlepJV0aJILRDIh6JvoMl5SykHcUUp/1YUBw4nPYc/yHL96ZUSBaFbTWLqR3gccg8RrDS1PB5aGGp0D2y4gCZo0rNqBuLQOvAzEEN5NEaVeG55UYkCWioCMdSDkwjVnaKhWKE03nZSiSNMfHxmA40DHFApZ0uZM/RpWZc5EVCv1ChBfu3I8WBlLPA0ZUBVhO5msvI/3KDRHkNO2VhnCgakuUiL+FIRSjzALlMUKL4TANMBNNaEZlggYnSThW2ZLOF9GTxkrZpp5nkbHih3I8zWl7rH/GpmGLuzsvaVHPVwnXQvambRt18uq01G7m9JXAGLsAVMMEdaIJH0AIdQIAAL+AVvMF3+Am/4PeydAPmPaegEPDnFyHvsaU=</latexit>

dw
<latexit sha1_base64="UbApaHPH797zYE41tDdxqJB4huM=">AAACP3icbVHLSgMxFM3UV62vVpduokVwIWVGBLssuHFZoS9oh5LJZNowSWZIMpUy9Cfc6s/4GX6BO3Hrzkw7C6f1QuBw7uvcEy9mVGnb/rBKW9s7u3vl/crB4dHxSbV22lNRIjHp4ohFcuAhRRgVpKupZmQQS4K4x0jfCx+yfH9GpKKR6Oh5TFyOJoIGFCNtqEE6khz6i+dxtW437GXATeDkoA7yaI9r1sXIj3DCidCYIaWGjh1rN0VSU8zIojJKFIkRDtGEDA0UiBPlpkvBC3hlGB8GkTRPaLhk/3akiCs1556p5EhP1XouI//LDRMdNN2UijjRRODVoiBhUEcwux76VBKs2dwAhCU1WiGeIomwNh4VtmSzpQpU8ZKO46aZ5Gx4oTyMM1rdmL8IiZwh5i8qxlRn3cJN0LttOHbDebqrt5q5vWVwDi7BNXDAPWiBR9AGXYABAy/gFbxZ79an9WV9r0pLVt5zBgph/fwCwNSwFg==</latexit><latexit sha1_base64="UbApaHPH797zYE41tDdxqJB4huM=">AAACP3icbVHLSgMxFM3UV62vVpduokVwIWVGBLssuHFZoS9oh5LJZNowSWZIMpUy9Cfc6s/4GX6BO3Hrzkw7C6f1QuBw7uvcEy9mVGnb/rBKW9s7u3vl/crB4dHxSbV22lNRIjHp4ohFcuAhRRgVpKupZmQQS4K4x0jfCx+yfH9GpKKR6Oh5TFyOJoIGFCNtqEE6khz6i+dxtW437GXATeDkoA7yaI9r1sXIj3DCidCYIaWGjh1rN0VSU8zIojJKFIkRDtGEDA0UiBPlpkvBC3hlGB8GkTRPaLhk/3akiCs1556p5EhP1XouI//LDRMdNN2UijjRRODVoiBhUEcwux76VBKs2dwAhCU1WiGeIomwNh4VtmSzpQpU8ZKO46aZ5Gx4oTyMM1rdmL8IiZwh5i8qxlRn3cJN0LttOHbDebqrt5q5vWVwDi7BNXDAPWiBR9AGXYABAy/gFbxZ79an9WV9r0pLVt5zBgph/fwCwNSwFg==</latexit><latexit sha1_base64="UbApaHPH797zYE41tDdxqJB4huM=">AAACP3icbVHLSgMxFM3UV62vVpduokVwIWVGBLssuHFZoS9oh5LJZNowSWZIMpUy9Cfc6s/4GX6BO3Hrzkw7C6f1QuBw7uvcEy9mVGnb/rBKW9s7u3vl/crB4dHxSbV22lNRIjHp4ohFcuAhRRgVpKupZmQQS4K4x0jfCx+yfH9GpKKR6Oh5TFyOJoIGFCNtqEE6khz6i+dxtW437GXATeDkoA7yaI9r1sXIj3DCidCYIaWGjh1rN0VSU8zIojJKFIkRDtGEDA0UiBPlpkvBC3hlGB8GkTRPaLhk/3akiCs1556p5EhP1XouI//LDRMdNN2UijjRRODVoiBhUEcwux76VBKs2dwAhCU1WiGeIomwNh4VtmSzpQpU8ZKO46aZ5Gx4oTyMM1rdmL8IiZwh5i8qxlRn3cJN0LttOHbDebqrt5q5vWVwDi7BNXDAPWiBR9AGXYABAy/gFbxZ79an9WV9r0pLVt5zBgph/fwCwNSwFg==</latexit><latexit sha1_base64="UbApaHPH797zYE41tDdxqJB4huM=">AAACP3icbVHLSgMxFM3UV62vVpduokVwIWVGBLssuHFZoS9oh5LJZNowSWZIMpUy9Cfc6s/4GX6BO3Hrzkw7C6f1QuBw7uvcEy9mVGnb/rBKW9s7u3vl/crB4dHxSbV22lNRIjHp4ohFcuAhRRgVpKupZmQQS4K4x0jfCx+yfH9GpKKR6Oh5TFyOJoIGFCNtqEE6khz6i+dxtW437GXATeDkoA7yaI9r1sXIj3DCidCYIaWGjh1rN0VSU8zIojJKFIkRDtGEDA0UiBPlpkvBC3hlGB8GkTRPaLhk/3akiCs1556p5EhP1XouI//LDRMdNN2UijjRRODVoiBhUEcwux76VBKs2dwAhCU1WiGeIomwNh4VtmSzpQpU8ZKO46aZ5Gx4oTyMM1rdmL8IiZwh5i8qxlRn3cJN0LttOHbDebqrt5q5vWVwDi7BNXDAPWiBR9AGXYABAy/gFbxZ79an9WV9r0pLVt5zBgph/fwCwNSwFg==</latexit>

0
<latexit sha1_base64="6wdY5ahT5FTgQaCDiVm1l+rDkpE=">AAACOHicbVHLSsNAFJ2pr1pfrS7dRIvgQkoigl0W3LhsoS9oQ5lMbtohkwczk0IJ/QK3+jP+iTt34tYvcNJmYVovDBzOfZ17xok5k8o0P3BpZ3dv/6B8WDk6Pjk9q9bO+zJKBIUejXgkhg6RwFkIPcUUh2EsgAQOh4HjP2X5wRyEZFHYVYsY7IBMQ+YxSpSmOuakWjcb5iqMbWDloI7yaE9q+GrsRjQJIFSUEylHlhkrOyVCMcphWRknEmJCfTKFkYYhCUDa6Urp0rjRjGt4kdAvVMaK/duRkkDKReDoyoComdzMZeR/uVGivKadsjBOFIR0vchLuKEiIzvbcJkAqvhCA0IF01oNOiOCUKXNKWzJZgvpyeIlXctOM8nZ8EK5H2e0vNOf4IOYE+4uK9pUa9PCbdC/b1hmw+o81FvN3N4yukTX6BZZ6BG10DNqox6iCNALekVv+B1/4i/8vS4t4bznAhUC//wCOHSs0g==</latexit><latexit sha1_base64="6wdY5ahT5FTgQaCDiVm1l+rDkpE=">AAACOHicbVHLSsNAFJ2pr1pfrS7dRIvgQkoigl0W3LhsoS9oQ5lMbtohkwczk0IJ/QK3+jP+iTt34tYvcNJmYVovDBzOfZ17xok5k8o0P3BpZ3dv/6B8WDk6Pjk9q9bO+zJKBIUejXgkhg6RwFkIPcUUh2EsgAQOh4HjP2X5wRyEZFHYVYsY7IBMQ+YxSpSmOuakWjcb5iqMbWDloI7yaE9q+GrsRjQJIFSUEylHlhkrOyVCMcphWRknEmJCfTKFkYYhCUDa6Urp0rjRjGt4kdAvVMaK/duRkkDKReDoyoComdzMZeR/uVGivKadsjBOFIR0vchLuKEiIzvbcJkAqvhCA0IF01oNOiOCUKXNKWzJZgvpyeIlXctOM8nZ8EK5H2e0vNOf4IOYE+4uK9pUa9PCbdC/b1hmw+o81FvN3N4yukTX6BZZ6BG10DNqox6iCNALekVv+B1/4i/8vS4t4bznAhUC//wCOHSs0g==</latexit><latexit sha1_base64="6wdY5ahT5FTgQaCDiVm1l+rDkpE=">AAACOHicbVHLSsNAFJ2pr1pfrS7dRIvgQkoigl0W3LhsoS9oQ5lMbtohkwczk0IJ/QK3+jP+iTt34tYvcNJmYVovDBzOfZ17xok5k8o0P3BpZ3dv/6B8WDk6Pjk9q9bO+zJKBIUejXgkhg6RwFkIPcUUh2EsgAQOh4HjP2X5wRyEZFHYVYsY7IBMQ+YxSpSmOuakWjcb5iqMbWDloI7yaE9q+GrsRjQJIFSUEylHlhkrOyVCMcphWRknEmJCfTKFkYYhCUDa6Urp0rjRjGt4kdAvVMaK/duRkkDKReDoyoComdzMZeR/uVGivKadsjBOFIR0vchLuKEiIzvbcJkAqvhCA0IF01oNOiOCUKXNKWzJZgvpyeIlXctOM8nZ8EK5H2e0vNOf4IOYE+4uK9pUa9PCbdC/b1hmw+o81FvN3N4yukTX6BZZ6BG10DNqox6iCNALekVv+B1/4i/8vS4t4bznAhUC//wCOHSs0g==</latexit><latexit sha1_base64="6wdY5ahT5FTgQaCDiVm1l+rDkpE=">AAACOHicbVHLSsNAFJ2pr1pfrS7dRIvgQkoigl0W3LhsoS9oQ5lMbtohkwczk0IJ/QK3+jP+iTt34tYvcNJmYVovDBzOfZ17xok5k8o0P3BpZ3dv/6B8WDk6Pjk9q9bO+zJKBIUejXgkhg6RwFkIPcUUh2EsgAQOh4HjP2X5wRyEZFHYVYsY7IBMQ+YxSpSmOuakWjcb5iqMbWDloI7yaE9q+GrsRjQJIFSUEylHlhkrOyVCMcphWRknEmJCfTKFkYYhCUDa6Urp0rjRjGt4kdAvVMaK/duRkkDKReDoyoComdzMZeR/uVGivKadsjBOFIR0vchLuKEiIzvbcJkAqvhCA0IF01oNOiOCUKXNKWzJZgvpyeIlXctOM8nZ8EK5H2e0vNOf4IOYE+4uK9pUa9PCbdC/b1hmw+o81FvN3N4yukTX6BZZ6BG10DNqox6iCNALekVv+B1/4i/8vS4t4bznAhUC//wCOHSs0g==</latexit>

+1
<latexit sha1_base64="zijv94DtIL6uslHA6PBHJ0YmFyY=">AAACOXicbVHLSgMxFE3qq9ZXq0s3o0UQlDIRwS4LblxW6QvaoWQymTZMJjMkmUIZ+gdu9Wf8EpfuxK0/YKadhVO9EDic+zr3xI05U9q232FpY3Nre6e8W9nbPzg8qtaOeypKJKFdEvFIDlysKGeCdjXTnA5iSXHoctp3g/ss359RqVgkOnoeUyfEE8F8RrA21NMVGlfrdsNehvUXoBzUQR7tcQ2ejbyIJCEVmnCs1BDZsXZSLDUjnC4qo0TRGJMAT+jQQIFDqpx0KXVhXRjGs/xImie0tWR/d6Q4VGoeuqYyxHqq1nMZ+V9umGi/6aRMxImmgqwW+Qm3dGRld1sek5RoPjcAE8mMVotMscREG3cKW7LZUvmqeEkHOWkmORteKA/ijFbX5hcCKmeYe4uKMRWtW/gX9G4ayG6gx9t6q5nbWwan4BxcAgTuQAs8gDboAgJ88AxewCt8gx/wE36tSksw7zkBhYDfP65DrQg=</latexit><latexit sha1_base64="zijv94DtIL6uslHA6PBHJ0YmFyY=">AAACOXicbVHLSgMxFE3qq9ZXq0s3o0UQlDIRwS4LblxW6QvaoWQymTZMJjMkmUIZ+gdu9Wf8EpfuxK0/YKadhVO9EDic+zr3xI05U9q232FpY3Nre6e8W9nbPzg8qtaOeypKJKFdEvFIDlysKGeCdjXTnA5iSXHoctp3g/ss359RqVgkOnoeUyfEE8F8RrA21NMVGlfrdsNehvUXoBzUQR7tcQ2ejbyIJCEVmnCs1BDZsXZSLDUjnC4qo0TRGJMAT+jQQIFDqpx0KXVhXRjGs/xImie0tWR/d6Q4VGoeuqYyxHqq1nMZ+V9umGi/6aRMxImmgqwW+Qm3dGRld1sek5RoPjcAE8mMVotMscREG3cKW7LZUvmqeEkHOWkmORteKA/ijFbX5hcCKmeYe4uKMRWtW/gX9G4ayG6gx9t6q5nbWwan4BxcAgTuQAs8gDboAgJ88AxewCt8gx/wE36tSksw7zkBhYDfP65DrQg=</latexit><latexit sha1_base64="zijv94DtIL6uslHA6PBHJ0YmFyY=">AAACOXicbVHLSgMxFE3qq9ZXq0s3o0UQlDIRwS4LblxW6QvaoWQymTZMJjMkmUIZ+gdu9Wf8EpfuxK0/YKadhVO9EDic+zr3xI05U9q232FpY3Nre6e8W9nbPzg8qtaOeypKJKFdEvFIDlysKGeCdjXTnA5iSXHoctp3g/ss359RqVgkOnoeUyfEE8F8RrA21NMVGlfrdsNehvUXoBzUQR7tcQ2ejbyIJCEVmnCs1BDZsXZSLDUjnC4qo0TRGJMAT+jQQIFDqpx0KXVhXRjGs/xImie0tWR/d6Q4VGoeuqYyxHqq1nMZ+V9umGi/6aRMxImmgqwW+Qm3dGRld1sek5RoPjcAE8mMVotMscREG3cKW7LZUvmqeEkHOWkmORteKA/ijFbX5hcCKmeYe4uKMRWtW/gX9G4ayG6gx9t6q5nbWwan4BxcAgTuQAs8gDboAgJ88AxewCt8gx/wE36tSksw7zkBhYDfP65DrQg=</latexit><latexit sha1_base64="zijv94DtIL6uslHA6PBHJ0YmFyY=">AAACOXicbVHLSgMxFE3qq9ZXq0s3o0UQlDIRwS4LblxW6QvaoWQymTZMJjMkmUIZ+gdu9Wf8EpfuxK0/YKadhVO9EDic+zr3xI05U9q232FpY3Nre6e8W9nbPzg8qtaOeypKJKFdEvFIDlysKGeCdjXTnA5iSXHoctp3g/ss359RqVgkOnoeUyfEE8F8RrA21NMVGlfrdsNehvUXoBzUQR7tcQ2ejbyIJCEVmnCs1BDZsXZSLDUjnC4qo0TRGJMAT+jQQIFDqpx0KXVhXRjGs/xImie0tWR/d6Q4VGoeuqYyxHqq1nMZ+V9umGi/6aRMxImmgqwW+Qm3dGRld1sek5RoPjcAE8mMVotMscREG3cKW7LZUvmqeEkHOWkmORteKA/ijFbX5hcCKmeYe4uKMRWtW/gX9G4ayG6gx9t6q5nbWwan4BxcAgTuQAs8gDboAgJ88AxewCt8gx/wE36tSksw7zkBhYDfP65DrQg=</latexit>

�1
<latexit sha1_base64="YY5+nC/o4HcVa2MRoaeQDZvhGSw=">AAACOXicbVG7TsMwFLXLq5RXCyNLoEJigCpGSHSsxMJYUF9SG1WO47RWHCeynUpV1D9ghZ/hSxjZECs/gNNmIIUrWTo693XusRtzprRtv8PSxubW9k55t7K3f3B4VK0d91SUSEK7JOKRHLhYUc4E7WqmOR3EkuLQ5bTvBvdZvj+jUrFIdPQ8pk6IJ4L5jGBtqKdrNK7W7Ya9DOsvQDmogzza4xo8G3kRSUIqNOFYqSGyY+2kWGpGOF1URomiMSYBntChgQKHVDnpUurCujCMZ/mRNE9oa8n+7khxqNQ8dE1liPVUrecy8r/cMNF+00mZiBNNBVkt8hNu6cjK7rY8JinRfG4AJpIZrRaZYomJNu4UtmSzpfJV8ZIOctJMcja8UB7EGa2uzC8EVM4w9xYVYypat/Av6N00kN1Aj7f1VjO3twxOwTm4BAjcgRZ4AG3QBQT44Bm8gFf4Bj/gJ/xalZZg3nMCCgG/fwCx7a0K</latexit><latexit sha1_base64="YY5+nC/o4HcVa2MRoaeQDZvhGSw=">AAACOXicbVG7TsMwFLXLq5RXCyNLoEJigCpGSHSsxMJYUF9SG1WO47RWHCeynUpV1D9ghZ/hSxjZECs/gNNmIIUrWTo693XusRtzprRtv8PSxubW9k55t7K3f3B4VK0d91SUSEK7JOKRHLhYUc4E7WqmOR3EkuLQ5bTvBvdZvj+jUrFIdPQ8pk6IJ4L5jGBtqKdrNK7W7Ya9DOsvQDmogzza4xo8G3kRSUIqNOFYqSGyY+2kWGpGOF1URomiMSYBntChgQKHVDnpUurCujCMZ/mRNE9oa8n+7khxqNQ8dE1liPVUrecy8r/cMNF+00mZiBNNBVkt8hNu6cjK7rY8JinRfG4AJpIZrRaZYomJNu4UtmSzpfJV8ZIOctJMcja8UB7EGa2uzC8EVM4w9xYVYypat/Av6N00kN1Aj7f1VjO3twxOwTm4BAjcgRZ4AG3QBQT44Bm8gFf4Bj/gJ/xalZZg3nMCCgG/fwCx7a0K</latexit><latexit sha1_base64="YY5+nC/o4HcVa2MRoaeQDZvhGSw=">AAACOXicbVG7TsMwFLXLq5RXCyNLoEJigCpGSHSsxMJYUF9SG1WO47RWHCeynUpV1D9ghZ/hSxjZECs/gNNmIIUrWTo693XusRtzprRtv8PSxubW9k55t7K3f3B4VK0d91SUSEK7JOKRHLhYUc4E7WqmOR3EkuLQ5bTvBvdZvj+jUrFIdPQ8pk6IJ4L5jGBtqKdrNK7W7Ya9DOsvQDmogzza4xo8G3kRSUIqNOFYqSGyY+2kWGpGOF1URomiMSYBntChgQKHVDnpUurCujCMZ/mRNE9oa8n+7khxqNQ8dE1liPVUrecy8r/cMNF+00mZiBNNBVkt8hNu6cjK7rY8JinRfG4AJpIZrRaZYomJNu4UtmSzpfJV8ZIOctJMcja8UB7EGa2uzC8EVM4w9xYVYypat/Av6N00kN1Aj7f1VjO3twxOwTm4BAjcgRZ4AG3QBQT44Bm8gFf4Bj/gJ/xalZZg3nMCCgG/fwCx7a0K</latexit><latexit sha1_base64="YY5+nC/o4HcVa2MRoaeQDZvhGSw=">AAACOXicbVG7TsMwFLXLq5RXCyNLoEJigCpGSHSsxMJYUF9SG1WO47RWHCeynUpV1D9ghZ/hSxjZECs/gNNmIIUrWTo693XusRtzprRtv8PSxubW9k55t7K3f3B4VK0d91SUSEK7JOKRHLhYUc4E7WqmOR3EkuLQ5bTvBvdZvj+jUrFIdPQ8pk6IJ4L5jGBtqKdrNK7W7Ya9DOsvQDmogzza4xo8G3kRSUIqNOFYqSGyY+2kWGpGOF1URomiMSYBntChgQKHVDnpUurCujCMZ/mRNE9oa8n+7khxqNQ8dE1liPVUrecy8r/cMNF+00mZiBNNBVkt8hNu6cjK7rY8JinRfG4AJpIZrRaZYomJNu4UtmSzpfJV8ZIOctJMcja8UB7EGa2uzC8EVM4w9xYVYypat/Av6N00kN1Aj7f1VjO3twxOwTm4BAjcgRZ4AG3QBQT44Bm8gFf4Bj/gJ/xalZZg3nMCCgG/fwCx7a0K</latexit>


