Matematik Chalmers
TMAG683 Tillimpad matematik K2/Bt2

Telefon: David Cohen: 031-772 3021
Hjalpmedel: Endast tabell pa backsidan av testen. Kalkylator ej tillaten.
Betygsgranser, 3: 20-29p, 4: 30-39p och 5: 40-50p.
e For full poing pa en uppgift krévs en korrekt och vélmotiverad 16sning. Enbart svar/resultatet
av en berdkning utan motivering ger inga poing pa uppgiften.
e Svaren skall, om mojligt, anges exakt och forenklade pa lampligt sétt.

Losningar/Granskning: Se kurshemsidan.

1. Anviand Laplacetransformer for att 16sa differentialekvationen (8p)
y'(8) +2y'(t) +3y(t) =3, y(0)=0, y(0)=1.

2. (a) Bestdm Ly-projektionen av f(x) = wsin(rz) i PM(0,1). (4p)
(b) Bestém || f|z,0,1) och || fllz.(0,1)- (4p)

3. (a) For vilka vérden pa a > 0 &r funktionerna sin(az) och cos(ax) ortogonala i Ly(0,1)? (4p)

b) Bestdm Fourier cosine-serien med perioden 27 till funktionen f(x) =sinz, 0 <z <m. (5p)

4. Betrakta den inhomogena vagekvationen (10p)
i(x,t) — u”(x,t) =0, O<z<l1l, t>0,
u(0,t) =0, u(l,t) =1, t >0,
u(z,0) = 2z 0<z<l1
w(z,0) =0 O<z<l1

Anvind variabelseparationsmetoden for att bestimma u(zx,t).

5. Hiirled variationsformulering for begynnelsevéirdesproblemet (a,b, v, 8 ér icke-nollkonstanter),

' +au +bu=f 0<z<l,
(0) =, u(l)=4.

(5p)
6. Betrakta begynnelseviardesproblemet
—u"+2u=3 0<xz<l,
' (0) = /(1) = 0.
(a) Harled variationsformulering. (3p)

(b) Hérled ¢G(1) finita element formulering (kontinuerliga styckvis linjéra polynomer). Hirled det
linjira ekvationssystemet pa formen S+ ME = F. Beriikna styvhetsmatrisen S (Stiffness matrix)
och lastvektorn F' (Load vector). Berdkna ej massmatrisen M (Mass matrix). (7p)

(OBS! Anviind likformig partition med steglingd hoch Tp : 0 =20 < 21 < -+ < Ty < Typg1 = 1.)
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Table of Laplace Transforms and trigonomerty
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1. Take the Laplace transform

3
s%Y (s) — sy(0) — y'(0) + 2(sY (s) — y(O)) +3Y(s) = =
3 s+ 3
2
2 3)Y(s) =1+ — Y(s) =
= (" 254 3)Y(s) +52 - (s) (s2+2s+3)
Now we split the term on the right side:
¥(s) s+ 3 A+B+ Cs+ D
S) = —"—7F""""— = — J— N —
$2(s242s+3) s s2 s242s+3
(A4 0)s* 4+ (244+ B+ D)s* + (3A+2B)s + 3B
B s2(s2+2s+3)
A+C=0
2A+B+D=1 _ 2 L _2 5_4
— ) 34+2B=0 A=—g B=lL U=3 D=3
3B=3
Therefore
21 1 2 s+42 21 1 2 (s+1)+1
Y = ——— —_ —_—_— = —— — —_ _—_
O =3t e 3o s 35 T2 T3 12
_21 1 2 () V2 V2
 3s 82 3(s+1)242 3 (s+1)2+2
2 2
= y(t)zﬁ_l{Y(s)}:—g—l—t—i—ge cosxft—i—%e tsin v/2t

2. (a) Pf € PM(0,1), 50 Pf(z) = & + &, x € (0,1). To find the unknowns &, & we need two
equations. By the definition of Ls-projection:

1 1
)zt dox = PAH(z)x' dz, i=0,1
| s | @t s, i=o.
SO

fol wsin(nz) de = fol(fo + &) do o+36H =2

{ :>{ = $=2, & =0
fo msin(rx)r dr = fo (&0 + &) dx

Hence (Pf)(z) =

(b)

1 lzz0m) = \/ INCREE ¢ | wesin?na) do = \/wz / (= costene)) 4, _ 2V2

[fleeo,ry = sup |f(z)| = sup |rsin(mz)[=m
z€(0,1) z€(0,1)




3. (a) We should have

0 = (sin(ax), cos(ax)) r,(0,1) = /0 sin(az) cos(ax) dx = %/o sin(2ax) dx = —%(COS(Z(Z) -1)

a

= cos(20)=1 = 2a=2nr = a=nm, n=12 ...

(b) For the Fourier cosine series we have b, =0, n=1,... and
2 [ 4
ao:,/ sinz dr = —,
™ Jo ™
2 (" 1 /" . 1 /" .
ap =— [ sinxzcosnrder=— [ sin(l—n)zdx+— [ sin(l+n)x dx
T Jo T Jo T Jo

s

i G e e }
= 1 cos(1 —n)z| + +lcos(n+1)x

™ -—n 0 m™\n 0

= ﬁ(cos(n —1)m — cos O) + F(n;j_l)(cos(n + 1)m — cos O)
G ) SO ) e SO Gl e SO Gl D
m(n—1) m(n+1) m(n—1) m(n+1)
_2AGE0m+y 2(EDm o)
m(n? —1) m(n? —1)

And for n = 1 we have
2 [T 1 [7
alzf/ sinaccosxdm:f/ sin2x dx =0
™ Jo ™ Jo

Hence, for 0 <z <,

77,
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4. We look for the solution as u(z,t) = v(z,t) + s(x). Putting the solution in the PDE, we have

(x,t) — v (x,t) — s"(x) =0, 0O<z<l, ¢>0,
v(0,t) +s(0) =0, v(1,t) +s(1) =1, t>0,
v(ac,())Jrs(ac)fQ:c 0<z<l1
0(z,0) =0 0<ax<l
So we need to solve an ODE and a PDE:
—s"(z) =0, 0<z<l,
{ s(0) =0, s(1) = 1.
o(x,t) —v"(x,t) =0, 0O<z<l, t>0,
v(0,t) =0, v(1,t) =0, t >0,
v(z,0) = 2z — s(z) 0<z<l1
0(z,0) =0 0<zx<l

First we solve the ODE:

s(z) = Crz + Cy s(0)=0 [ Co=0 _
{3(0)—0, s()=1 {cl+021 s =1 T sw=e

Now, we solve the homogeneous PDE, that is

o(x,t) —v"(x,t) =0, 0<z<l1l, ¢>0,
v(0,t) =0, U(l t) =0, t>0,
v(x,)—?xfs(m):x 0<z<1
0(x,0) = 0<z<1

3



We look for the solution v(x,t) = X (z)T'(t). Then
. T X" A X"(x) = —p* X (x)
XT-X"T = =) = == (2) = A
0 = S(t)= () = {T():_MQT(U
For the first equation, considering the homogeneous boundary conditions, we have
X'"(z) = —p?X(x) . X (x) = Acos ux + Bsin px
X(0)=X(1)=0 X(0)=X(1)=0
X(0)=0 = A=0 = X(x)=Bsinuzx
X(1)=0 = Bsinp=0 22 sing=0 = p=nwr, n=1,2,---
So X,,(x) = By, sin(nrx).
For the second equation T'(t) = —p2T(t) = —(nm)2T(t), we have:
T,.(t) = A, cos(nwt) + By, sin(nnt).
Hence, by superposition principle, solution is

o}

v(z,t) = Z (An cos(nmt) + By, sin(mrt)) sin(nmx)
n=1

and, we note that,
Z ( — nm A, sin(nnt) + nn B, cos(mrt)) sin(nmx)
Now, using the initial condltlons v(z,0) =z and o(z,0) = 0, we have

= Z Ay sin(nrz) = x

n=1
0(z,0) = Z nw By, sin(nrx) =0
n=1

and therefore

2 [ 1 e 2(—1)"+t
A, = f/ zsin(nmz) do =2[ - —= cos(mmc)] +2— [ cos(nmzx) doe = =0

1 J nmw nw Jo nmw

nrB,=0 = B, =0
Hence
2 © 1 n+1
t) = t) — t
u(z,t) = v(z,t) - ; cos(nmt) sin(nwz) + x

5. Define function spaces
V ={v|vv € Ly0,1), v(1) =B}, V={v]|vv € Ly0,1), v(1) =0}

Now, multiply the differential equation by a test function v € V, then integrate over (0,1) and
integrate by parts:

1 1 1 1
—/u”vdx—!—a/ u’vdx+b/ uvdx:/ fv dz
0 0 0 0

1 1 1 1
= —u/(1)v(1)+u'(0) v(0) —l—/ uw'v' dx + a/ u'v dz + b/ wdr= [ fvdx
~ 0 0 0 0

=0 =«
Hence the variational formulation (VF) is
Find uw € V, such that

1 1 1 1
/ u'v' dz + a/ u'v dr + b/ wv dx = fv dz — av(0), Yo eV
0 0 0 0
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6. (a) Define
V ={v | v, € Ly(0,1)}.
Multiply the DE by a test function v € V, then integrate over (0,1) and integrate by parts:

1 1 1
—/ u'v d:c—|—2/ uv d:c:/ 3v dx
0 0 0

1 1 1
= —u’(l)v(l)+u'(0)v(0)+/ u'v’ dx—l—?/ uv dx:?)/ v dx
e o T

VF (variational form) is:
Find uw € V, such that

1 1 1
/u'v’dm—i—Q/ uvdnc:?)/vdas7 YoeV
0 0 0

(b) Consider a uniform partition with constant mesh size h:
Th: 0=20 <21 <+ < Ty < Typy1 =1
The finite element space is

Vi, = {v | v is continuous p.w. linear on Ty, } = span{wo, Y1, -, Pms Pm+1}

FEM (finite element method) is:
Find U € V},, such that

1 1 1
/U'X’dm+2/ deﬂc=3/xdx, Vx € Vi
0 0 0

To write the matrix form:
choose XxX=¢i, n=0,1,.... mm+1
substitute  U(z) = Z;’:Bl &)

m—+1 m+1

/01 ( Z fj%'(x))@é(w) d + 2/01 ( Z §j<pj(w))<p¢(x) dzx

1
:3/ wi(z) dr, i=0,1,...,m,m+1
0

m-+1 1 m—+1 1
— > ([ vi@pi@ d)g 23 ([ et d)g,
j=0 22 =010
=545 =M;,;
1
=3/ wi(z) dz, 1=0,1,....mm+1
0
—F
that is the linear system of equations (with m + 2 unknowns &y, &1, ..., &m, Emt1),
SE+2ME=F

For the stiffness matrix we have (note that ¢g and ¢, are half hat functions):
Stiffness matrix S, 42)x (m+2):

1 x
1 1.2 1
50,0:/0906906‘133:/96 (*E) dx:E

0

1
/ /
Smt1,m+1 :/ Ot 1Pmt1 AT :/
0

Tm,

Tm+41 1
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Fori=1,.

L., m,
1 z; .
i 1 i+1 1
Sm:/ i e; dw:/ (—)Zda:+/ (- ) de=
0 Ti—1 h x; h
Fori:=0,...,m—1,
! /N Tit 1 1
Sii41 = Sit1i = [ iy dr = (- E) (E> dx
0 zi
That is
1 -1
. -1 2 -1
S=- : ..
h .
-1 2 -1
-1 1 (m+2)x (m+2)
Load vector F,,42)x1:
1 T h
F0:3/ ©wo dx:?)/ o de = 3=
0 zo 2
1 Tm+1 h
Fm+1:3/ (pm+1d$:3/ (pm+1d(1';:3§
0 Tm
Fori=1,...,m,
1 Ti41
Fi:3/ cpida::?)/ p; dr = 3h
0 Tj—1
Hence
1
3 2
F=-h|:
2 .
2
1 (m+2)x1



