Matematik Chalmers
TMAG683 Tillaimpad matematik K2/Bt2
2020-01-18; KL 8:30-12:30

Telefon: Kristian Holm: 031-772 5325; Examinator: Fardin Saedpanah 031-772 3515
Hjalpmedel: Endast tabell pa backsidan av testen. Kalkylator ej tillaten.
Betygsgranser, 3: 20-29p, 4: 30-39p och 5: 40-50p.

Losningar /Granskning: Se kurshemsidan.

1. Anvind Laplacetransformer for att 16sa differentialekvationen (7p)
{zﬂﬂ+2Mﬂ=e42 t>0,
y(0) = 0.
2. (a) Visa att foljande funktioner &r linjart oberoende (for ¢ € R): (3p)

pi(t) = (t—1)% pa(t) = (t—2)*, ps(t) = (t—3)

(b) Bestdm den kontinuerlig styckvis linjdra interpolanten m, f(z) (continuous piecewise linear

interpolant) av funktionen f(z) = 2x? — z d& intervallet I = [0,2] delas in i tvd lika stora
delintervall. (3p)
3. Bestdm Fourierserien till 2m-periodiska funktionen f(z) = |z|, -7 <z <m, p=2m. (5p)

4. Betrakta denna ODE
a(t) +u(t) = f(t), 0<t<T,
u(0) = uo
Anvénd likformig partition 0=ty <t; <--- <t, =T med steglingd k.

(a) Formulera Backward-Euler metoden (implicit-Euler metoden). (3p)
(a) Formulera Crank-Nicolson metoden. (3p)
5. Betrakta den homogena virmeledningsekvationen (10p)

w(x,t) —u(x,t) =0, 0O<z<l1l, t>0,

u(0,t) =0, u(l,t) =0, t >0,

u(z,0) =2z 0<z<l

Anvind variabelseparationsmetoden for att bestimma wu(z,t).

6. Antag a € R. Visa att foljande Laplacetransformer géller: (6p)
S i a
E[COS(at)] = m s E[Sln(at)] = m

(OBS! Du kan anviind e = cos(at) + i sin(at) )

7. Betrakta begynnelsevirdesproblemet (BVP)
—u" +u=2, 0<z<l,
u'(0) =0, u(l)=0.
(a) Harled variationsformulering. (3p)

(b) Hérled ¢G(1) finita element formulering (kontinuerliga styckvis linjéra polynomer). Harled det
linjéra ekvationssystemet pa formen S§+ M¢& = F. Berdkna styvhetsmatrisen S (Stiffness matrix)
och lastvektorn F' (Load vector). Berdkna ej massmatrisen M (Mass matrix). (7p)

(OBS! Anvéind likformig partition med steglingd hoch T, : 0 =29 < 21 <+ < Ty, < Typpg1 = 1.)
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Table of Laplace Transforms and trigonomerty

ft) +bg(t) alF(s) + bG(s)
tf(t) —F'(s)
" f(t) (1" F™(s)
“wrt) F(s—a)
fE=T)0(t—1T) e T5F(s)
f'(t) sF(s) = f(0)
f"(t) s2F(s) — sf(0) — f'(0)
f(n) (t) nF isn kf(k 1)
k=1
L F(s)
o f(’r) dr T
1
o(t) 3
tr 1
n! sntl
—at I
e
st+a
cosh at ﬁ
sinh at ﬁ
3 t S
cos a m
sin at 52—?—#@2
[ ¢ s
% Sin a 7(32 + a2)2
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oyl (sin at — at cos at) Era)y
2sinasinb = cos(a — b) — cos(a + b)
2sinacosb = sin(a — b) + sin(a + b)
2cosacosb = cos(a — b) + cos(a + b)
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1. Take the Laplace transform
L{y' ()} +2L{y(t)} = L{e'}

1
Y(s) — 2Y (s) = ——
— Y (5) = yl0) 42V (5) = —
=0
— (s 42V (s) = — —  Y(s) !
S s) = §)=——"—=
s+3 (s+2)(s+3)
Now we split the term on the right side:
1 A B A(s+3)+B(s+2) (A+B)s+3A+2B
(s+2)(s+3) s+2 s+3 (s+2)(s+3) (s+2)(s+3)
A+ B=0 _ _
= {3A+231 = A=1 B=-1
Therefore
1 1 1 1
Y(s) = - — Y=LY= P e

s+2_s—|—3:s—(—2) s—(-3)

2. (a) Consider a linear combination of p1(t) = (t — 1), pa(t) = (t — 2)%, p3(t) = (t — 3)? as
ar(t —1)2 + ag(t —2)? +az(t—3)> =0
Then for ¢t = 1, 2,3 we have

ag +4a3 =0
— a1+ az3 =0 = ay=ay=a3 =0
4041+042:O

(b) f(x) =22 —zand 29 =0, z1 =1, z; =2and h =232 = 1.
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M

mf (@) =) f(j)ei(x) = f(zo)po(x) + f(z1)p1(x) + f(z2)pa(2)

<
)

(0)po(z) + f(1)e1(x) + f(2)p2(x)
1(z) + 6pa(z)

I
— —/—

“3719”0:96—0 To <z <11
L2 4 6250 = —(z—2)4+6(z—1) 21 <z< )
0<z<1

T
S5r—4 1<z<2




3. f is an even function, so

And
1 2 (7 2 (7 297
ag = — f(x)d;v:f/ f(;v)dx:f/md:r:f[—} =7
™ J)_x ™ Jo ™ Jo 0
Forn=1,2,...,
1 (7 2 [T 2 (7
ap = — f(z) cosnx da::f/ f(x) cosnx dmzf/ x cosnz dx
i —r i 0 i 0
={u=2, dv=cosnz dx}
_2 [l:rsmnx]fr - /7r sinnx dr = [cosnz]) = 2 [(—1)" —1]
Tln 0 nmw J, n2m 0 n2g
=0
Hence
o0 o0 o
2 2 -H" -1
f(z) = % +nz_:1ancosnx = g —|—nz::1 ﬁ((—l)" —1) cosnz = g + ;nz::l %cosnx
™ 4 . cos3xr = cosdx
4. (a) We stay at t = t;:
. u(t;) — w(t—
w(ty) +u(ty) = f() = w +u(ty) = f(t)
Denoting U ~ u and U; = u(t;), the backward Euler method (implicit-Euler) is:
U —-U.
——  tUi=fm) = (kU =V +kf(t)
Hence
UQ = Up
1+KU =U_1+kf(t), l=1,2,...,n
(b) We stay at t =1;_1:
. w(ty) —u(ti—1)  w(ti—1) + u(ty)
alty_y) tult_y) = flt_y) = A + 5 ~ flti_y)

Denoting U =~ u and U; = u(t;), the Crank-Nicolson method is:

U —-U n U1+ U
k 2

= J(y) = (3R = (1= SR+ R y)

Hence

U():Uo
(14 3k)U = (1 = 5k)Ui1 + kf(t_ 1), I=1,2,...,n

3 ) 3

Note: It is also correct, if you use

fltizn) + f(t)

flt_y) =~ 3

then we have

U():’U,O
1+ 16U = (1 - U,y + LB 19 p

3



5. We look for the solution of the form

u(z,t) = X (2)T(t)

DE  xp_ xip =g Py XT %(t) _ XYH(@ _y e { (i (w) )

The first ODE in (*):

{X”(x)z—,tﬁX(x) N {X() A cos px + Bsin px
X(0)=X(1)=0 X(0)=X(1)=0

X (x) = Bsin pz
. B0
X(1)=0 = Bsinu=0 = sinp=0 = p=nr, n=1,2,-

B=1 .
=  X,(x)=sinnrx, n=12,....

The second ODE in (*) with pu = nn:

2 2

T(t) = —n?m*T(t) = T,(t)=Che ™™t n=12,....

Sofor n=1,2,...,
un(x,t) = Xp(z) Th(t) = Cre ™ ™ tsinnra
is a solution. By superposition principle, the solution is

oo

_22 .
E unxt:E T sin e

n=1

Use IC u(x,0) = 2z (to compute Cy,):

0)= Z Cpsinnmx = 2z

n=1

that is C), is the coeflicient of the Fourier sine series of 2x:

2 L _ 1
Cp= f/ 2usinnrr dv =" 4/ zsinnrzr de = {u ==z, dv=sinnrz dz}
0 0
4 4 1 4
=—— [z cosnﬂ'x}(l)+—/ cosnmx do = — (—1)" 1 + 5 [sinnﬂ'z];
nm ) nw nm n2mw
=(-1)» =0
4
- (=1 n+1
—(=1)
Hence
4 > n+1
— Z et sinnra
7r

n=1

6. See the lecture note (“L13_L14 L15.pdf”, page 4).




7. (a) Note that:

) there is no non-homogeneous Dirichlet BC, so we have only one function space,

(1
(2) test function is zero at Dirichlet boundary points.
Define
V ={v|v,v € Ly0,1), v(1) = 0}.
Multiply the DE by a test function v € V, then integrate over (0,1) and integrate

1 1 1
7/ u'v dz+/ u dx:/ v dx
0 0 0

1 1 1

= —u/(1)v(1) + ' (0)v(0) —|—/ u'v' dx—|—/ w dx = 2/ v dw
-0 —0

VF (variational form) is:

Find u € V, such that

1 1 1
/u’v'dm—i—/ uvdsz/vdx, YoeV
0 0 0

(b) Consider a uniform partition with constant mesh size h:
Th: 0=xp <1 <+ < Ty < Typy1 =1
The finite element space is

Vi, = {v | v is continuous p.w. linear on Ty, v(1) = 0} = span{vo, ¢1,. ..

Yo ©1 (2] Pi—1 i Pi+1 Pm—-1  Pm

T 1
0= To T To Tj—1 X, Tj41 Tm—1 Tm Tyl = 1

FEM (finite element method) is:
Find U € V},, such that

1 1 1
/U'X’dx—l—/ dex:2/xdx, Yx € Vi
0 0 0

To write the matrix form:
choose X=vi, n=0,1,....m
substitute  U(z) = 37" &p5(x)

/(Z&% )il dx+/ (Zﬁg% ))ila) do

1
:2/ vi(z) dz, 1=0,1,...
0

=545 =M;,;

1
:2/ vi(x) dz, i=0,1,...
0

by parts:

7%0m}



that is the linear system of equations (with m + 1 unknowns &y, &1,...,&m),
S¢E+ME=F
For the stiffness matrix we have (note that (g is a half hat function):

Stiffness matrix S(m+1) x (m+1)"

S /1 ‘ ’d:::*/zl(—l)Qd:v*l
07070900800 7I h 7h

0
1 T;
Sii Z/ vl dff:/
0 T;

i—

Fori=1,...

1\2 Fit1 1.2
5 dx—s—/zi (- 3)7 dr =

Fori=0,...,m—1,

1 Tit1 1
Siit1 = Sit1, / Pipiyr dr = / - E) (*> dr = —
g3
That is
1 -1

) -1 2 -1

S =— .

h .

-1 2 -1
-1

(m+1)x (m+1)

1 1
F0:2/ <p0d:z::2/ wo dx =h
0 o

Load vector F,nq1)x1:

Fori=1,...,m,
1 Tit1
0 Ti-1
Hence
1
2
F=h
2 (m+1)x1



