TMAG683 Tillimpad matematik

Ovningsuppgifter
28 oktober 2022

Fardin Saedpanah’s version of this document from spring 2020 is acknowledge. Particularly
relevant exercises are marked with (x).
Propositions or hints for solutions are given at the end of the file.

Thank you for reporting typos or errors via email.

1. LINJARA RUM, SKALARPRODUKT OCH L,-NORMER

1.1 For ett heltal a, betrakta de delmingder av P@(0,1) som bestar av alla polynom
p(t) av grad < g sadana att
a) 2p(0) = p(1)
b) p(t) = 0
c) p(t) = p(1 —t) for alla t.

Vilka av dessa delmingder #r underrum i P@(0,1)?

1.2 Visa att {p1(¢), p2(t), p3(t)} dr en bas for P (R) da
a) pi(t) = (t+1)% pa(t) = (t+2)% ps(t) = (t+3)°
b) pi(t) = 5(t = 2)(t = 3), pa(t) = —(t = 1)(t = 3), ps(t) = 5(t — (t - 2).
Ange ocksa koordinaterna fér polynomet ¢? i basen {py, p2, p3}.

1.3 Visa att foljande funktioner ar linjért beroende (for t € R):
a) sin(2t), cos(2t), sin®(t), cos?(t).
b) In(t® + 1), In(t* — 2+ 1), In(¢* + 1).

1.4 Visa att foljande funktioner &r linjért oberoende (for ¢ € R):
a) sin(t), cos(t), sin(2t), cos(2t).

2 3
b) e, e €.

1.5 Undersck om méngden {1+#3, 3+t — 2t2, —t + 3t2 — 3} #r linjirt beroende i P (R).

Kan elementen utgora en bas for P®)(R)?

1.6 De fyra forsta s.k. Hermite-polynomen dr {1,2t, —2 + 4t%, —12t + 8t3}. Visa att de &r
linjért oberoende i P (R) och bestdm koordinaterna for p(t) = 7 — 12t — 8¢ + 12¢3

1 denna bas.
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1.7 Vi definierar skalétrprodukt och Lo-norm for tva funktioner f och g pa ett intervall
(a,b) enligt (f,g) f f(z)g(z) dz resp. || f|| = \/{f, f). | analogi med vektorer i R™

definierar vi “vinkeln” 6 mellan f och g genom

(f,9) = IIfII - lgll cos().

Vad ir cosinus fér “vinkeln” mellan funktionerna f(z) = 3z + 1 och g(z) = 52% + 3

pa intervallet (—1,1)7

1.8 Visa att foﬂ/g Vsinzcoszdr < 1.

1.9 (%) Visa att i C[—m, 7], med skaldrprodukten

9= [ s@gtw s

ar funktionerna {1, sin(z), cos(x), sin(2z), cos(2x),..., sin(nz), cos(nzx)} sinsemel-
lan ortogonala.

(Detta &r fundamentalt i teorin for Fourierserier.)
1.10 For vilka virden pa a € R &r funktionerna 1 + at? och 4t — a ortogonala i 73(2)(0, 1)?

1.11 Kan négon av féljande tva kandidater vara en skalirprodukt pa C!la, b]?
ﬁf
S AC dx + fla)g(a).

1.12 Lat V = CJ0, 1], dvs det linjéra rummet som bestar av reellvirda kontinuerliga funk-

tioner pa intervallet [0,1]. For f och g i V definierar vi skaldrprodukten av f och g

mmzéf@mwm

och Ly-normen for p = 1,2, 0o som

1l = (/!f Pm) =12

HfHLoo(o,l) = ;2[%,)%] |f(x)]

Bestam (f, g), ||f]lz,0,1) och [|g]|,(0,1) for p = 1,2, 00 i féljande fall:
W) f@) =1+, gr) =22

b) f(z) =1, g(x) =3

c) f(z) =3, g(z) =3+2z

som

och
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(

d) f(z) =3z, g(z) = —4a?
)
)=

)(x—xg()

f) f(x g(x) = Cos(.r) + sin(x).
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2. INTERPOLATION

2.1 (*) Bestdm den styckvis linjdra interpolanten , f(x) da intervallet I delas in i tre
lika stora delintervall, da
a) f(x) =92% — 2% och I =0, 3]
b) f(x) = sin(x), och I = [0, 7]
¢) f)=1 och I =113
Anvéand ocksa foljande sats for att upskatta felet i approximationen i Li- och L-
norm:
Let mpv(z) be the piecewise linear interpolant of the (sufficiently regular) function

v(x), for x € (a,b), on the partition T, of [0,T]. For p = 1,2, 00, one then has

|mho — U”Lp(a,b) <C Hh2v//HLp(a,b) .
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3. FINITA DIFFERENS-METODER

3.1 (%) Hérled en finita differens-metod (dvs hérled uttrycket for approximationen a(t +

At) som funktion av a(t)) for differentialekvationen

du 1
—(t)=——~, 0<t<T
a = 0t

u(0) = ug

med

a) Explicit Euler-metoden.
b) Implicit Euler-metoden.
c¢) Crank-Nicolson-metoden.

Implementera géirna metoderna i Matlab och jamfor med den exakta 16sningen

u(t) = Ju3 + 2t.

3.2 Visa genom att Taylor-utveckla propagatorn for ODE:n u(t) = Au(t), u(0) = g for
respektive metod att
a) Implicit Euler-metoden har trunkeringsfel av ordning (At)?.

b) Crank-Nicolson-metoden har trunkeringsfel av ordning (At)3.

3.3 Visa att bade implicit Euler-metoden och Crank-Nicolson-metoden éar stabila for alla
At > 0 for ODE:mn 4(t) = Au(t) med A < 0 och u(0) = wy.
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4. LAPLACE TRANSFORM (EXTRAUPPGIFTER)

() Use Laplace transforms to solve the following initial-value problems:

41 y"—y=1, y(0) =0, ¢(0)=1.

4.2 y" =3y + 2y =0, y(0) =3, ¢'(0)=4.
4.3 4y +y = -2, y(0) =0, ¢(0)=1/2.
4.4 "+ 2y +y =€, y(0) =0, %(0)=0.
4.5 o' + 2y 4 3y = 3t, y(0) =0, %(0)=1.

Find the inverse Laplace transform of the following functions:

4.6 Sy
47 s
48 -
49 .

s+3
4.10 lnsi—Q.
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5. FOURIER SERIES (EXTRAUPPGIFTER)

The function f in the following exercises is assumed to be 27-periodic, unless otherwise

explicitly stated.

5.1 Find the Fourier series expansions of
a) f(x) = |sin(z)].
b) f(x) = [cos(z)|.

5.2 (*) Use the Fourier series expansion for f(z) = 2%, (—7 <z < 7):

2

=1 4 42 (=1" cos(nz),

3 —~ n?
to show that
a) ¥ —mir =123 7, (_n% sin(nz), —-m<z<m.
b) 2t —dn?x? =487, (_QZH cos(nz) — ™ —r <z <

4
c) ZZL nL - g_O’

5.3 We define the even and odd parts of a function f(z) by
1 1
felw) = 5lf(2) + f(=2)] and  fo(z) = S[f(2) = f(=2)].

Show that f.(x) is an even function, and f,(x) is an odd function.

5.4 What are the even and odd parts of the following function?

f(x):{x’ x <0

e " z > 0.

5.5 The function f(z) =2z, 0 <z <1 is periodic with period P = 1.
(a) Find the Fourier series expansion of f(x).
(b) Use the result in (a) to compute the sum

o0

1

n?’
n=1

5.6 Assume that the function f(z) = 2?, 0 < z < 2 is 2-periodic. Find the Fourier series

expansion of f(z).

5.7 (a) Find the Fourier series expansion of the 2-periodic function f defined in [—1,1]:

R 7] < 1/2
f(x)_{o, 1/2 < |z| < 1.

7
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(b) What is the series sum in the discontinuity points?

5.8 Assume that the function f(z) =z, 0 < x < 2, is 2-periodic.
(a) Find the complex Fourier series expansion of f(z).
(b) Use (a) to give the real (cosinus-sinus form) Fourier series expansion of f(x).

(¢) Find all solutions to the differential equation

5.9 The function f(z) = |z|?, for |z| < 2, is 4-periodic. Find the Fourier series expansion

for both f and f’.

5.10 The data function f(x) = z(2 — z), for 0 < = < 2, is 2-periodic. Find a 2-periodic

solution to the differential equation

') +y'(x) + 2y(z) = f(),

as a complex Fourier series.
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6. SEPARATION OF VARIABLES (EXTRAUPPGIFTER)

6.1 Solve the boundary value problem (Laplace’s equation)

Ugg + Uyy = 0, 0<x<?2, 0 <y < oo,
w0,y) =us(2,9) =0,  limy o u(z,y) =0,
w(z,0)=0, 0<z<l1, u(z,00=1 l<zx<2.

6.2 Solve the boundary value problem (Laplace’s equation)

Uy + Uyy = 0, 0<z<a, 0<y<hb,
u(0,y) = uz(a,y) =0,
u(z,0) =0, u(x,b) = 2% — 2az.

6.3 Solve the inhomogeneous boundary value problem

Ugg + Uyy = Y, x>0, 0<y<l1
u(z,0) = u(x,1) =0,
uw(0,y) =y — 9>, u is bounded as z — o0.

6.4 (%) Solve the initial-boundary value problem (heat equation)

Ut = Ugg, O<z<m, t>0
u(0,t) =1, u(m,t) = —1,

u(z,0) = cos(z).

6.5 Solve the following initial-boundary value problem (wave equation)

Uy = Clygy, 0<x</, t>0, ¢c>0
u.(0,t) =0, uz(4,t) =0,
u(z,0) =1, ug(z,0) = —cos(Fx).

6.6 Solve the inhomogeneous initial-boundary value problem

Up = Ugy, 0<x</t, t>0, ¢>0
u(0,t) =0, u(l,t) =1,
u(z,0) =27 — 1.

6.7 Solve the inhomogeneous problem
Ut = Ugy, 0<x<l, t>0,
u(0,t) =1, u(1,t) =0,
u(z,0) =0, u(z,0) = 0.
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6.8 Solve the initial-boundary value problem

ut:um—sin(%Tgﬂ), O<z </, t>0
u(z,0) = u(0,t) = u(l,t) = 0.

6.9 Let u(z,t) be the solution to the following problem

U = CPUyy, O<z<m, t>0, ¢>0
u(0,t) = u(m, t) =0,
u(z,0) =0, u(x,0) = g(x).

Show that for ¢t > 0,

/ ez, 1) d < / lg(2)P de.
0 0

6.10 Solve the differential equation

Uy = Ugy — T2U, O<z<1, t>0, ¢>0
u(0,t) = u(l,t) =0,
u(z,0) =0, u(z,0) = cos(mx), 0 <z <1

6.11 A substance is diffusing in a straight cylindrical pipe of length ¢ with closed inter-
sections. Suppose that the symmetry axis of the cylinder is aligned with the z-axis.
If the density of substance at the point x at time ¢ is denoted by p(z,t), then p(x,t)

satisfies the diffusion equation

pt = Cpa,

where C' is a constant. Determine p(z,t) if p(z,0) varies linearly from 0 to pg as x
goes from 0 to /.
6.12 (%) Solve the following inhomogeneous initial-boundary value problem
Up = Uy + € ' sin(3z), 0<z<m, t>0
u(0,t) =0, w(mt)=1, u(z,0)=2.
6.13 Compute the stationary temperature u(zx,y) in the square plate

A={(z,y): 0<x <100, 0<y <100},

if the side y = 100 is kept at temperature 100° C' and all other sides at the temperature
0° C'. Determine, in particular, the stationary temperature at the midpoint of the
plate.

Hint: The stationary heat equation satisfies Laplace’s equation.

10
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6.14 a) Determine the function u(z,t) satisfying:

4um:utt, 0<$<2, t>0
u(z,0) = (1 —x)0 (1—55) w(x,0) =0, 0<z<2
u(0,t) = u(2,t) = t>0.

b) Determine u(z, 1).
6.15 Solve the problem

Uy + Uyy = 1, 0<z<l, 0<y<l1
u(z,0) =0, uy(z,0) =0, O<z<l
u(0,y) =0, u(ly) =y* - 2y.

11
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7. CONVOLUTION

7.1 Compute (f * g)(t) when
1, O0<t<l1
a) f(t) = and g(t) = t0(t).

0, otherwise

b) f(t) = (e7t — e 2)0(t) and g(t) = e'(t).

7.2 Use the convolution theorem to compute the inverse Laplace transform of

L nt: si i = Llcos(a — B) — cos(a
a) F(S) = (52 _|_ 1)(82 +4) Hmt Sln(O&) Sln(ﬁ) - 2[ ( 5) ( +5)]
b) F(s) = m

12
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SVAR

1. LINJARA RUM

1.1 a) och c)

1.2 a) Koordinater for ¢* &r (3,—3,1).
b) Koordinater for ¢* &r (1,4,9).

1.3 Ledning: a) Anvind trigonometriska formler; b) faktorisera ¢ + 1.

1.4 Ledning: Sétt linjirkombinationen = 0 (for alla t). Gor intelligenta val av ¢ som ger

ett ekvationssystem for koefficienterna med endast noll-16sning.

1.5 De ér linjart oberoende men kan ej utgora en bas, ty dimensionen av Ps ér 4 (och det
ricker alltsa inte med 3 basvektorer for att spanna rummet).
1.6 Koordinaterna ar (3,3, —2,3/2).
_ 7
1.7 cos() = NG
1.8 Ledning: Anvind Cauchy—Schwarz olikhet.
1.9 Ledning: Anvénd trigonometriska formler, alt. partialintegrera tva ganger.

1.10 a = +6
1.11 b) men €] a).

1.12
Az | AN s | (1]l zee 91|z 91l z, 191l 2o (f.9)
a) | 3 s 2 > 5 2 ©
b)| 1 1 1 3 3 3 3
NN i 2 ; 2
d| 2 V3 3 3 NG 4 -3
e) : \/ig 1 e—1 \/% (e2—1) e 1
f) 1 1 1 1 +sin(1) — cos(1) \/%(3 —cos(2)) | V2 |1+sin(1) — cos(1)

14
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2. INTERPOLATION

2.1 a)
8z, re0,1)
mf(r) =120 —4, z€[l,2)
60 — 20z, =€ [2,3].
Feluppskattningar: ||m,f — fllz,03 < (54 + 12v6)¢; ||[mnf — fllw3) < 90c for
nagon interpolationskonstant c.
b)
3¢, rel0,%)
mf(@) =833 -1z +1-L, zelr T
22-V3)z+ 22 -2, zel 1]
Feluppskattningar: ||[7nf — fllz,0.2) < g—éc; |70 f = fllzeoz) < %c for nagon

interpolationskonstant c.
c)
(5—2zx), =x€ [1,%)
(7—2z), z€l2)
=(9—-2z), z€[23].
Feluppskattningar: ||, f — fHLl(O%) < 2ue; |lmnf — fHLOO(O%) < 3¢ for nagon

1
3
1
6

mf(T) =

interpolationskonstant c.

15
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3. FINITA DIFFERENS-METODER

3.1 a) it + At) = @(t) + At fi(t).
b) a(t + Af) = 20 /(%)% + At.

2
) a8 = 3 (30 sy) /s (360 + )"+ 3

3.2 b) Ldsning: Den exakta losningen pa intervallet [0, At] dr u(At) = ugexp (AAL), sa
propagatorn for den exakta losningen ér Py(At) = exp (AA?).
Propagatorn for Crank—Nicolson-metoden for den givna differentialekvationen &r

_ 13N
Fon(At) = 1-1At

Taylor-utveckling av Py (med variabeln AAt) ger

1 1
(1) exp (AAL) =1+ AAt + é(AAt)Q + E(AAt)3 + ...

medan Taylor utveckling av ndmnaren i Poy ger

1+ $AAL 1 1 1 1
— 2 = (14 2 AAL) [ 14+ 2AAE+ (ZAAD)2 + (ZAAL) + ..
BESVY (+2A t)(+2/\ t+(2A t)+(2)\ t)° + )

=1+ AL+ %(AAN + %L(AAt)?’ +...

Om vi jamfor (2) med (1) ser vi att utvecklingarna &r lika till och med ordning

(At)?, vilket innebér att skillnaden, dvs trunkeringsfelet, dr av ordning (At)3.

3.3 Ledning: Visa att |P(At)| < 1 for alla At > 0, diar P(At) &r propagatorn for respektive
metod. Kom ihag att A < 0.

16
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4. LAPLACE-TRANSFORMER

4.1 y(t) =e' = 1.

4.2 y(t) = e* + 2¢'.

4.3 y(t) = =2+ 2cos(t/2) + sin(t/2).
4.4 y(t) = je' — s — Ste™"

4.5 y(t) = %e_t cos v/2t + ‘/?ie_t sin V2t +t — %

4.6 7 —

1 1,.-2t 1, -2t
1 2te .

Ze
4.7 L sin(5t).

4.8 tsin(t).

4.9 3sin(t) + 3t cos(t).

2

410 L(e 2 — ),

17
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5. FOURIER SERIES

. 2 4 K cos(2n)
1 _ 2 AN costen)
5.1 a) |sinz| - WZ PR
n=1
2 4 (—1)"cos(2nz)
b = _ - .
) | cos x| - W; yPr—
5.2 -
53 -
5.4
f() 1 1}2—|—e$’ r <0 f() 1 [EQ—GI,
e\T) == o) = =
2| 22+ e ?, >0 2 ) o _ xQ,
550)  f)~1- 23 Lsin(nm)
0 a r)~1—— —sin(2nmx
Té=n
b) 7%/6
4 4 X1 41
5.6 f(z) = 3 + = ; = cos(nmz) — = ; - sin(nmr)
2 L (—1)
5.7 a) f(z) = 3 + - 2 (Qn )_ N cos((2n — 1)mx)
b) 1/2
5.8 check???
f(ZL’) =1— Z Lemﬂ'
B IinT
n#0
b) @) =1- 23" L sin(nnz)
r)=1—— —sm(nmx).
Ti=n
¢) y(@) = yn(z) + yp(x), wn(z) = Ae” + Be™,
— inmTT _ 2 9 o
yp(x)— _Z Ynt . Yo = —1, (1—|—n7r)yn_%
5.9
48 X2+ (=) (2 —2) nm
flz) =2+ gy 2 - Cos(7x).
24 =2+ (=1)"(n*r2—2)  nm
fl(z) = - 2 - sm(?x).

, n#0

x <0
z > 0.
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5.10

INTT

1 e
=42 .
y(@) 3 * nZ#O n?n?(n?n? —inm — 2)

19
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6. SEPARATION OF VARIABLES

cos(a 1.7
6.1 ~anY gin(ay, n=(n+ )z
u(z,y) ; - sin(a,z), a (n+2)2
—4a% & 1. 7z simh(n—i—l)M
6.2 - i 5= 2’ e
u(z,y) 73 % (n+3)3 sin(n + 2) a sinh(n + %)%b
6.3 u(z,y) = - —l—i? 1 " sin(nmy).
. Y y Y) 2 2(n )
6.4 2777check?? u(z, 1) — 1— 2% 4 3 ((—1)’f+1 - 1) 2 Frgin(ka)
’ T k(k?2 —1)m
l t
6.5 u(a,t) =1 - — cos(%b)sm(%)
2 o 1 _n2e2
6.6 u(z,t) = % - 2 e 2 tsin(%x)
67 u(wt) =1 -2~ 23" L costurt)sin(nr)
Tu(x,t)=1—x—="Y —cos(nnt)sin(nrz).
’ T n
0 N\2 an?t 2
6.8 u(zx,t) = <%) (ef T — 1) sin(%).
6.9 -

8w k
6.10 u(z,t) = - ; e 1 sin(2kmz) cos <\/4k2 + 17rt).
4 > 1 2n—1 27r2t 2 _ 1
6.11 p(x,t):@_ﬂz( et @Dz

22— (—1)" 1
6.12 u(z,t) = — Z #e’"% sin(nx) + S (eft - e’9t> sin(3x).
T n m

8
n=1
6.13
uf 400 i 1 ) h<(2k—1)7ry)s, ((21@—1)7@)
ulz,y) == £~ (2k — 1) sinh((2k — 1)m) e T A STV
200 —1)k1
u(50,50):—z (=1) . © 2500
T 1= (2k — 1) cosh(*=5+7)

20
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nm
— Sin

6.14 a) u(z,t) = % Z %(7 i (%)) cos(nmt) sin( 5

nmwx

).

b) u(z, 1) ! Z (=1) sin(kmx).

k

%)mc) 1

1 2 . sinh
6.15 u(w,y) = S(0* —v)+ 5 D
n=0

((n+ 3)m(1 — x)) — sinh((n +

(n+ %)3 sinh((n + %)W)

21

sin((n + 5)7ry).


david.cohen@chalmers.se

TMAG683
David Cohen (david.cohen@chalmers.se)

HT 2022
Chalmers & GU

7. CONVOLUTION

0, t<0
7.1 a) (f*g)(t) = t2/2, 0<t<l1
t—1/2, t>1.

b) (f xg)(t) = g(e" = 3e™" + 2e72)0(t)

7.2 a) §sin(t) — ¢sin(2t), b) §t — = sin(3t).

22
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