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Examination, 17 August 2023
TMAG683

Read this before you start!

I'll try to come at ca. 15:00. You can ask for calling me (0317723021) in case of questions.

Aid: Chalmers approved calculators.

A table of Laplace transforms is provided at the end of the exam.

Read all questions first and then start to answer the ones you feel most comfortable with. Some
parts of an exercise may be independent of the others.

I tried to use the same notation as in the lecture.

Answers may be given in English, French, German or Swedish.

Write down all the details of your computations clearly so that each steps are easy to follow.

Do not randomly display equations and hope for me to find the correct one. Justify your answers.
Write clearly what your solutions are and in the nicest possible form.

Don’t forget that you can verify your solution in some cases.

Use a proper pen and order your answers if possible. Thank you!

Feel free to write more than one solution on one piece of paper (save paper).

The test has 4 pages and a total of 50 points.

Preliminary grading limits: 3: 20-29p, 4: 30-39p and 5: 40-50p.

Valid bonus points will be added to the total score if needed.

You will be informed via Canvas when the exams are corrected.

Good luck!
Some exercises were taken from, or inspired by, materials from A. Szepessy, www.bibmath.net
and www.tutorial. math.lamar.edu.

1. Provide concise answers (with justifications) to the following short questions:

(a) Give the definition of an ODE. (1p)
(b) Is the PDE u;(x, t) — u.(x,t) + 2u(x,t) = 0 a linear PDE of order 2? Justify your
answer. (2p)
(c) What is the dimension of the polynomial space £¥(0,1)? Give an application
of the polynomial space (0, 1), for a positive integer . (1p)
(d) Consider a uniform partition of [0, 1] with mesh 4. What is the size (in term of
h) of the error of the continuous piecewise linear interpolant ||7'(h f—f || 20 for
a nice function f? (1p)
(e) Use (one step of) the trapezoidal rule to approximate the area under the function
f(x) = x* between x = 1 and x = 3. (1p)
(f) Give the general formula for the Crank-Nicolson scheme, with time step &,
when applied to the IVP y(t) = f(y(t)), ¥(0) = yo. (1p)

(g) Whatis an estimate for the a priori error estimate, measured in the energy norm,
of the (continuous and piecewise linear) FEM with mesh size h for the model
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problem (Poisson’s equation in 1d with homogeneous Dirichlet BC) seen in the
lecture? (1p)

(h) Let (V,(:,-)) be an inner product space. State Cauchy-Schwarz inequality. (1p)

2. Consider the following pseudo-code

1 function [t,y] = solveit(t0, yO0, T, n)
2 t = zeros(n+l,1); y = zeros(n+l,1);
3 t(l) = t0; y(1) = y0; h = (T-t0)/n;
4 for i = 1:n

5 t (i+1) = t (i) +h;

6 y(it1l) = y(i)+h* (y (i+1))"2;

7 end

Suppose that the input values are t0 =0,y0 =1,T =1, and n = 10.

What is the initial-value problem being approximated numerically? What is the
numerical method being used? (2p)

3. Let Q=(0,1), a,p € R, and ¢, f: Q — R be nice functions. Consider the problem:
Find u € H'(Q) such that

fu’(x)v’(x)dx+fc(x)u(x)v(x)dx:ff(x)v(x)dx+[3v(1)—av(0) for all v € H(Q).
Q Q Q

Formulate the (strong) problem corresponding to the above variational formulation.

(2p)
4. Leta,r > 0and f € L*(0,1). Consider the BVP

—au”(x)+ru(x)=f inQ=(0,1)
u(0) =0,u(1) =0.

(a) Derive the variational formulation of this BVP (define all quantities). (2p)

(b) Derive the corresponding cG(1) finite element problem (define all quantities).
(2p)

(c) Provide the ansatz (in terms of the hat functions) for the FE solution u,(x). (1p)

(d) Letnowa =r =1and f(x) = 1 for x € (0, 1). Give the linear system of equations
for the computation of the finite element solution. You don’t need to compute
the integrals in the matrices (a general formula is enough) but must give all
coordinates of the right-hand side vector ("load vector"). (4p)

5. Let Q =(0,1), f,up,v9: Q — R be nice, T > 0. Consider the inhomogeneous wave
equation
Uy —Upe+u=f inQx(0,T]
u=0 ondQx(0,T]
u(x,0) = up(x) inQ
uy(x,0) = vo(x) in Q.
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(a) Write the variational formulation of the above problem in a suitable space V
(don’t forget to define this space). (2p)

(b) Formulate the finite element problem based on a ¢G(1) approximation on the
space V) (don’t forget to define this space). (2p)

(c) From the above, derive the linear system of ordinary differential equations
MC(t) + SC(t) + MC(t) = F(t), with initial value {(0), C(0).

Don't forget to provide the entries of the matrices M,S and of the vectors
E(t), C(0), C(0) (you don’t need to compute the integrals). (2p)

6. Give an example of a function which is not of exponential order. (1p)

7. Use the definition of the Laplace transform (not the table!) to compute the Laplace
transform of

ft) = €. (2p)
8. Compute the Laplace transform of
f(t) = £* +sin(2t) + (t + 3)0(t — 2), (3p)
where we recall that 0 denotes the Heaviside function or the unit step function.

9. Why is the Laplace transform a linear map? Justify. (2p)

10. Find the inverse Laplace transform of

S

11. Use Laplace transforms to find the exact solution to the differential equation
"(t) +3y'(t) + 2y(t) =0
L1 =0 Gp)
y(0)=1,y(0) =0.

12. Find the Fourier series of the 2m-periodic function f(x) = sin(2x) + cos(5x) defined

on [T, Tt]. 2p)
13. Let f be an even 27mt-periodic function. Show that its Fourier coefficients b, are zero
for all n € IN". (2p)
14. Find the Fourier series of f(x) = x defined on —n < x < 7w and extended periodically.
€9
15. State Parseval’s identity (in terms of Fourier coefficients a,,b, or c,) and give an
example of its possible use (no details needed, just the main idea). (1p)
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Table of Laplace Transforms and trigonometry

f(®) F(s)
af(t)+bg(t), abeR aF(s) + bG(s)
(1) F(s)

PR n=1,2,...

(1)"F(s)

e f(t), aeR F(s +a)

f(t-Te(t-T), TeR e T5F(s)

f® sF(s) - f(0)

fr®) s’F(s) = sf(0) - f'(0)

o, n=1,2,... s"F(s) — Z s"FFE(0)
=

Otfm dr i
o(t) % for 5>0
2 for n=12 for s>0

Sn+1

1
—— for s> -a
s+a

s
cosh(at), ae€R e for s> |a
. a
sinh(at), aeR e for s> |a
5
cos(bt), belR o for s>0
in(bt), belR _b_ f s>0
sin(bt), 2 for
t . S
E sm(bt), be ]R\{O} m for s>0
L (sin(bt) — bt cos(bt)), b € _1 for s>0
2 ’ (2 + b2

R\{0}

2 sin(a) sin(b) = cos(a — b) — cos(a + b)

2 sin(a) cos(b) = sin(a — b) + sin(a + b)

2 cos(a) cos(b) = cos(a — b) + cos(a + b)
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