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Advanced Analysis exercises

Here is a list of exercises on advanced analysis. Those used as homework are
without solution. All others have a solution attached.

Important! Those with a check-mark in the last column are similar to the type
of questions that may show up in the exam.
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Advanced methods in analysis

1

Use the Kramers-Kronig relations to show that∫ ∞

0

sinx

x
dx =

π

2

2

Consider the Schrödinger equation for a free particle on a line, written as

Lx,tΨ(x, t) = 0, where Lx,t =
ℏ2

2m

∂2

∂x2
+ iℏ

∂

∂t

The retarded Green’s function can be written as

G(x, t) =
1

2π

∫ +∞

−∞
eikxG(k, t) dk

Determine G(k, t). (You do not have to compute G(x, t).)

3

Find the retarded Green’s function G(t, t′) for the damped harmonic oscillator, sat-
isfying (

m
d2

dt2
+ 2mQ−1ω0

d

dt
+mω2

0

)
G(t, t′) = δ(t− t′)

in the overdamped (Q < 1) and underdamped (Q > 1) cases. (m is the mass, ω0

the angular frequency, Q the quality factor of the oscillator.)
Using the above Green’s function, write an integral expression for the solution

of the driven oscillator with driving force F (t), and show that the solution at time
t only depends on the driving force at earlier times.

4

Consider a damped harmonic oscillator with an extra term proportional to the third
time derivative, (τ a constant characteristic time, m is the mass, ω0 the angular
frequency, Q the quality factor of the oscillator.)(

mτ
d3

dt3
+m

d2

dt2
+ 2mQ−1ω0

d

dt
+mω2

0

)
G(t, t′) = δ(t− t′)
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Show that such a term is not compatible with causality for Q → ∞. To do this,
consider a driving force

F (t) =

{
0, for t < 0

F0, non-zero constant, for t ≥ 0

and show that the particle starts accelerating before the force is turned on.
This model was originally proposed by Abraham and Lorenz in 1903 to try to

describe the energy loss of an accelerating charge due to radiation, but it is clearly
faulty. The full resolution of the problem requires quantum mechanics.

5

At the beginning of the 20-th century it was found that the number of nuclear
reactions per unit time R in a star was given by

R = N

∫ ∞

0

E exp

{
−
(

E

kBT
+

α√
E

)}
dE

(T is the temperature, E the energy of the collision, kB the Boltzmann constant,
and α,N two other known constants.) Compute this integral in the limit kBT ≪ α2.

6

Consider the Fredholm’s integral equation

u(x) = λ

∫ 1

0

(1− 3xy)u(y) dy.

For what values of λ does it have non-zero solutions? Find those solutions.

7

A membrane is stretched on a drum in the x, y plane, anchored on a curve on this
plane. Denote the displacement in the z direction as u = z(x, y, t), a function of the
coordinates and time that vanishes at the boundary. (You don’t need the explicit
expression for the boundary to solve this problem!)

The energy density of the membrane is given by

ϵ =
ρ

2

(
∂u

∂t

)2

+
s

2

((
∂u

∂x

)2

+

(
∂u

∂y

)2
)

where ρ and s are known constants that depend on the material of which the drum
is made.

Find the Lagrangian of the system and derive the equations of motion for u.
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8

Check that the Green’s function of the one-dimensional heat equation(
c
∂

∂t
− µ

∂2

∂x2

)
T (x, t) = ρ(x, t)

is given by

G(x, t) =

{
0 t < 0

1
2
√
πµct

exp{− cx2

4µt
} t > 0

(c is the specific heat, µ the diffusion constant, both assumed known.)
Also show that

lim
t→0+

G(x, t) =
1

c
δ(x)

which is interpreted as saying that G(x, t) describes the time evolution of a point-like
thermal ”spike” at x = 0.

Suppose we define the propagation of this thermal front for t > 0 by tracking
the position of the point x(t) for which, say, G(x(t), t) = 1

2
G(0, t). (1/2 is just an

arbitrary constant.) What is the velocity of the front? Is there anything wrong with
it for very small t? How do we explain that?

9

For which real values of λ do the following equations

ϕ(x) = λ

∫ 1

−1

(t+ x)ϕ(t) dt

ϕ(x) = λ

∫ π

0

sin(t+ x)ϕ(t) dt

have a non-zero solution?

10

Use variational calculus to show the (trivial) result that the shortest path between
two points on a plane is a straight line.

11

Consider the integral equation

ϕ(x) = x+ λ

∫ b

a

xtϕ(t) dt
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For what values of λ does the perturbation series converge? Solve the equation
exactly. Compare the two solutions. Do you need any condition of λ in the second
case?

12

An enclosed area in a field is made of a straight wall of length d and a flexible fence
of length L > d attached to the two ends of the wall. Find the equation describing
the position of the fence that maximizes the area enclosed.

NB: You do not have to solve the equation.

13

Show that the step function

θ(x) =

{
0, for x < 0

1, for x > 0

Has the integral representation

θ(x) =
1

2πi

∫ +∞

−∞

eixt

t− iϵ
dt (ϵ > 0)

Note that θ(0) is not well defined by this formula, but it does not really matter,
we can define it as we wish (0, 1 or even 1/2). It’s just a point and it does not
contribute to the values of the integrals in which θ is usually found.

14

Does the equation

ϕ(x) = x+

∫ 1

0

(1 + xt)ϕ(t) dt

have a unique solution? Why?

15

Solve the equation

ϕ(x) = x+ λ

∫ 1

0

(xt+ t2)ϕ(t) dt
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16

Write the differential equation

u′′(t) = g(t, u(t)), u(0) = α, u′(0) = β

as an integral equation.
The (smooth) function g and the initial values α, β are known.

17

A mirage in the desert occurs because light travels faster in hot air than in cold
(because the warm air is thinner than the cold). Show using the calculus of variations
and Fermat’s principle (“a ray of light between two points follows the fastest path”)
a light beam from a light source at point A with Cartesian coordinates (xA, yA, zA) =
(l, 0, hA) to an observer at the point B = (xB, yB, zB) = (0, 0, hB) follows a convex
curve of the form of an elliptical arc. The desert is assumed here to be completely
flat, with l the ground distance between the light source and the observer, and hA

and hB respectively their height above the ground.
Help: Write the speed of light as v(h) = v0 − h/a, where v0 is the speed at the

ground, h is the height above the ground, and a is a parameter.

18

Compute the following integral in the limit given∫ 1

0

ex
xn

(1 + x2)n
dx, for n → ∞

19

Consider a rectangular box of width, length and height W × L ×H. The top part
of the box is covered by a membrane attached to the edge of the W × L area. The
rest of the walls are rigid. If the box is filled with gas, the membrane stretches
so that the interior has volume is V > W × L × H. Assume V is known. Find
(without solving it) the equation that determines the shape of the membrane, under
the assumption that it will stretch as to maximize its surface area.

20

A massive rope of length L is hanging with both ends attached to the ceiling spaced
by a distance d < L. Determine the shape of the rope.
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21

Determine the shape of the so-called ”Brachistochrone”, that is the solution to the
following problem posed by Bernoulli in 1696:

”Given two points A and B in a vertical plane, what is the curve traced out by
a point acted on only by gravity, which starts at A and reaches B in the shortest
time.”

22

Compute the following integral in the limit given∫ π

0

√
tex cos t dt, for x → +∞

23

Compute ∫ 2π

0

cosx δ(x2 − π2) dx∫
R2

(x2y + 1) δ(y − x2) δ(y − x) dx dy∫ +∞

0

dx

∫ +∞

−∞
dt e−xt2 δ(x2 − a2)

24

Compute ∫ 3π/2

−π/2

δ(sinx) cosx dx

25

Show that

G(r, t) = − 1√
k(4πt)3/2

e−r2/(4kt)θ(t)

is the Green’s function of the 3D heat equation(
∇2 − 1

k

∂

∂t

)
G(r, t) = δ(r, t)
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