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1. Lös problemet: 
u(0, t) = 0 t > 0

ut(x, t)− uxx(x, t) = 0 t, x > 0

u(x, 0) = xe−x x > 0

(10 p)

2. Lös problemet: 
u(0, t) = sin(t)et t > 0

ut(x, t)− uxx(x, t) = 0 t, x > 0

u(x, 0) = 0 x > 0

(10 p)

3. Lös ekvationen:

u(t) +

∫ ∞
−∞

e−(t−τ)
2

u(τ)dτ = e−|t|.

(Tips: svaret kan vara en integral ekvation som u(t) = (...integral
grej...) som ni f̊ar l̊at vara s̊a.) (10p)

4. Lös problemet:
utt(x, t)− uxx(x, t) = xex 0 < t, 0 < x < 1

u(x, 0) = 0 x ∈ [0, 1]

ut(x, 0) = h(x) ∈ C0[0, 1] x ∈ [0, 1]

u(0, t) = 0 = u(1, t) t > 0

(10p)



5. Beräkna:

lim
N→∞

N∑
n=−N

1

π + n
.

(Tips: beräkna Fourier-serien av den 2π periodiska funktionen som är
lika med cos(πx) i intervallet (−π, π).)

(10p)

6. Visa att om n ∈ N

πJn(z) =

∫ π

0

cos(z sin θ − nθ)dθ.

(Tips: nästa uppgift med z = eiθ.) (10p)

7. Bevisa att för z 6= 0, de Bessel funktionerna uppfyller:

∞∑
n=−∞

Jn(x)zn = e
x
2
(z− 1

z
).

(10p)

8. L̊at {φn}n∈N vara en ortonormal mängd i ett Hilbert-rum, H. Om
f ∈ H,

||f −
∑
n∈N

〈f, φn〉φn|| ≤ ||f −
∑
n∈N

cnφn||, ∀{cn}n∈N ∈ `2,

och = gäller ⇐⇒ cn = 〈f, φn〉 gäller ∀n ∈ N. (10 p)



Fourier transforms
In these formulas below a > 0 and c ∈ R.

f(x) f̂(ξ)

f(x− c) e−icξf̂(ξ)

eixcf(x) f̂(ξ − c)
f(ax) a−1f̂(a−1ξ)

f ′(x) iξf̂(ξ)

xf(x) i(f̂)′(ξ)

(f ∗ g)(x) f̂(ξ)ĝ(ξ)

f(x)g(x) (2π)−1(f̂ ∗ ĝ)(ξ)

e−ax
2/2

√
2π/ae−ξ

2/(2a)

(x2 + a2)−1 (π/a)e−a|ξ|

e−a|x| 2a(ξ2 + a2)−1

χa(x) =

{
1 |x| < a

0 |x| > a
2ξ−1 sin(aξ)

x−1 sin(ax) πχa(ξ) =

{
π |ξ| < a

0 |ξ| > a



H(t) :=

{
0 t < 0

1 t > 0

Laplace transforms
In these formulas below, a > 0 and c ∈ C.

H(t)f(t) f̃(z)

H(t− a)f(t− a) e−azf̃(z)

H(t)ectf(t) f̃(z − c)
H(t)f(at) a−1f̃(a−1z)

H(t)f ′(t) zf̃(z)− f(0)

H(t)
∫ t
0
f(s)ds z−1f̃(z)

H(t)(f ∗ g)(t) f̃(z)g̃(z)

H(t)t−1/2e−a
2/(4t)

√
π/ze−a

√
z

H(t)t−3/2e−a
2/(4t) 2a−1

√
πe−a

√
z

H(t)J0(
√
t) z−1e−1/(4z)

H(t) sin(ct) c/(z2 + c2)
H(t) cos(ct) z/(z2 + c2)

H(t)e−a
2t2 (

√
π/(2a))ez

2/(4a2) erfc(z/(2a))

H(t) sin(
√
at)

√
πa/(4z3)e−a/(4z)

Lycka till! May the force be with you! ♥ Julie Rowlett.


