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1. Lös problemet:
u(0, t) = 0 t > 0

ut(x, t)− uxx(x, t) = 0 t, x > 0

u(x, 0) = f(x) ∈ L2((0,∞)) ∩ C0((0,∞)) x > 0

(10 p)

2. Lös problemet: 
u(0, t) = et t > 0

ut(x, t)− uxx(x, t) = 0 t, x > 0

u(x, 0) = 0 x > 0

(10 p)

3. Lös ekvationen:

u(t) +

∫ ∞
−∞

e−|t−τ |u(τ)dτ = e−|t|.

(10p)

4. Lös problemet:
utt(x, t)− uxx(x, t) = ex 0 < t, 0 < x < 1

u(x, 0) = g(x) ∈ C0[0, 1] x ∈ [0, 1]

ut(x, 0) = h(x) ∈ C0[0, 1] x ∈ [0, 1]

u(0, t) = 0 = u(1, t) t > 0

(Antag att g(0) = g(1) = 0.)

(10p)



5. Beräkna: ∑
n≥1

1

π2 + n2
.

(Tips: beräkna Fourier-serien av eπx.)

(10p)

6. (a) Bestäm om gränsvärdet finns eller inte och förklära varför (deter-
mine whether or not the following limit exists and give a reason
for your answer):

lim
n→∞

An, An :=

∫ π

−π
inx2e−inxdx.

(5p)

(b) Beräkna: ∑
n∈Z

Ane
42iπn/4.

(5p)

7. L̊at f vara en 2π-periodisk funktion med f ∈ C1(R). Bevisa att Fouri-
erkoefficienterna cn av f och Fourierkoefficienterna c′n av f ′ uppfyller

c′n = incn.

(Assume that f is a 2π periodic smoothly differentiable function on
R. Prove that the Fourier coefficients, cn of f and c′n of f ′ satisfy
c′n = incn).

(10p)

8. L̊at {φn}n∈N vara ortonormala i ett Hilbert-rum, H. Bevisa att följande
tre är ekvivalenta: (Prove that the three conditions below are equivalent
statements in a Hilbert space H.)

(1) f ∈ H och 〈f, φn〉 = 0∀n ∈ N =⇒ f = 0.

(2) f ∈ H =⇒ f =
∑
n∈N

〈f, φn〉φn.

(3) ||f ||2 =
∑
n∈N

|〈f, φn〉|2 .

(10 p)



Fourier transforms
In these formulas below a > 0 and c ∈ R.

f(x) f̂(ξ)

f(x− c) e−icξf̂(ξ)

eixcf(x) f̂(ξ − c)
f(ax) a−1f̂(a−1ξ)

f ′(x) iξf̂(ξ)

xf(x) i(f̂)′(ξ)

(f ∗ g)(x) f̂(ξ)ĝ(ξ)

f(x)g(x) (2π)−1(f̂ ∗ ĝ)(ξ)

e−ax
2/2

√
2π/ae−ξ

2/(2a)

(x2 + a2)−1 (π/a)e−a|ξ|

e−a|x| 2a(ξ2 + a2)−1

χa(x) =

{
1 |x| < a

0 |x| > a
2ξ−1 sin(aξ)

x−1 sin(ax) πχa(ξ) =

{
π |ξ| < a

0 |ξ| > a



H(t) :=

{
0 t < 0

1 t > 0

Laplace transforms
In these formulas below, a > 0 and c ∈ C.

H(t)f(t) f̃(z)

H(t− a)f(t− a) e−azf̃(z)

H(t)ectf(t) f̃(z − c)
H(t)f(at) a−1f̃(a−1z)

H(t)f ′(t) zf̃(z)− f(0)

H(t)
∫ t
0
f(s)ds z−1f̃(z)

H(t)(f ∗ g)(t) f̃(z)g̃(z)

H(t)t−1/2e−a
2/(4t)

√
π/ze−a

√
z

H(t)t−3/2e−a
2/(4t) 2a−1

√
πe−a

√
z

H(t)J0(
√
t) z−1e−1/(4z)

H(t) sin(ct) c/(z2 + c2)
H(t) cos(ct) z/(z2 + c2)

H(t)e−a
2t2 (

√
π/(2a))ez

2/(4a2) erfc(z/(2a))

H(t) sin(
√
at)

√
πa/(4z3)e−a/(4z)

Lycka till! May the force be with you! ♥ Julie Rowlett.


