SOLUTIONS! Fourieranalys MVEO030 och Fourier Metoder MVE290
7.juni.2017

Betygsgranser: 3: 40 poang, 4: 53 poing, 5: 67 poang.

Maximalt antal poang: 80.

Hjélpmedel: BETA.

Examinator: Julie Rowlett.

Telefonvakt: Raad Salman 5325.

1. Lat {¢n}nen vara en ortonormal méangd i ett Hilbert-rum, H. Om
f € H, bevisa att

1F =D (o dm)nll SIIF =D cndull, V{entnen € £,

neN neN

och = géller <= ¢, = (f, ¢p,) giller Vn € N.

Finns i bevis samlingen.

(10 p)
2. Bevisa att Hermite polynomen, H,(z) = (—1)”6952 dcg; e uppfyller
Vr € Roch ze€C,
> Z" 2
S Hy(a)5 = 2,
n!
n=0
Finns i bevis samlingen.
(10 p)
3. Beridkna:
oo
>
5-
o 14+n

(Hint: Utveckla e” i Fourier-series i intervallet (—m,7)).

Finns i 16sningar till tentan 17:e mars, 2017, uppgift 3. Man maste
bara ta ut n = 1 termen. Altsa summan blir

meosh(r) 1 1  mcosh(m) 1
2sinh(r) 2 2 2sinh(7) '

4. Hitta siffrorna ag, a1, och as € C som minimerar

/ |e® — ag — ay cos(x) — ag cos(2z)|*dz.
0



(10 p)
So, we're finding the Fourier-cosine coefficients of e” basically. Al-
ternatively, we know that the functions {cos(nx)},en (here I mean
Swedish N :-) are an orthogonal basis for L?[0, 71]. They are not, how-
ever, normalized. The L? norm is

/ ldx =, / cos(nzx)?dzx :/ COS(Q)Qﬁ
0 0 0 n

:1/”7r cos(20) + 1 d9:l sin(29)+€ n _T
n Jo 2 n 4 2)0—0 2

Thus the first three elements in our L2 ONB are:

1 cos()v/2 cos(2x)ﬂ.

V.
We next compute the first three Fourier coefficients of e* with respect
to this L? ONB,

e —1

c —1/ﬂexdac—
0_ﬁ0 = T

V2 [T,
= ﬁ/o e’ cos(x)dz,

2 ™
co = \[/ e” cos(2z)dz,
VT Jo

so we now compute for k € N,

™

T ™ ) ex(l—i—ki)
/ e’ cos(kx)dx = §R/ e“ et dr = R ,
0 0 1+ ki
0
m(1+ik) _ 1 W(_l)k -1 (_1)k T™_1q
e e e
Rk = R -k —5 1+ k2

Setting £k = 1 and k = 2 we have
V2 [—e™ —1 V2 (e —1
a=—=(—5—1] a=—74|—5]
LS 2 NS 5

The best approximation is

1 2cos(x 2 cos(2x
0074-01\[ ( ) 02\/> ( )

N Y Y




which shows that

1 2
ag = Cco——= ak:cki k:1,2.

VT VT
Just because it is rather satisfying, let us write these out using our
calculation of the cs above,

er—1 (e"+1) 2(e™ —1)
ag = , a1 =——" @=—FC .
T m 5T

. Los problemet:
U — Uge =0, t>0, x€R,

u(z,0) = eIl

(10 p)

Lovely. Initial value problem for the heat equation. The solution is
given by the convolution of the initial data with the heat kernel, thus

u(t, ) = (4mt) =12 / ool G2t g,
R

You're welcome.

. Lat o > 0. Vi definerar

—

Lpa(f)(g) = f(g)X(—a,a) (g)
Vi definerar

f(f) = /Rf(x)e_ixgd'xv X(—oc,a)(g) = { (:; EI ; Z

Berdkna LP,(f) med
fla)=e k.

(10 p) I don’t know about you, but even though this is pretty simple,
it still kinda confuses me with all the back and forth between Fourier
transform, not Fourier transformed... Just keep calm and compute on.
The definition tells us that the FOURIER TRANSFORM of the thing

we want to know is

f(g)X(—a,a) (g) :



We know that the Fourier transform of a convolution is a product of
two Fourier transforms. Well, if we can find somebody whose Fourier
transform is this weird X(_q,q), then we’ll be in good shape. Let’s try
looking in BETA. We see on p. 320 that the Fourier transform of

sin(at)

it

is x, as desired. Thus, we now know that

sin(at) it

LPo(f)@) = [ Fla=1)

Tt
. Los problemet:

Ut — Uge = tx, O0<x <4, t2>0,

u(0,t) = 20,
w(4,1) =0,
u(z,0) = 20,
ut(x,0) = 0.

(10 p)
Almost déja vu right? Mais pas precisement... We have here an in-
homogeneous wave equation. However, the inhomogeneity is time de-
pendent. So, a steady state solution ain’t gonna solve that problem.
Next, we look at our boundary and initial conditions. The constant
function, 20, satisfies that vertical list of conditions. So, we look for
a function v to satisfy the inhomogeneous wave equation *but® with
homogeneous BC and IC, thus we want v to satisfy

Vit — Uga = tl’,

and v(0,t) = v;(4,t) = v(z,0) = v (x,0) = 0. Our solution will be
u = 204+ wv. To solve the inhomogeneous heat equation, we will use the
Fourier series method (Fourier series because on a bounded interval).
The inhomogeneous part of the heat equation can be expressed using
an L? OB {¢,} for [0,4] which satisfies the boundary condition and
the SLP,

O () + Andn(x) =0,  ¢,(0) = ¢7,(4) = 0.



I leave it to you to check that the only A, for which there is such
a ¢, %= 0 are positive \,. The corresponding ¢, is thus a linear
combination of sine and cosine, and to satisfy the BC at z = 0, we
see that the cosine is out. So, we need a sine. In order to get the BC
at x = 4, we need (up to multiplication by a factor which is constant
with respect to x)

(2n + 1)%x2

¢On =sin((2n 4+ )7z /8), A, = o

Next, we shall allow the constant factor multiplying ¢, to depend on
time, and we write

’U(t, x) = Z Cn(t)d)n(x)'

neN

We can also express the xt side of the wave equation using the L? OB,

tr =t Tnpn(x),

n>0

where

8(=1)"

1t
Tp = 2/0 zsin((2n + 1/)mx/8)dx = CESYOE

Next, we apply the wave operator to the expression for v in order to
determine the unknown coefficient functions, c,,

v+ Ve = 3 OGn() — en(9(@) = 3 () + Mca(t)) dula):

n>0 n>0

We want this to equal

tr = Z tTydn ().

n>0

To obtain the equality, we equate the individual terms in each series,
writing

(cn(t) + cn(t)An) dn (@) = tTndn(2).
Hence, we want ¢, to satisfy the ODE:

A (t) + Anen(t) = ta,.



The homogeneous ODE
f"HAf=0, A>0, = f(x)=acos(Vz)+bsin(VAz).

A particular solution to the inhomogeneous ODE is a function of the
form
c(t) = at + b.

Substituting such a function into the ODE, we see that we need

Now we gotta look at the ICs. You see, the ¢,,’s take care of the BC’s
because we built them that way. However, they don’t depend on time,
so they can’t help us with the ICs. We need the ¢,(t) to do that.
Now, if we just take the particular solution to the ODE, we see that
it vanishes at t = 0. However, we also want the derivative to vanish
at £ = 0, and it don’t do that. So, we combine the particular solution
with a solution to the homogeneous ODE. Hence, we want
_ tzn

cn(t) = N + ap cos(v/ M) + by sin(y/ Anz).

To make sure ¢,(0) = 0 we need a, = 0. To make sure ¢,(0) = 0, we

need _—
Tn

AS/2

Hence, our full solution is

u(z,t) =20+ (tf; - é\% sin(@%)) Pn (),

neN
with
2n 4+ 1)272  __ 8(—1)" .
L= (H64)7r7 T = (7111/)2)2’ ¢n(x) =sin((2n + 1)7x/8).

8. Los problemet:

Up — Ugy — Uyy =0, —1<mx,y<1, t>0,



med

u(—1,y,t) = 25,
u(l,y,t) = 25,
u(x,—1,t) = 25,
u(x,1,t) = 25,
u(z,y,0) = (6 — [z[)(6 — [y]).

(10 p)
The PDE is homogeneous. We would like to use Sturm-Liouville the-
ory, but the BCs are not homogeneous. However, we quickly observe
that a steady state solution, namely ug(x,y) = 25. Then we look
for v(x,y,t) which vanishes on the boundary of the rectangle and has
initial condition

v(z,y,0) = (6 — [])(6 — |y[) — 25.

The full solution shall be v(z,y,t) + 25.

To find v, we shall first separate all the variables, writing
v=TXY.

Then our equation becomes

Tl X/l Y/l
T'(XY)-X"(TY)-Y"(TX) =0 — T = 7+7 = constant = \.

Due to the fact that we have more information on X and Y, specifically

Thus, we have
X"=uX, X(-1)=X(1)=0.

We see that there are non-zero solutions to this only if © < 0. In that
case, X is a combination of sines and cosines. However, to get both



boundary conditions, X can in fact be either a sine or a cosine. The
two possibilities are (up to constant factors)

X(z) = sin(nwz) = p=—n’r?

and
X(z) = cos((2m + Dmz/2) = u= (2m + 1)*7%/4.

We compute the L? norm of these to be one, conveniently.

The equation for Y is

Yl/ Y/l
—yEamA = S =An

Similarly we have the possible solutions Y,
Y (y) =sin(nmy) = A —p=—n’r? = X\ =p—n’n’
and
Y (z) = cos((2m+1)mz/2) = A—p = —(2m+1)’7%/4 = X\ = pu—(2m+1)*7?/4.
Thus, we have the full set of solutions which consists of products of

sin(nrz), cos((2n+1)mz/2), together with sin(mmy), cos((2m+1)my/2).

The corresponding As are

2 12 2
—( 27T2+m27r2),—<n27r2+( m‘z )T )7

and

2n + 1)%7? 2n+1)*7%  (2m + 1)%x?
_<(”+4)7T +m2ﬂ2>’_<(”+4)7r +(m‘2)77>

Then, we have (up to constant factors)
T(t) = M.
Next, we determine said constant factors, by writing

U(t, €, y) = Z Cke)\tXA(SU)Y)\(y)a
A



where the sum is over all A given above. The initial condition says
that

0(0,) = 3 K@) = (6 le)(6 ) - 25

Hence, the coefficients c¢) come from the Fourier coefficients of (6 —
|z])(6 — |y|) — 25. We observe that this is an even function. Thus for
any odd function X (z), we have

1
/1((6 — |z)(6 — |y|) — 25) Xx(z)dz = 0,

and similarly, for an odd function Y)(y),

1
/ (6= Ja)(6 = ly) = 252 o)y = 0.

Thus, the only non-zero Fourier coefficients come from the cosine
terms. These coefficients are given by

cmn—/ / —|x])(6—y|)—25) cos((2m+1)mx/2) cos((2n+1)my/2)dzdy.

The corresponding

(2m + 1)%72 + (2n + 1)%72
)\m,n - 4

Hence,

v(t, x,y) Z Cmn€ ™t cos((2m + 1) /2) cos((2n + 1)my/2),
m,neN

and the full solution is
u(t,z,y) =25 +v(t,z,y).

Comment regarding grading and partial credit: If your answer
is wrong, but you received some partial credit, you're welcome. That’s
because a wrong answer is, strictly speaking, worth nothing. What happens
if you solve the heat equation wrong, use that erroneous solution at work
to, say create a rocket to be sent to space with some astronauts inside?
Your solution was really worth a lot of partial credit if it results in a ruined



rocket and some dead astronauts. In the case of PDEs, there’s also no
excuse. A PDE is an equation. So, you can always PLUG your solution
in to the equation and check whether it solves the equation or not... So,
please don’t whinge for more partial credit for wrong solutions, because
this may end up having the result that the entire concept of partial credit
disappears for future generations, and they probably don’t want that. Just
know that all exams shall be graded by the same rules, because fairness is
the fundamental theorem of grading. These rules are slightly difficult to
articulate precisely, because people find so very many and creative ways
to go wrong. It’s all about giving equal points for equal progress (or lack
thereof) on each problem. Each problem is graded across all exams before
moving on to the next one, to try to ensure fairness (i.e. #1 on all exams
graded, to make sure all the #1s are graded the same way, then proceeding
to #2 on all exams, etc).

Errors do happen on some occasions though, and if you feel there may
have been an error (it is helpful to compare with classmates), please let me
know, and I will fix it! ¢ Julie Rowlett



