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1. Bevisa:

e®2/2/(22) — Z Jn(x)2", Jy &r Besselfunktionen av grad n.
nez

This is the proof of the generating function for the Bessel functions.
See Folland §5.2 p. 135 which contains the proof in all its glory.

(10 p)

2. Lat {¢n }nen vara ortogonala i ett Hilbert-rum, H. Bevisa att foljande
tre ar ekvivalenta:

(1) feHoch (f,¢p)=0VneN = f=0.

neN

3) AP =D 1f )l

neN

(10 p)

This is essentially Theorem 3.4 in Folland (that Theorem is for the
Hilbert space L?(a,b), but the proof is identical for a general Hilbert
space); see the proof on p. 77 in §3.3 of Folland.

3. Antag att {¢n }nen ar egenfunktionerna med egenvérdena { A, },en till
ett reguldrt Sturm-Liouvilleproblem pa intervallet [a, b],

Lu + Au = 0.
Med hjélp av {¢n }nen och { A, bnen, 10s:

u+Lu=0, t>0,z¢€la,b],

b
u(0,2) = f() € Plat]), | |fa)fds < o



(10 p)

This is a heat equation problem. It is just like doing separation of
variables on the interval [a, b] to solve

Ut + Ugy = 0, u(O, 33) = f(x)
If one does separation of variables in our problem,

T'(H) X (2)+T(¢)L(X)(2) = 0 < ? = —L(XX) =\ < L(X)+\X =0.

The solutions to this are provided above, they are
X =0¢n, A=A
Therefore the corresponding T'(t) satisfies
T = AT, = Tn(t) = ape™t.

The solution is given by

u(t,z) = Z ety () an,

n>1
with
b
an = [ H@on(w)da.
. Los:
Ugr +Uyy =0, O0<2 <1, O0<y<lI,
u(0,y) = u(l,y) =0,
u(z,0) = f(z), wu(z,1)=g(),
med f och g kontuerliga pa [0, 1]. (10 p)

Separation of variables, since it’s a bounded interval, this is going to
use Sturm-Liouville methods. So, we have

XY +Y"X =0, X(0)=X(1)=0.
Thus, we solve for X first, since it’s easiest, and we get the solutions

Xp(x) =sin(nwz), n€N.



This gives us the constant, so we can solve for Y,

Y/l X/I Y//
7"‘7:0 <~ 7—712%2:0 < Y”:n271'2Y.

Hence the corresponding
Y., = a, cosh(nmy) + by, sinh(nmy).

To solve for the constants, we use the boundary conditions. We let

u(x,y) = Z sin(nnx)(ay cosh(nmy) + by, sinh(nry)).

n>1

At y = 0 we need

u(z,0) = Z ap sin(nmz) = f(x).

n>1
Thus, we want

ap = 2/1 f(x)sin(nrz)de.
0

This is because the L? norm of sin(n7z) on an interval of length 1 is
1/2. Next, we want

u(z,1) = Z sin(nmx)(ay cosh(nm) + by, sinh(nm)) = g(x).

n>1

Thus, we let
1
Cn = 2/ g(x) sin(nmx)dx = a, cosh(nm) + by, sinh(nr),
0

and so therefore

_ 2f01 g(z) sin(nmx)dz — 2f01 f(x)sin(nrz)dx cosh(mr)'

sinh(nm)

bn

5. Sok en begransad 16sning till:

U = Upz, TER, >0,

u(0,2) = 22e .



(10 p)

What a surprise, the heat equation. Since it is on R, and after all
Fourier derived the heat equation, it makes sense to use the Fourier
transform. We do that to the equation and it becomes

o —

ut(tv 6) = _52,&@’ 5)
This is just an ODE for ¢, and so we solve it to find
i(t,§) = a(§)e <.

By the initial conditions, we know that

—

a(€) = 22e**(€).

Thus o ,
at, &) = a%e (¢)e ¢,

We know that the Fourier transform of a convolution is a product.
Hence, if we can find a function g whose Fourier transform is €_§2t,
then we know that

u(t.o) = | glz =~ vy dy.
R
Well, this follows from Formula number 3, so we have

u(t,x) = /(47rt)1/26(xy)2/(4t)y26y2dy.
R

Challenge: Solve this!! (not required however)

. Antag att
5
/yﬂ@&m<m.
—4
Bestam: -
lim f(x) cos(nz)dx.
n—oo J_
Motivera ditt svar! (10 p)

Well, well, well, what have we here? We have an element f € L?(—m, ),
since

/Hﬂ@&mﬁ/aﬂ@ﬁm<m.

-7 —4



What is an orthonormal basis for L?(—m, 7)? That’s right

1 .
bn = ——e™T p 7.

V2T
Thus, we know by PROBLEM ONE on this very exam that

Z|cn]2:|f|2:/ F@)Pde <00 = lim_|e,? =0 = lim_c, =0

n—+oo
nez -

— lim Re, =0and Ilim S¢, =0 = lim V27Re, = 0.

n—too n—+oo n— 00

Above,

mf(z)e "™ da,

o= [ famtis = (.0 = o= [

and so we have

f(z) cos(nz)dx = V2rRe, — 0 as n — +oo.

We have just proven that the limit we seek is zero.

. Hitta polynomet p(z) av hogst grad 2 som minimerar

2
/ \x5 —p(x)\Qda:.

-2

(10 p)

Best approximation problem, plain and simple. The polynomial z° is
odd, so we know that

(%, p(x)) =0

for any polynomial p(z) which is even. We start by computing the
first polynomial in our L? ONB of polynomials:

2 1
/ ldr =4 = pg = —.
o 2

Then, p1(z) = ax + b. Orthogonality to py requires that

2
(p1,p0) =0 <= / (ax +b)dr =0 < b=0.
-2



To solve for a we then use that we wish for L? norm equal to one, thus
we want

2 4
2 3 3
/ a’rldr =1 < a2§:1 — a:{ :>p1(x):\4[az.
-2

The polynomial ps(z) = az? + bz + c. However, we can save ourselves
a bit of work, by noting that orthogonality to p; requires

(x,p2) =0 <= b=0.
Hence, we know that
(x®,pj) =0, j=0,2

We compute that

4 7

2 26
<x5,p1> = 2/ \/§m6dx V3 ,
0

thus the polynomial we seek is

6 4
@2 pi(x) = 3(,? ):13

. Lat f(x) = e*, —m < & < 7, och forlang f till en 27-periodisk funktion
pa R.

(a) Bestdm Fourier-serien av f.

(b) Géller det att Fourier-koefficienterna till f’, ¢/, upfyller ¢, =

n’
incy, dar ¢, ar Fourier-koefficienterna till f? Motivera ditt svar!

(10 p)
We simply compute
1 T o i e(l*in)ﬂ' _ e*(l*in)ﬂ
= — d =
T B 2n(1 — in)

and for |z| < 7, we have

i e(l—in)ﬂ' _ e—(l—in)Tr i
f@) = che a Z ( 27(1 —in) -

ne” neZ




Differentiating termwise is rubbish! The Fourier coefficients of f are
the same as the Fourier coefficients of f’, because the derivative of e*
is just e® again. Since f € L?(—n,7), therefore the expansion of f in

terms of the ONB ‘
{ emx }
\% 27 nezZ

is unique. This expansion is precisely

i e(l—m)ﬂ' _ 6—(1—in)7r i
J@) =D ene :Z< on(1 —in) -

ne”L nezZ

Since f’(z) = f(x), by the uniqueness of the expansion, ¢/, = ¢, #
1NCy,.

Formler:
1. Txg(€) = f(©)a(e)
2. fg(€) = 2m) " (f % 9)(€)

6_/‘”2\/2 ({) _ %6752/(2@

b

4. Bessel funktionen

G
_ _ 2
Tnl) = kzzo( Ve n 1)



