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Exercise 1 (4.2.6). A radioactive rod is initially at zero temperature and its endpoints
are kept at zero temperature. Suppose that the reaction that produces the heat inside
the rod dies out over time, so that the differential equation is ut = kuxx + Re−ct. What
is the solution?

Solution: We need to solve

ut = kuxx +Re−ct, u(x, 0) = 0, u(0, t) = u(L, t) = 0 (1)

We can try expanding everything in Fourier sine series (why not cosine?),

u(x, t) =
∞∑
1

bn(t) sin
nπx

L
, Re−ct =

4R

π

∑
n odd

e−ct

n
sin

nπx

L

and insert in (1) to obtain

b′n(t) +
n2π2k

L2
bn(t) =

4R

π

e−ct

n
n odd

and

b′n(t) +
n2π2k

L2
bn(t) = 0 n even.

Equivalently, using the technique with integrating factor

d

dt

[
bn(t) exp

n2π2kt

L2

]
=

4R

π

e−ct

n
exp

n2π2kt

L2
n odd

and
d

dt

[
bn(t) exp

n2π2kt

L2

]
= 0 n even.

Integrating these, we obtain

bn(t) exp
n2π2kt

L2
=

4R

π

1

n(n2π2k/L2 − c)
exp

(
n2π2k

L2
t− ct

)
+ β n odd

and

bn(t) exp
n2π2kt

L2
= γ n even.

We may introduce a constant α and write β = −α4R/[πn(n2π2k/L2−c)] for convenience.
So

u(x, t) =
4R

π

∑
n odd

e−ct − αe−n2π2kt/L2

n(n2π2k/L2 − c)
sin

nπx

L
+
∑
n even

γe−n
2π2kt/L2

sin
nπx

L

What are the constants γ and α? We use the initial condition u(x, 0) = 0. Then

0 = u(x, 0) =
4R

π

∑
n odd

1− α
n(n2π2k/L2 − c)

sin
nπx

L
+
∑
n even

γ sin
nπx

L
.
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Hence, γ = 0 and α = 1. The function u(x, t) then takes the form

u(x, t) =
4R

π

∑
n odd

e−ct − e−n2π2kt/L2

n(n2π2k/L2 − c)
sin

nπx

L

Can we do all this? How can we motivate that the calculations make sense? Especially,
can we differentiate the coefficients bn(t)?

Exercise 2. Funktionen f är 2-periodisk och är lika med (x+ 1)2 p̊a intervallet [−1, 1].
Utveckla f i Fourierserie och finn en 2-periodisk lösning till 2y′′ − y′ − y = f .

Lösning: L̊at

f(x) =
∞∑
−∞

cne
inπx

Här är basfunktionerna valda till {exp inπx} vilka är 2-periodiska eftersom

einπx = einπ[x+2] = einπx e2inπ︸︷︷︸
=1

.

Vi kan sätta skalärprodukten till

〈f, g〉 =
1

2

∫ 1

−1
f(x)ḡ(x)dx

för att {exp inπx} ska bli en ON-bas för L2(−1, 1). (Folland kallar detta rum L2
w, där

w = 1/2, se kapitel 3.4.) Sk̊ada!

〈einπ·, eimπ·〉 =
1

2

∫ 1

−1
ei(n−m)πxdx =

{
1, n = m

0, n 6= m

Här använde vi att n−m är ett heltal s̊a att

n 6= m =⇒ 1

2

∫ 1

−1
ei(n−m)πxdx =

1

2

[
ei(n−m)πt

i(n−m)π

]1
−1

=
1

2
e2i(n−m)π e

2i(n−m)π − 1

i(n−m)π
= 0

eftersom exp(2i(n−m)π) = 1. Nu när vi har övertygat oss om att vi har en ON-bas kan
vi köra p̊a som vanligt:

cm = 〈f, eimπ·〉 =
1

2

∫ 1

−1
(t+ 1)2e−imπtdt =

1

2

∫ 1

−1
(t2 + 2t+ 1)e−imπtdt

Denna integral beräknas med partiell integration om n 6= 0. Om n = 0 är

c0 =
1

2

∫ 1

−1
(t2 + 2t+ 1)dt =

4

3
.

Om n 6= 0 är

cm =
2(−1)n(1 + inπ)

n2π2
.

Allts̊a är

f(x) =
4

3
+

∑
n∈N\{0}

2(−1)n(1 + inπ)

n2π2
einπx.
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För att lösa 2y′′ − y′ − y = f ansätter vi

y(x) =
∞∑
−∞

yne
inπx

Insättning i differentialekvationen ger

(−2n2π2 − inπ − 1)yn = cn ∀n ∈ {...,−2− 1, 0, 1, 2, ...}

Om n = 0 ges y0 = −c0 = −4/3. Samla ihop resultaten:

y(x) = −4

3
+

∑
n∈N\{0}

2(−1)n+1(1 + inπ)

π2n2(2n2π2 + inπ + 1)
einπx
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