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EXERCISE A.6

Let Q be the unit ball in R?, d = 1,2,3, i.e., Q = {z € R?: |z| < 1}. For which
values of A € R does the function v(z) = |z|* belong to La(Q) respectively
H(Q)?

Solution: It holds that v € Lo(f2) if the function is bounded in Ly (2)-norm, i.e.
we want to check for what values of A € R it holds that

1/2
V]2 (0) = (/Q |v(m)|2dx> < 0.

For convenience, we look at the squared norm and note that by using spherical
coordinates we have

1
ol = [ Jo@)Pde = [ofrae= [ do [rtar
Q Q S¢=1(0) 0

where S¢71(0) denotes the surface of the unit ball in R%. The surface integral
will be evaluated to a constant C' depending on the dimension d. Hence it
suffices to analyze for what values of A\ € R it holds that

1
/ r?rd=1dr < .
0

It is well known that this integral converges whenever the exponent is larger
than -1, hence we seek values of A\ such that

d
2A0+d—-1> -1 — )\>f§.

We may thus conclude that
A . d
‘.73| S LQ(Q) if A > —5,
d
o ¢ La(9) if A < —2.
To check when v € H!(Q), we check when it holds that
1/2
vl 1) = (||UH%2(Q) + i) T < oo

Here, it suffices to look at the seminorm | - |1, since we already have the result
for [|v]|L, (). We check for what values of A € R it holds that

]2 1= / IVof? do = / IV (j2)[2 dz < oo.
Q Q
At first, we note that for each partial derivative we have

A
S 4+ 222 2y, = NP2y

O, (|2]) = o, (2 + .. + 2™ = 3



Consequently, we get
(V(j2)? = V([a*) - V() = A 72)? (@ + .. +ad) = N[a] P2
—_———
=|z|?

Hence, by once again applying spherical coordinates, we find for the integral

1
|v|§ :/)\2|nc|2”\_2 dx:)\Q/ da/ p2A=2pd=1 gy,
Q S{70) 0

Similarly as above, the surface integral equals a constant C' dependent of the
dimension d, and the integral over the radius converges whenever

2_
2A—-2+d—-1>-1 = /\>Td i )\>1—g.

The conclusion is

lz]* € HY(Q) if A > 1 — g,
|z} ¢ HY(Q) if A <1 — g.



EXERCISE A.11

Let Q= (0,1) and f(z) = 1/z. Show that f ¢ Lo(Q). Show that f € H~}(Q)
by defining the linear functional f(v) = (f,v), for all v € H}(Q2), and proving
the inequality

[(f,o)l CIIVIl, Vo € Hy(Q). (1)

Conclude that H~1(Q) ¢ Ly (9).

Solution: The fact that f ¢ Ly(Q) follows from its unboundedness in Lo ()-
norm, which is seen by

1 11t
2 _ 2de = —dr=—|=| =
Hflng(Q)—/Q'f(x)| dx_/o 2= L]o_oo'

Next, we let f be the Riesz representative to the linear functional f, and want
to show that this linear functional lies in H~1(£2). We note that it suffices to
show the inequality , since this implies that

Wl = swp 9 ooo
veHA\{0} lvl1

To show this, we first apply integration by parts and the compact support of v
on {2 to find

14 . 1 /
(f,v) :/0 ;U(Jﬁ) dz = [log(m)v(m)}o—/o log(z)v'(x) dz.
=0

Next, using Cauchy-Schwarz inequality we note that

<(/ Jog(a)? dx)m (f 1 |v'<x>|2dx)1/2.

=|llog() L5 =v" MLy ()

(f0)| = \ / log(a)!(2) da

We are done if we can show that |[log(-)| 1,) < C. This is seen by
1 1
/ log?(z) dz = / log(x) - log(z) dx
g g ) L
= [log(x)(z log(z) — Jc)]6 - / log(z) — 1dz
€

= clog(e) — elog®(e [zlog(z) —x — m]i
= elog(e) — elog?(e) — (=2 — elog(e) + 2¢)

= 2elog(e) — elog?(e) + 2 — 2e.

)_
)_

The limit for this is found by applying I’'Héspital on the first two terms. For
the first we note that

o log(e) . l/e

cmo+ 1/ om0+ 1/e2 T ot

4



For the second, we can re-use the limit above and find

log?(¢) _ 2log(e)r log(e)

cem0t+ 1/ =0t & em0t 1/

Consequently, we get

1
2 . 2
o)y = lim, [ 1o (e)do
= lim 2elog(e) — elog®(e) +2 — 2¢
e—0t
=2=C?

and thus we have shown that

|(f,0)] < V2I[0 ||y -

=— lim ————= =-2 lim =0



EXERCISE A.15

Let Q = (0,L) x (0, L) be a square of side L. Prove the scaled trace inequality
—1,,112 2 1/2 7o
ol oy < C(L7M 0300 + LIVOlE, @)+ Vo€ C'@).

Hint: Apply (A.26) with © = (0,1) x (0,1) and use the scaling identities in
Problem A.14.

Solution: We follow the given hint. Denote O = (0,1) x (0,1), and define for
v € C1(Q) the function ¢ : 2 — R by

o(2) = v(Lz), e

This transformation is the one done in the problem formulation of Problem

A.14. It follows that ¥ € Cl(ﬁ), and by Theorem A.4 (the trace theorem), there
is a C' > 0 such that

18]l Loty < Cllollgagay V0 € CHOY).
Moreover, by Problem A.14, we have the following identities (with d = 2)

= L72|0| Ly rys

212, ()
191 2,0 = L 0l e
IVl 0y = V0]l o)

Hence, we find that

L2 0l Loy = 18]l L0
< Clloll grqy
~ LN 1/2
= C(HUHQLz(Q) + ”VUHQLz(Q))

_ 1/2
=C(L 2HU||%2(Q) + ||VU||%2(Q)) ;

1/2

and by passing L™"/“ to the right hand side we conclude the inequality

_ 1/2
vl Loy < CL1/2(L 2”””%2((2) + ||VU||%2(Q))
_ 1/2
= C(LMlIF, ) + LIVYllT, )



